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Abstract

In questo lavoro di tesi e presentata una possibile costruzione di spazi di Sobolev su spazi
metrici di misura. Il primo capitolo e dedicato alla teoria classica degli spazi di Sobolev in
R basata su [3], che in alcuni casi serviranno da ispirazione per motivare I’approccio seguito
nel caso generale. L’idea e di generalizzare la definizione classica che utilizza 'integrazione
per parti tramite le derivazioni.

Dopo aver introdotto lo spazio L°(m) delle funzioni misurabili su uno spazio metrico di
misura, nel secondo capitolo viene introdotta la teoria degli L°(m)-moduli L°(m)-normati,
che con la loro nozione di dualita sono la struttura giusta con cui parlare di derivazioni,
ovvero funzionali lineari su una classe di funzioni lipschitziane che verificano la regola di
Leibniz e giocano il ruolo dei campi vettoriali nella definizione di spazio di Sobolev, ovvero
le sezioni del fibrato tangente. Lo spazio delle derivazioni sara chiamato modulo tangente.
Introdurremo una nozione di divergenza per derivazioni con la quale definiremo gli spazi
di Sobolev. Per dualita generalizzeremo le nozioni di 1-forme, ovvero le sezioni del fibrato
cotangente.

Nell'ultimo capitolo concluderemo analizzando brevemente altri approcci presenti in
letteratura ([7]) e vedremo che in realta le definizioni sono equivalenti. La definizione
proposta in questa tesi puo essere considerata piu naturale perché parte dalla costruzione
di modulo tangente e cotangente per poi costruire gli spazi di Sobolev e non generalizza
solo il modulo del gradiente.



Chapter 1

Preliminaries

1.1 A motivating example

Consider the following Cauchy problem on I = [0, 1]

{—u"(z) +u(z) = f(x)
u(0) = u(1) =0 ’

where f is a continuous function over I. Our goal is to find a formulation of the problem
which is well posed when u and v are in L'([0,1]).

By multiplying the left hand side by any smooth compactly supported function on (0, 1)
and then integrating we obtain that

for all p € C°(0,1) /0 —p(z)u" (x) d:v—l—/o o(x)u(x) de = /0 f(@)p(x)de. (1.1.1)

Integrating the first summand by parts and recalling that u(0) = u(1) = ¢(0) = ¢(1) =
0 we get that

for all p € C°(0,1) /0 ' () (z) + o(z)u(x) de = /0 f(x)p(x)de. (1.1.2)

We now observe that the integral equation in makes sense for u,u’ € L'(I). This
formulation is called the weak formulation of the original problem and solutions to [I.1.2]
are called weak solutions. To make this argument completely formal we need a notion of
derivative for L! functions over I.

Remark 1.1.1. The steps above show that a reqular solution to the problem is also a weak
solution, since the classical integration by parts formula holds.

We will tackle the problem more in general, by defining a notion of derivative for some
LP functions over an interval and thus introducing the Sobolev space W1 (I).



1.2 Classical Sobolev spaces

Definition 1.2.1. Let I C R be an interval and 1 < p < co. We say that a function
u € LP(I) is Sobolev is there exists a function g € LP(I) such that for all p € C°(I)

/ugp'dm = —/ggpd:v.
I I

Such a function g behaves like the deriwative in the integration by parts formula, and is
therefore called the weak derivative of w. The space of p—integrable Sobolev functions over
I is denoted by WP (I).

Definition 1.2.2. We endow W'?(I) with the norm

lullwrsy = llullzewy + [0/ ]l o).

Observe that the definition of weak derivative extends the classical definition of the
derivative. Moreover, the weak derivative is unique, as a consequence of the following
lemma.

Lemma 1.2.3 (Fundamental Lemma of the Calculus of Variation). Let Q@ C R™ be an
open set and h € L, .(Q) be such that

loc
for all ¢ € C*(Q2) / h(z)p(z)dx = 0.
Q

Then h = 0 almost everywhere.

Proof. Suppose h # 0. Then there exists a ball B = B(xg,r) C €2 where h restricted to
B(zo,7) is not identically zero.. In particular.

/ |h| dz > 0.
B(zo,r)

1 z€Bhx)>0
g(x) =< -1 z € B,h(z)<0.

0 otherwise

Let

Clearly g is bounded, supp(g) = B and

/Bh(x)g(x)dx:/B|h]dx>0.

We can approximate g by a sequence of smooth and compactly supported functions g, €
C(Q) such that

e supp(ga) C B(xo, 7 + 1),



e g, — g almost everywhere.

By using our assumptions on g, € C2°(2) and the dominated convergence theorem we
obtain a contradiction. Let § > 0 be such that B = B(xzg,r) C B(xg,7 + ) C Q. then, for
n large enough we have that

0= / h(2)ga(x) da _ /B o B = / on(2)h(x) dz

Q B(x0+§)
RN g(x)h(x)dx = / g(x)h(z)dx = / |h| dz > 0.
B(zo+9) B(zo,r) B

O

Remark 1.2.4. Let f, g € LP(I) be weak derivatives foru € W'P(I). Then [, (f — g)pdx =
0 for all p € C°(I) and by the Fundamental Lemma of the Calculus of Variation f = g
almost everywhere.

Lemma 1.2.5. Let u € L'(I) be such that [;uy’ = 0 for all ¢ € C*(I). Then u is
constant almost everywhere.

Proof. Let w € C*(I) and ¢ € C°(I) be such that [, = 1. There exist a,b € I such
that
supp(w) Usupp(¢) € [a,b] € I.

Now we define )
o(z) = {fa w(t) = ([w)y@)dt =€ (a,b)

0 otherwise

and notice that ¢ is smooth and compactly supported with supp(y) C [a, b], and

e ()

We then deduce that, for all w € C2°(1),

oz/Iu(w_(/lw)@u)dm:/lwdx_/]omega/]w
:/I<u—/luw)wdx.

By the Fundamental Lemma of the Calculus of Variations we conclude that u— [} utp =
0 almost everywhere, hence wu is constant. ]

Remark 1.2.6. By uniqueness of the weak derivative the expected linearity properties hold:
(u+v) =u +, (Au) =M for all u,v € WH(I),\ € R.

These lemmas are useful to characterize Sobolev functions, show some of their properties
and find embedding of Sobolev spaces into known spaces.
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Proposition 1.2.7. WP(I) is a Banach space. Moreover, if (uy)neny C W'P(I) is such
that u, 2 u and ul, X g converge weakly in LP(I), then u € WHP(I) and v’ = g.

Proof. 1t is clear that || - ||y1» is a norm, in particular the triangle inequality holds because
(u+v) = +v'. To show that WP(I) is complete, let (u,)ney € WHP(I) be a Cauchy
sequence. By definition of || - |ly1» this means that (u,),eny and (u))),en are Cauchy
sequences in LP(I) , which is complete. Hence there exist u,g € LP(I) such that

Uy, —— U, ul, ——
Lo(I) (1)

By dominated convergence, for all ¢ € C'°([1)

/ugo’dw = lim/gp’un = lim—/gpu%d:v = —/gpgdx,
I noJr " I

so we obtain that u € WP(I) and g = v/. Finally,
lun = wllwrs = llun = wllze + [Jug, = @/[|zo = 0.

If u, 22w and ul, X ¢ then, since C(1) is contained in L4(1),

/cp’udx = lim/<p’undx = — lim/gpu;dx = — /(pgdx Vo € CX(1).
I noJr noJI I
]

Proposition 1.2.8. Let u € WYP(I). Then u has a continuous representative, i.e. there
exists a continuous function u such that u = U almost everywhere.

Proof. Let xy € I and define v(z) = f:; u'(y) dy. The function v is continuous since, for
any sequence T, — ,

v(z,) = / " u'(y) dy = /1 Xizo,eal (W) () dy = /I Xiwoal )t (y) dy = / ' u'(y) dy = v(x)

0 Zo

by dominated convergence. Moreover,

/vgo':—/u'cp Vo € C*(1)
I I

To see this, fix ¢ € C°(I) and take a,b € I such that supp(y) C (a,b). Then, by Fubini’s

theorem,
/Iv(:I:)SO/(a:) dr = /I (/z: u'(y) dy) ¢ (z)dx = /I/a: u' ()¢ () dy dx
= /9:: u'(y) /yb ¢'(x) dx dy — /axo u'(y) /ay ¢'(x) dx dy

b xQ
= —/ u'(y)(y) dy—/ u'(y)e(y) dy

xg a

= —/IU’(y)sD(y) dy.



Thus we obtain that

/w/:—/u/soz/ycp’ Vo € C(I).
I I I

By lemma [1.2.5 we conclude that © — v = ¢ is constant almost everywhere. Since v is
continuous, v + ¢ is a continuous representative for u. O]

An immediate corollary to the last proposition is that Sobolev functions over bounded
intervals are bounded.

Corollary 1.2.9. Let I be a bounded interval and u € WHP(I). Then u € L>®(I).

Proof. By proposition [1.2.8| u admits a continuous representative, which is bounded over
I. ]

By the above Corollary and Proposition we have an inclusion W'? — L>(I) when [ is
a bounded interval. Since C'(I) is a closed subspace of L*(I), we can consider the inclusion
p: WP — C(I) given by Proposition to study how W1P(I) is embedded in L>(1).

Theorem 1.2.10. Let I C R be any interval. Then
(i) WHP(I) — L>(I) is a continuous injection,
(ii) if I is bounded and p > 1 then P: W' — C(I) is compact.

Proof. Suppose I = R and let u € W'?(R). For every interval of the form J, = (a—3,a+3)
there exists zg € J, such that |u(zg)| < ||u||r. Indeed, if |u(xg)| > ||u||rr for all z € J,
then

Jullf, = / u(z)Pde > [ fu(z)fPde > [ lullf,de = [Ju]|7,,
R Ja Ja
leading to a contradiction. Now consider the continuous representative o of u. By Holder’s
inequality
a a 1/p
it =i(0) =| [ @1ae] < pramal ([ W@lar) = ol e, (121
0 20

from which we deduce
|a(a)| < |@(xo)| + |zo — a9 || o =< 227 |uflwrs,

and continuity of W'P(I) < L>(I) follows by taking the supremum over a € R.
Compactness of P : W — (C(I) when I is bounded is a consequence of the Ascoli-

Arzela theorem. Indeed P (B(O, 1)W1,p(1)) c C(I) is

e bounded, since ||P(u)||~ < Cllulwiry < C for all u € B(0,1)wis(p,



e equicontinuous by the same argument used in (|1.2.1]),

ju(z) —u(y)| =

Yy -
/ “'(t)dt‘ <|z—y[" P e < Jz—y|P Vu € B0, D).

]

Remark 1.2.11. Both (i) and (ii) in the theorem above can fail if we remove the respective
assumptions.

If I =R, WYP(I) — L>(I) is continuous but not compact, since the sequence of trans-
lations (T,u)nen of any nonzero u € C°(R) N B(0, 1)y has no converging subsequences
in L*(R).

If I =10,1] and p =1, W"P(I) < L*>°(I) is continuous but not compact. Let

0 0<r<i-1
W) S un(e) = 8 (e -3 +2) S-t<e<isl
1 l+l<e<

Then

1,1
2 ' nn
Junlbwrain = Null + ol < 1+ 7" o =2
2

is bounded, but ||up, — || =1 whenever n # m.

1.3 Characterization of W!(J])

We give a first characterization of W'?(I) in the following proposition.

Proposition 1.3.1. . Let p > 1, q be such that ]lj —{—% =1 and u € LP(I). Then the
following are equivalent

(a) u is a Sobolev function, i.e. u € WP(I),
(b) there exists C' > 0 such that, for all ¢ € C(I), | [;ue'| < Cll¢ll L,
(c) there exists C > 0 such that, for all h € R, ||mhu — ul|zenr_,) < C|hl.

Proof. e (a) = (b) The constant that does the job is the norm of the weak derivative
of u, since by the definition of W'?(I) and the Holder inequality we have that

/w’=‘/U’¢
I I

< ||| ey 1l Lagry-




e (b)) = (a) Consider the linear functional
F:Cx(1) = R, gpr—>/ug0'
I

Since we are assuming p > 1, C2°(I) is a dense subset of L9(I). Moreover ¥ is bounded
by hypothesis, hence it can be extended to a unique functional F : LY(I) — R. Recall
that LI(1)* = LP(I), therefore there exists a function f € LP(I) such that

/pr/:&“@:(@,f):/fwf.

This shows that u is indeed a Sobolev function and v’ = —f.

e (a) = (c) Let @ be the continuous representative of u
Yy
= u(y) +/ u'dt Va,yel,
then

mu(x) —u(z) = u(x + h) —u(zr) — /H o (t)dt

and

p

dx

b b—h | pa+h
=l = [ mute) ~uCopde= [ [ 1w
b—h  pa+h i b
: / / [/ (t)[Pdt - hadw < (b— “)/ [/ (O)F - hPh = |l |[7, k.
e (¢) = (a) For all ¢ € C(I) and h sufficiently small,

/ (ratu(z) — u(x))p(x)dz = / (@ + hp(x)dz — / u(@)p()da

I 1 1

- / u(e)(p(z — h) — p(x))da.

I

Now,

=

lim /u(x) o) = plz = h) dz

h—0 h

/I(Thu — u)pdz

e
I

1 1
< Jim el =l s < Jim pClllplas = Clalliglse

Corollary 1.3.2. Wh>(I) = Lip(I).



Proof. Let @ be a continuous representative of w € Wh*(I) = Lip(I). Then |a(z) —

a(y)| = | [Z/(t)dt] < ||[W/||peery|z — y|, hence w is Lipschitz with constant ||u/|ze(r).
Conversely, suppose u is L-Lipschitz. Then |ru(z) — u)z)| = |u(z + h) — u(z)| < Lih|,
hence ||Tu — ul|p~ < L|h|. By Corollary [1.3.1, u € W1H(T). O

Next we give a density result. In order to achieve it we need to show that there exists
an extension operator E : W1P(I) — WHP(R).

Proposition 1.3.3. Let I be an interval. There exists a continuous linear operator E :

WP(I) — WIP(R) such that for all u € WhP(I)
i (Eu)’I =u,
o | Bullre) < Cllullo, |(Bu) |l < Clle o).

Proof. Let us show the proof for I = (0, +00).
We can extend functions to R by reflection,

u(z) x>0

Bule) = {u(—x) r<0

Clearly, || Eul|rm) < 2||ullzry and || Ev'||ze@) < 2|10/ 2oy
For bounded intervals a similar argument can be obtained by introducing a mollifier 7
and reflecting u = un + u(1 — n) around the interval endpoints to extend u to R. ]

Theorem 1.3.4. Let u € WP(I). Then there erists a sequence (un)neny C C(R) such
that u,|; Ll> u. In other words, given the restriction operator
wlp

R:CX(R) — WH(D), uvr— ul;
we have that its range R(C(R)) is dense in WHP(I).

Proof. Suppose I =R . We can assume u € C.(R). Let n = be a C* cutoff which is also
an even function and let n,(z) = n(%) with [n/,| < €. Then n,u € C.(R), by the chain
rule, (n,u) = nl,u +nu’ and

C n
e —=wllwrr = [l =l o+l = |z < lln0u—ull o+ [l u] + 9.0 =] = 0

by dominated convergence.
Let v € C(R) and define n. = 1p <M>’ ue = uxn. € C*R). Then u. — u ,

3
(uxn.) =u *n. — u in LP(R).
For a generic interval I we consider the extension operator E : W?(I) — WP(R) as
in[1.3.3] There exists (u,)nen C C°(R) that converges to Fu in W'P(R). Then

wnlr = wllwiory = lJunlr — Eulillwremy < uali — Bulrllwism = 0.



Remark 1.3.5. The requirement for u, to be compactly supported in R is crucial.; C>(I)
is not dense in WHP(I) unless I = R, as we see in the following definition and proposition.

Definition 1.3.6. W,”(I) = C=(I), where the closure is taken with respect to the || -
lwe(ry topology.

Proposition 1.3.7. The following facts hold:
(i) Wy (R) = W'*(R),
(ii) WyP(I) = {u € W'(I) : uls; = 0}.

Remark 1.3.8. The requirement that u|g; = 0, i.e. u vanishes at the endpoints of the inter-
val, would not make sense for a general function in LP, which is defined almost everywhere.
However, as shown in Proposition w € WYP(I) has a continuous representative.

Proof. We have already shown that (i) holds in Theorem|[I.3.4, Observe that (i) also follows
from (ii), since OR = 0.

Let (un)neny C C°(I) converge to u € WHP(I). Then, since W'P(I) — L*(I) is
continuous, ||u, — u||z~ = 0 and for a € da

u(a) = lign up(a) = 0.

Conversely, suppose u € W'P(I) is such that u|g; = 0. Let G. be smooth with bounded
derivative and such that
t |t >
Gg(t) — { ‘ ’ 9 .

0 [t <3

Moreover, assume |G.(t) — t| < e Observe that G, ou € WyP(I) since supp(Ge o u) =
{|u| > 5} is compact. Then

|Ge(u) —ul|pr < e(b—a)'’? =0

and, by lemma [l and corollary [1.3.10]
1Go(u) — |, /|G’ CAPPda —>/ WPdz = 0.
{u=0)

]

Lemma 1.3.9. (algebra of Sobolev functions) Let I be any interval and 1 < p < oo, The
following hold:

i) (Leibniz rule) if u,v € WHP(I), then wv € WYP(I) and (uv)’ = v'v + uv’
(1) ( ) if u, ; ;

(ii) (chain rule) if w € WYP(I) and G € C*(R) is Lipschitz and G(0) = 0, then Gou €
WP(I) and (G ou)(z) = G'(u(z))u'(x).
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(iii) if v € WHP(I), then v = max{0,u},ut = max{0,—u} € W'P(I) with (u") =
U g0y and (u™) = u'l<o.

Corollary 1.3.10. Let u € W'?(I). Then v’ =0 almost everywhere on {u = 0}.

Proof. Observe that
u=up+tu. = U= (up +u) = Loy + Ljucop) = v (Ljuro})-
Then /(1 — Lgyuz0y) = 0. O

We now give the definition of Sobolev space on an open subset of R” and pose three
questions which will be answered in the sequel.

Definition 1.3.11. Let Q@ C R"™ be open. A function uw € LP(Q) is said to be Sobolev
(w € WYP(Q)) if there exists g € LP(Q,R™) such that

/udiv(v)dx = —/ (g,v)ydz  for all v e C*(2,R™).
Q Q

The function g is called the weak gradient of u and denoted by g = Vu.

Remark 1.3.12. W'?(Q) is a Banach space when endowed with the norm
[ullwrr@) = llulle@) + IVullr@rm).

As we are interested in generalizing the concept of Sobolev space of WP to the context
of metric (measure) spaces we will need to find suitable substitutes for the notions of

e vector fields v € C°(Q,R"),
e divergence of v € C°(Q,R™),

e duality in R", the spaces involved will be a priori distinct and there will be no natural
identification between them.

10



Chapter 2

The machinery of L'-normed modules

2.1 Metric measure spaces

A metric measure space is a triple (X, d, m), where
e (X,d) is a complete and separable metric space
e m = ( is a non-negative Borel measure which is finite on bounded sets.

Given a metric space (X,d) we will denote by &?(X) the space of Borel probability
measures on X, and by Cy(X) the space of continuous and bounded functions X — R.
Moreover, B,.(z) will denote the open ball of center x € X and radius r > 0.

Remark 2.1.1. The measure of a metric measure space is automatically o-finite, since
X =2, Bu(z) and m(B,,(z)) < +o0.

2.2 Lipschitz functions

Given two metric spaces (X,dy), (Y,dy) and a map f : X — Y between them, we say
that f is Lipschitz if there exists a constant C' > 0 such that for all x1,25 € X

dy (f(z1), f(z2)) < Cdx(x1,22),

equivalently if
Lip(f) = sup dy (f(x1), f(2)) < o0
sy dx (71, 72)

We denote by Lip(X,Y’) the space of Lipschitz functions between X and Y. When
Y = R we will denote Lip(X) = Lip(X,R)

A function f : X — Y is said to be locally Lipschitz if for every x € X there exists
r > 0 such that f|p,(,) is Lipschitz.

Given a function f : X — Y and a Borel set E we will denote with Lip(f, F) the
Lipschitz constant of f restricted to the Borel set F;

Two notion of local Lipschitz constant will be useful in the sequel.

11



Definition 2.2.1. For a locally Lipschitz function f : X — Y we define the asymptotic
Lipschitz constant at a point v € X as

l,  (x) t= limy Lip(/, B, x).

Remark 2.2.2. Such limit exists since r — Lip(f, B.(z)) = sup {% (Y, 2 € Bp(x),y # z}

decreases as r approaches 0.

Definition 2.2.3. For a locally Lipschitz function f : X — Y we define the slope (or local
Lipschitz constant) at a point x € X as

IDf|(z) = hr;l_?;lp dy(f;?;’ £§x))

Remark 2.2.4. Observe that

|Df|(z) = limsup dv (/) = /() = lim < sup dv(/y) = f(x))) <lip, f(z).

y— dX(y; JI) =0 yE€B,(x)\z dX(yv LU)

Notice that for all z € X it holds
|D(af 4 Bg)| < lal|Df| + |8l|Dygl|,Ve, B € R,
and a Leibniz-type inequality

[D(f9)l < [f1IDgl + gl D] (2.2.1)

The same estimate holds for the asymptotic Lipschtiz constant:

lip,(f9)l < fI[lip,g| + |gl[lip, f]- (2.2.2)

Definition 2.2.5. When Y = R,dy = |- | we can define the one-sided counterparts of
|Df|, which are called respectively descending slope and ascending slope:

’Dfr(x) — lim sup [f<y(>j - f(x)}i |Df|+<£l}) = lim sup [f(y()j - f(x)]+

Y
Yy—x

(ya l’) y—x (y7 ZE)
which for all x € X statisfy

D f|(x) = max{| D~ f|(x), D f|(x)[}, | D™ fl(zx) = |DT(=f)l(z)

2.3 The space L°(X, m)

Definition 2.3.1. Let (X,d,m) be a metric measure space. We denote by L°(X,m) the
set of measurable functions f: X — R, up to equality m-almost everywhere.

12



Clearly L°(X,m) is a vector space over the real numbers. Given a probability measure
m’ such that m < m’ < m we can make L°(X,m) into a topological vector space by
equipping it with the topology induced by the distance

drow(f,9) = / inf{|f — g|, 1}dm’.
X
Observe that by the above definition

Ao (f19) = 1 Inf{1f — g, 1} l23(. (2.3.1)

Remark 2.3.2. The requirement onw’ to be a probability measure ensures that dpo o (f, g) <
[ 1dm’ = 1,50 that (L°(w'),dpow) is a metric space of finite diameter. Since m < m’ <

m, by the Radon-Nikodym theorem there are functions f € L'(m) and g € L°(w') such that

dm = fdm' and dm’ = gdm. Hence dm = fgdm, or more explicitly

m(E) = /E ldm = /Efgdm for all Borel sets E C X.

Thus fg =1 m-almost everywhere.

The the distance djo v depends on the probability measure m’, however the topology
it induces does not, as shown in the following proposition.

Proposition 2.3.3. Fiz a probability measure m’ such that m < m’ < m. A sequence (f,)
of functions in L°(X,m) is Cauchy with respect to dpo if and only if for all Borel sets
E C X of finite measure m(E) < oo

limsup m(E N {|fn — fi] >} =0. (2.3.2)

n,m—-+o0o

Proof. Suppose (f,) is a sequence in L°(X, m) that satisfies and fix a point 7y € X.
Since m’ is a probability measure,

l=w'(X)=m (U Bn(xo)) = lim w'(B,(z0).

n—-+00

Thus there exists N > 0 such that m’(By(z9)) > 1 — €. By definition of metric measure
space m is finite on bounded sets, hence m(By(z9)) < +00.
Let g € L'(m) be the Radon-Nikodym density of m’ with respect to m. Fix € > 0 and

define A, (e) = By (o) N{|fn — fim| > €}. By assumption [2.3.2]

m(A4, (c)) — 0,

so that )
LGN

XAn,m(E) n,m
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By dominated convergence we deduce that

lim sup m’(A,, ,(¢)) = lim sup/ Xa, o dm’ = lim sup/ (X, ey - 9)dm =0.  (2.3.3)
X ' X '

m,n m,n m,n
Now observe that

40w (s fon) = / inf(|fy — foul, 1)

X

:/ inf(]fn—fm|,1)dm’+/ (| f, — finl, 1)dm’
X\Bn(z0)

B (o)
< 5+/ it (| f — fm\,l)dm’+/ (| f — finl, 1)dm’
By (20)\An,m () An,m(€)
<e+em'(By(zo) \ Anm) + M (A, (e)) < 26 +m'(A,n(e)).

Combining this and shows that limsup,, ,, dzow(fn, fim) = 0, ie. (fy) is a dpow-
Cauchy sequence, since € > (0 was chosen to be arbitrary.

Conversely, suppose (f,) is a dpo n-Cauchy sequence and fix ¢ € (0,1). By Chebyshev’s
inequality,

W ({1 fu | > 1) = W (b (| fufnl, 1) > ) < 2 / inf([, — ful, 1) = Zdgo (o fr) — 0.

X

Now fix a Borel set £ C X such that m(E) < oo and, like above, let f € L'(m’) be the
Radon-Nikodym density of m with respect to m’. Then y,f € L'(w’) and

W(E A {fo— ful > ) = /X (Vifoeputoe) - x5 - ).

By dominated convergence, condition holds. O

Remark 2.3.4. Clearly condition does not depend on ', hence all metrics dpo v are
equivalent, i.e. they induce the same topology on L°(m), which justifies the notation do

we will use from now on. We shall often deal with distances of similar form when speaking
of L°-modules.

Remark 2.3.5. One might see the definition of dro as an attempt to adapt the L' norm
to measurable functions. It’s clear, however, that dro is not induced by a norm, since it
doesn’t behave well with scalars: even for a constant function f =1 and for A > 1

dLo(f,O):/Xinf{|f|,1}dm’:m’(X):1, but

dro(\f,0) = / inf{\, 1hdm’ = m'(X) = 1 # Adgo( £, 0).

X
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To show that L°(m,d0) is a complete and separable space we first prove some equiv-
alent characterization of converging sequences with respect to d;o, which is inspired by

Proposition [2.3.3

Proposition 2.3.6. Let (X,d,m) be a metric measure space and m' € P(X) such that
m < m < m. Fiz a sequence (f,), C L°(X) and a function f € L°(X). The following
are equivalent:

(1) fn converges to f with respect to dpo,

(2) any subsequence of (f,) has a further subsequence which converges to f m-almost ev-
erywhere,

(3) limsup, m(EN{|f, — f| >¢€}) =0 for all ¢ > 0 and for all Borel sets E C X such
that m(E) < oo,

(4) limsup, w'({|f, — f| > €}) =0 for alle > 0.

Remark 2.3.7. Condition (4) amounts to saying that f, converges to f in measure with
respect tow’. Since m' is a probability measure, convergence in measure implies convergence
m'-a.e. for a subsequence.

Proof. (1) = (2) Any subsequence (f,, )r of (f.), converges to f by assumption. By

remark [2.3.1) this means that inf{|f,, — f|, 1} ﬁ 0. This implies that there exists a
m/

further subsequence which converges m’-almost everywhere.

(2) = (3) By contradiction suppose there exist ¢ > 0 and a Borel set E C X of
finite measure m such that limsup, m(E N {|f, — f| > €}) > 0. In particular there exists
a subsequence ( f,, )i such that

lilgnm(E N{|fn, — fI| >€})=r>0. (2.3.4)

By assumption (2), (fy,) admits a further subsequence (g¢), which converges to f in the
m-a.e. sense. Applying the dominated convergence theorem to 1yj4,—f/>c}ne We obtain

m({lge — f| > £} 1 E) = / {11510 dm = 0
X N— ——

<lg€Ll(m)
which contradicts since (g¢)e is a subsequence of (f,, )k-
(3) = (4) Similarly to the proof of Proposition [2.3.3, let zy € X and fix § > 0

and N > 0 such that m’(X \ By(x)) < d. Just like in that proof, our assumption that
lim sup, m({|f, — f| > €} N By(z0)) = 0 implies that the same holds for m’. Therefore,

limnsupm’({|fn — fl >e}) <w/(X\ By(xo)) + limnsupm({|fn — fI > e} N By(x0)) < 6.

.

-~

=0
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Since ¢ is arbitrary we conclude.

(4) = (1) It suffices to adapt the argument used to prove proposition to this
situation. Fix € > 0. Then

%wnjwaémﬂv—ﬁ¢umwSmwwz—ﬂ>sn+a

thus lim sup,, do(f,, f) < € and we conclude. ]

Observe that there are natural inclusions LP(m) < L°(m) and that they are continuous

thanks to Holder’s inequality. Indeed, given m’ € (X)) like above and f, Lrm, 1,

dL0<fn; f) < /X |fn - fldm/ < an - fHLP(m’)m/(X) = an - fHLP(m’) — 0.

Moreover, this inclusion is dense. Indeed, let f € L%(m) and 2y € X, then

F(@) € Bulwy) and |f(z)] < n
n x € By(zg) and f(z) >n
—n  x € By(x) and f(z) < —n
0 x ¢ B,(z0)

is bounded and has bounded support inside B, (xg), hence f,, € LP(m) for all p € [1, o0].
Clearly f,, converges pointwise m-almost everywhere and condition (3) of proposition m
holds. Therefore f, converges to f with respect to dyo.

Theorem 2.3.8. (L°(m),dzo) is a complete and separable metric space.

Proof. By what we have just shown, L!(m) is embedded in L°(m) continuously and densely.
Since L'(m) is separable, L°(m) is separable as well.

To show completeness, let ( f,,)nen be a Cauchy sequence in L°(m). By proposition m

limsup m(EN{|f, — fm| >} =0
n,m—-+00
for all m(E) < oo, in particular limsup,, , m'({|fn — fm| > €}) = 0. Therefore there exists

a subsequence (f,, ) such that W' ({|fn,., — fa.| > €27%}) < 27%. Fix representatives for
fn, and let

Nk = {|fnk+1 - fnk| > 62_k}7

and



Observe that

w'(N) < inf {m’ (U Nk>} < inf {Zm'(m)} < inf {Z 2—k} = 0.

k>n k>n k>n

Let g(z) = Y, [fa, (%) = fap ()] If g(x) < oo then (f,, (2))r is a Cauchy sequence
and therefore converges. By construction, g(x) < oo for z € X\ N, hence f,, () converges
for almost every z, denote the pointwise limit by f, Then f € L°(m) and we can extend f
to vanish on N.

O

2.4 L’-modules

Definition 2.4.1. Let (X, m) be a measure space. An L°(X,m)-normed L°(X, m)-module
is a quadruple (A ,1,-,|-|) where

(i) (A ,T) is a complete topological vector space.
(ii) The bilinear map - : L°(X,m) x M4 — M satisfies

flg-v)=(fg)-v  VigeL'(X,m)Vve.#
l-v=v Yv e .

(iii) The map |- | : A4 — L°(X,m), called the pointwise norm, satisfies the following
properties

lv] >0 m-a.e. Yo e A
lf o] =|fllv| m-a.e. Vfe L)X, m),Yv e .#
v+ w| < |v| + |w| m-a.e. Yo,w e M.

(iv) The topology T is the one induced by the distance d_, on # defined by

dy(v,w) = / inf{|v — wl, 1} dm’ for some m' € P(X) such that m < m’ < m
be

Remark 2.4.2. The name L°—module is justified by aziom (ii) in our definition, which
ensures that (A ,7,-,| - |) is indeed a module over the ring of measurable functions. As
seen in the definition of the pointwise norm, measurable functions behave like scalars in
this setting. This idea also inspires the following definition of dual L°-module as the set
of linear maps into L°(X,m), with an additional boundedness assumption as one usually
does in analysis.

17



Proposition 2.4.3. Let (X,d, m) be a metric measure space and A be a L°(m)-normed
module. Then:

(1) v = v for A € R, where \ denotes the (equivalence class of the) function identically
Aon X.

(2) |Av| = |Al|v| holds m-a.e. for allv € A4 and )\ € R.

(3) the pointwise norm is uniformly continuous.

Proof. (1) Given A € R and v € . , by using the bilinearity of multiplication we have
that Av = (Al)v = A(1v) = Av.

(2) Fix A € R and v,w € . . By the definition of L°-module and (1) we have that
|IAv| = |\v| = |AlJv] = |A|Jv] holds m-a.e..

(3) Thanks to the triangle inequality for the pointwise norm we have that

dLo(|v],\w\):/inf{Hv\—|wH,1}dm’§/inf{|v—w\,1}dm’:d%(v,w),
X X

so the pointwise norm is uniformly continuous.

]

We will now give the notions of submodule and dual for an L°(X, m)-normed L°(X, m)-
module.

Definition 2.4.4. Let .# be an L°(X, m)-module. A closed linear subspace N C M is a
submodule if it closed by multiplication by measurable functions, i.e.

f-ve N forall feL(m),ve.N.

Given a subset S C A , the submodule (S, #) generated by S is defined as the smallest
(with respect to inclusion) submodule of M containing S.

Equivalently, §(S, #) = G(S), where

G(S) = {Z fi-si:neN, f; € L°%m),s; € S} = span o (9)
i=1
is the set of all (finite) L°-linear combinations of elements of S.

Remark 2.4.5. [t is straightforward to see that the intersection of submodules is itself a
submodule.

18



2.5 Duality for L’-modules

Definition 2.5.1. Given a measure space (X, m) and an L°(X,m)-normed L°(X,m)-
module A , we define its dual module > as the set of continuous linear maps w : M —
L°(X,m) such that

(i) w(f -v) = fw(v), for every v € A and for every f € L°(X, m)
(ii) there exists g € L°(X, m) such that

lw(v)| < |g]|v] m-a.e. Yo e A. (2.5.1)

We then define |w|. as the least (positive) function g € L°(X, m) for which (i) is satisfied.

Remark 2.5.2. Observe that the definition of |w|. is well posed, since whenever two func-
tions g and h satisfy condition (ii) their infimum, which is still measurable, also does.

The dual (.#Z*,|-|,) has a natural structure of L°(X, m)-normed L°(X, m)-module given

o |(f-w)(v)] = [fw)] = |fllw)| hence [f - wl. = |fl|w].,
o (@ +w2)(©)] < ()] + lwa(0)] < (ale + ferl.)Jol, bence fwr +walu < fonls + fiale
o d g (wi,ws) = [y inf{|wy — wals, 1}dm'.

We can adapt the definition of L°(X, m)-normed L°(X, m)-module to include integra-
bility requirements of the norm, as seen in the following definition.

Definition 2.5.3. An LP(X,m)-normed L (X, m)-module is a triple (M, |- ||,|-|) where
(i) (M, | -1]) is a Banach space.
(it) The bilinear map - : L>®°(X, m) x A, — M, satisfies
f(g-v)=(fg) v Vf,g € L*(X,m),Yv € 4,
l-v=vw Vv € M.
(i5i) The map |- | : M — LP(X,m), called the pointwise norm, satisfies the following
properties

lv| >0 m-a.e. Yv € M,
|f - vl = |f]|v]| m-a.e. Ve L®(X,m),Yve.#
v+ w| < |v| + |w| m-a.e. Yo, w € M.
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(iv) We have ||[v|| = ([ |v[rdm)'/?.

Remark 2.5.4. The definition differs from the L° case in that we require LP-normed L>-
modules to be Banach spaces, not just topological vector spaces. This allows us to drop
condition (iv) in and avoids the dependence on a probability measure.

We can also adapt the definition of dual module.

Definition 2.5.5. Given a measure space (X, m) and an LP(X,m)-normed L*>(X, m)-

module #,, we define (M,)*, its dual module, as the set of continuous linear maps w :
My, — LY X, m) such that

(i) w(f-v)= fw(v), for every v € M, and for every f € L>(X, m)
(i1) there exists g € LY(X,m) such that

lw(v)] < |g]|v| m-a.e. Yv e A

We then define |w|. as the least function g € LY(X,m) for which (ii) is satisfied. Then
((Ap)*, | - |+) has a natural structure of LY(X, m)-normed L (X, m)-module.

Theorem 2.5.6. Let p € [1,00]. Given A, an LP(X, m)-normed L>°(X,m)-module, there
exists a unique L°(X,m)-normed L°(X,m)-module .# (up to isomorphisms) such that

My =LP(M ,m) ={we A :|w elP(m)}
Moreover, we have the following Banach spaces are canonically isomorphic:
(1) (A,)* the dual module of M, considered as LP(X, m)-normed L>°(X,m)-module;
(i1) LI(A*,m).

Moreover if p < oo we have also L(A*,m) = (M,)', the Banach dual of 4, considered
as Banach space.

Proof. 1t is clear that (.#,)* and L(.#*, m) are canonically isomorphic. Moreover it is
also trivial that for every p LI(.#Z*,m) C (#,)". Let us prove the reverse inclusion in the
case p < 0o. Let ( € (.#4,). Fix v € 4, and consider the map

Wy 2 B = l(xg - v).

Then p, is a measure and moreover

1/p
o B)] < el - llay < 1 ( / |v|pdm) ,

thus p, < m. We denote its density by w(v) € L'(m). Via a density argument it can be
shown that w is L>°(m)-linear.
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Since ¢ € (.#,) there exists C' > 0 such that

/ w(v)dm = £(v) < Cv]|,. (2.5.2)
X
Let us consider two functionals in the Banach space Y = LP(m):

Wy (h) = C||h|| Lo m) (2.5.3)

U, (h) = sup {/Xw(v) dm:|v|<h,ve ///p} (2.5.4)

where the supremum of the empty set is meant to be —oo. Equation (2.5.2) guarantees
that

Moreover ¥, is convex and continuous while we claim that W, is concave: it is clearly
positive 1-homogeneus and so it is sufficient to show that

Uy (hy + he) > Wy(hy) + Uy(he).

We can assume that W;(h;) > —oo for ¢ = 1,2 because otherwise the inequality is trivial.
In this case for every € > 0 we can pick v; € .#, such that

/ W(Ul) dm Z \Ifl(hl) — & ‘1}1’ S hl
X

/ W(Ug) dm 2 \Ijl(hg) — & ‘”UQ’ < hg
X

and so we can consider vy + vy € A, clearly |vy + va| < |v1| + |v2| < (hy + he) and so

\Ifl(hl + hg) Z / (Ul + Ug)(f) dm 2 \Ill(hl) + \Ifl(hg) — 26,

and we get the desired inequality letting ¢ — 0. By Hahn-Banach theorem we can find a
continuous linear functional L on L?(m) such that

Uy (h) < L(h) < Uy(h).

Since p < oo we know that (LP)* = L7 and so we can find g € L? such that L(h) =
[x ghdm. This proves in particular that

/Xw(v)dmg/xg|v|dm.

We can localize the above inequality and get w(v) < g|v| almost everywhere and thus
w € LUA*, m). Moreover we have that |w|, < g and so ||w|/z« < |lg]l, < C.
[
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Both in the L° and the L? case, when speaking of duals we have defined the pointwise
norm of a functional was the least among functions g satisfying |w(v)| < |g||v| for all
elements of the module. To see that such a function actually exists, we give the following
lemma.

Lemma 2.5.7. Let # be a L°(m)-normed L°(m)-module and w : .4 — L°(m) be a
continuous linear functional. Then there exists a least positive function in

Y={gcLl'm):g>0 m-ae |wk)|<glv] m-ae Yve.#}
Proof. Consider m’ € Z2(X) such that m < m’ < m and let g, be a minimizing sequence
in Y for argmin{ [ arctan(|g|)dm’} and define g(z) = inf, g,(x). Then g < g m-a.e for
Y
allge Y. O]

2.6 Hahn-Banach theorem for L°°-modules

We want to prove an extension theorem for linear functional with pointwise estimates.

Lemma 2.6.1. Let M, be an LI(X, m)-normed L*(X,m)-module. Let W C V be a sub-
module, and let L : W — L' be an L>®-linear functional such that L(w) < |wl|g for some
g € LP(X,m). Then L can be extended to a L™-linear functional L : V — L'(X,m)
without increasing the pointwise norm, namely such that

L(v) < |vlg Vv e V.

Proof. With an application of Zorn Lemma, we can reduce ourselves to extend the func-
tional to span{xzg, W}, for some zy ¢ W. Any element in span{z,, W} is of the form
Az + w where A € L>®°(X, m) and w € W. Since the extension L has to be L™-linear, it
must satisfy the equation

LAz 4+ w) = Ao + L(w) = Mg + L(w)

for some ry € L'. However we need to chose ry in such a way that we do not increase the
norm. Then we need to choose ry so that

|L(A\zo 4+ w)| < g|Azo + w] m-a.e.
—g|A\xo + w| — L(w) < Arg < g|Azo + w| — L(w) m-a.e. (2.6.1)

Denoting A.(x) = sup{e, A\, } — sup{e, A\_} we have that if is verified for A, for
all € > 0 then it is verified also for A since in the set A = 0 the inequality is trivial. In
particular we have to check only when A\, A=t € L™; so we can multiply by A~! the
whole inequality (and pay attention to the signs) to get

w w w w
—g‘xo—i-X’—L(X) STOSQ‘xO"i_X)_L(X) m-a.c.
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Since A\~!w is an arbitrary element of W we can finally rewrite this inequality as
—glzo +w| — L(w) <rg < glrg + w| + L(w) m-a.e. Yw e W.
Now, if wy,wy € W we have that

L(wl) — L(wg) = L(w1 — wg)
< glwy — ws| = g|(wy + x0) — (w2 + T0)|
< glwy + xo| + glws + 9|  m-a.e.

so that
—glws + xo| — L(wy) < L(wy) + glwy + z9| m-a.e. Ywy, wy € W,

Now we take the essential infimum of the right hand side and the essential supremum of
the left hand side to obtain

a(x) = esssup { —glws + xo| — L(wz)} < eSSEi%f {glwi +@o| = L(w1) } = b(x);
w1

wo €W

so it is sufficient to take a(z) < ro(x) < b(z) for m-almost every x in order to extend the
functional without increasing the pointwise estimate. O
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Chapter 3

Derivations

In this chapter we introduce derivations, which will play a key role in the construction of
the tangent module.

3.1 Notation

Given a function f: X — R and a Borel set E we will denote with Lip(f, £) the Lipschitz
constant of f restricted to the Borel set F; if the set E is not indicated it is assumed to
be F = X. A function f is said to be Lipschitz if Lip(f) < oo, and the set of Lipschitz
functions is denoted by Lip(X,d). Other spaces that will be used in the sequel are:

e Lip,(X,d), the set of Lipschitz functions with bounded support: the support of a
continuous function f is defined as supp(f) = {f # 0};

e Lip,(X,d), the set of bounded Lipschitz functions;

e Lip,,.(X,d), the set of locally Lipschitz functions, that is those functions f such that
for any « there exists r > 0 such that f|p, () is Lipschitz.

We have the obvious inclusions Lipy (X, d) C Lip,(X,d) C Lip(X,d) C Lip,,.(X,d). Recall
that for a locally Lipschitz function f asymptotic Lipschitz constant is defined as

i, () = lim Lip(f, B, («)).

3.2 Weaver derivations

Definition 3.2.1. A Weaver derivation on a metric measure space (X,d,m) is a linear
map b : Lipy(X,d) — LY(X, m) such that

(1) (Leibniz rule) for every f, g € Lipy(X,d), we have b(fg) = b(f)g+ fb(g);
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(ii) (Locality) There exists some function g € L°(X,m) such that

b(f)|(z) < g(z) - lip, f(x) for m-a.e. x, Vf € Lipy(X,d).
The smallest function g with this property is denoted by |b|.

(iii) (weak* continuity) whenever f, ~» f pointwise with uniformly bounded Lipschitz
constants (i.e. sup,, Lip(f,) < 00), b(f,) = b(f) in duality with L'(|b|dm).

We will denote by TX the space of Weaver derivations on X.

We will see that when b admits divergence weak™ continuity follows from the first two
properties.

Remark 3.2.2. Deriwations vanish at constant functions. Indeed, by the Leibniz rule,
b(1)=b(1-1)=1-b(1)+1-b(1)=2b(1).

Clearly the set of derivations T'X has a vector space structure over R, our main goal
now is to endow it with the structure of L°(X, m)-normed L°(X, m)-module. According to
the definition we then need to define the following:

e multiplication of derivations by measurable functions, this can be done naturally by
setting

(u-b)(f) = ub(f)

for u € L%m),b € TX, f € Lipy(X,d), it is straightforward to see that with this
definition wu - b is indeed a derivation,

e a pointwise norm, which can be given by choosing |b| as in the locality section of

definition [3.2.1]
e a topology on T'X which is compatible with the pointwise norm.
What we do is essentially adapting the dro distance to T'X.

Lemma 3.2.3. Given m € Z(X) such that m < m' < m consider
de(bl, bg) = / 1nf{|b1 — b2|, 1}dm'
be

and let T be the topology on TX induced by drx. Then (TX,T,-,|-|) is an L°(m)-normed
L°(m)-module.

Remark 3.2.4. Just like in the case of dro the topology T does not depend on the specific
probability measure m’ chosen to define drx.
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Proof. (Lemma) The only nontrivial condition to check in is homogeneity, i.e.
lu-b| = |u||b] m-a.e. foralluec L’(m),becTX. (3.2.1)

Fix v € L%m). By definition |u - b|(z) < |b|(z)|u(x)| almost everywhere. The reverse
inequality is obviously true where u vanishes. Let us define

(o) = {um-l u@ A0 o

0 otherwise
Notice that b(f) = (g - u)b(f) =g - (u-b) in {u(z) # 0}. By we obtain
g - (u-B)] <gl[u-b)| < gllullb] = |b] in {u 0}

and so we deduce the reverse inequality on {u # 0} as well.

It remains to show that drx is complete. Let (b,), be a d7x-Cauchy sequence. For all
f € Lipy(X,d) (b,(f))n is a dro-Cauchy sequence in L°, which is complete (lemma [2.3.8]),
therefore there exists b(f) such that

ba(f) 5 b)),

The Leibniz rule and locality property hold for b with |b,| L, |b|]. Let us now discuss

n

weak™® continuity. Suppose fj LA f pointwise with uniformly bounded Lipschitz constants.
We need to show that for all g € L(|b], m)

/X gb()dm - /X gb(fy)dm. (3.22)

By assumption,
/ inf{[b — by, 1}dm’ — 0.
X n

Up to passing to a subsequence we can suppose |b — b,| — 0 m-almost everywhere, in
n

particular g|b|m-almost everywhere. Therefore there exists a Borel set E° such that

/ glbldm < ¢
X\E*

and

/X gb(fr) — gb(f)dm” < limksup

[ vt = [ gpg)an]| + 25w Lin()

lim sup
k

< lim sup
k

/5 9bi(fr) — gbk(f)dm" + 22 sup Lip(fx) + 2€/g|b\dm’,

which yields (3.2.2)).
O
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We will refer to T X as the tangent module to (X,d, m), where derivations are to be
thought as vector fields. The elements of the dual module, as constructed in [2.5.1] will
play the role of 1-forms, i.e. sections of the cotangent bundle.

Moreover we will denote by LP(TX, m) the space of derivations b such that |b| € LP(m).

3.3 Equivalent locality conditions for derivations

According to definition to definition a derivation b : Lipy(X,d) — L%m) on a
metric measure space (X,d, m) satisfies |b(f)| < |b|lip,(f) m-almost everywhere for all
f € Lipy(X,d). We will now show that this in actually equivalent to a seemingly weaker
condition,

6(/)] < |bllip,(f) a.e. Vf € Lipy(X,d) <= [b(f)] < || Lip(f) a.e. Vf € Lipy(X, d).
(3.3.1)
Sufficiency is clear, since lip,(x) = lim, o Lip(f, B,(x)) < Lip(f).
Conversely, suppose |b(f)| < |b|Lip(f) a.e. Vf € Lipy(X,d).

Step 1. If f(z) = 0 for all x € B.(x¢) then b(f)(z) = 0 for m-almost everywhere in
Bc.(xg). Let x. be a Lipschitz function such that x. > 0 on B.(xy) and x. = 0 in X \ x.
(e.g. xe(x) = [e —d(z,20)]"). Then fx =0, thus b(fx.) = 0 almost everywhere. By the
Leibniz rule we obtain that

0= b(er) = fb(Xs) + Xsb(f)
Then for almost every = € B.(zo)
b(f)(x) - xe(x) = =f(x) - b(xe)(x) = 0, xe(x) >0 = b(f)(x) =0.

Step 2. For all o € X we have b(f)(z) < |b|(x) Lip(f, B:(z0)) almost everywhere in
BE((L’()).

Let L = Lip(f, B:(x)) and consider the McShane extension

FEEN @) = sup {f(y) — Ld(z,y)}.

y€Be(z0)

We have that
e if v € B.(z¢) then ffs(m) > f(z) — Ld(z,z) = f(x),
e for any x € X and y € B.(x)

f(y) — Ld(z,y) < f(z)
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Therefore ff(z) = f(z) when x € B.(xy). By claim 1 we know that b(f) = b(f;)
almost everywhere on B.(xg) C {f = fi}, thus

b(f2)I(x) = [b(f)

Step 3. We now use the previous result to show that

(z) < |bl(z) - L = |b|(x) - Lip(f, B.(x0)) for all 2 € B.(x0).

b(f)(z) < |b|(z) - Lip(f, B-(x)) for almost every x € X. (3.3.2)

Assume by contradiction that (3.3.2]) does not hold. Then there exist £ € X and
0 < & < § such that (3.3.2) does not hold in a subset E' C B:(Z) of positive measure. By
applying step 2 to £ we obtain that for € E B:(z) C B.(z) and

b(f)(x) < [bl(x) Lip(f, B:(7)) < |b|(x) Lip(f, Be(x))

and thus a contradiction.
Step 4. By letting € | 0 in we obtain that

b(f) <|b|-lip,f wm-almost everywhere
and is proved.

In a similar spirit we will also show that
b(f) < [bl(/)lip,f V[ € Lipy(X,d) <= b(f) <[b[|Df| Vfe€Lipy(X,d), (33.3)

and that therefore definition and definition have the same locality requirements.
As shown in 2.2.4] |Df| < lip,f. Necessity is then clear.
As for sufficiency, suppose b(f) < |b|(f)lip,f, let £,7 > 0 and consider

Kf = {a: e X: sup —‘f(y) — /(@) } )

r#y€EBr () d(ya 'T)

Then define
K':=|JK!={xeX:|Df|(zx) < (}.
>0

To show that b(f) < |b||Df]| it is enough to prove that b(f) < |b|¢ holds almost
everywhere on K* or, equivalently, almost everywhere on K* for all r > 0.

Fix e > 0. By inner regularity there exists a compact set K C K’ such that m'(K‘\K) <
e. Consider the open cover K C |J,cx Bz(z). Since K is compact there exists a finite
collection 1, ..., 2y € K such that K C |Jy, Br(z;).

Fori=1,..., N consider

filx) = sup {f(y)—Ltd(z,y)}.

yEB% (931)

Then
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(i) f; is ¢-Lipschitz,
(i) fi(z) > f(=) for x € Br(x,),
(iii) fi(x) < f(z) for z € Bz (z;) N K.
Claims (i) and (ii) are clear and can be shown as in section [4]

As for (iii), notice that if y € Br(z;) and € Br(x;) N K, then y € B,(r) and
f(y) — f(x) < td(z,y). Therefore

fly) —ld(z,y) < f(z).

By taking the supremum over y € Bz (x;) we obtain f;(z) < f(z).

3.4 Derivations with divergence

Definition 3.4.1. Let b € TX such that |b| € L, .(X); then we say that b € D(div) if

loc
there exists a measure pp (its divergence), finite on bounded sets, such that

- [ spram= [ ram vreLipx.d),
X X

If pp < m we will say that b € Div, and denote pp = divb - m; in particular if b € Div,
and divb € LP(m) we will say that b € Div,,.

Lemma 3.4.2. Let u € Lipy(X,d) and b € LP*(m) be a derivation with |b| € LP*(m) N
Divy,. Then ub € L'(T X, m) N Div,, and

div(ub) = udivb + b(u),

where p3 = max{py, pz}.

Proof. Let f € Lipy(X,d). By the Leibniz rule for derivations, b(fu) = ub(f) + fb(u).
Then

_/Xub(f)dm:—/Xb(fu)dm—i-/be(u)dm

:/fu-div(b)dm—i-/fb(u)dm
be A/—/dub b

= /Xf.(udiv(b) + b(u))dm.

Since f is arbitrary we obtain that div(ub) = udiv(b) + b(u). O
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Definition 3.4.3. Let (X,d,m) be a metric measure space and q € [1,00]. We define
T,X as the submodule of TX generated by L(T X, m) N Divy, i.e. the smallest submodule
containing derivations with q-integrable pointwise norm and divergence. We then define
T; X to be the dual module of T, X .

Lemma 3.4.4. (Strong locality for weak-continuos derivations) Let b € TX. Then for
every f € Lipy(X,d)

(1) b(f) =0 m-almost everywhere in {f = 0},
(i1) b(f) < |bllip,(f|c) m-almost everywhere on every closed subset C'.
Corollary 3.4.5. Let b€ TX. Then for every f,g € Lip(X,d) b(f) = b(g) on {f = g}.

Lemma[3.4.4 Let ¢.(x) = (x —e); — (x +¢)_. Then ¢, is 1-Lipschitz, |¢.(z) —z| < e
and ¢.(z) = 0 for |z| < e. Given f € Lipy(X,d)(Xd), define f. == ¢. o f. Then b(f.) <
|b|lip, (f.) < |b|lip,(f). By assumption

[fe(@) = f(@)] = 9=(f(2)) = f(2)| e Vo e X = f. = [
Moreover Lip(f;) < Lip(f) are uniformly bounded. It follows that

/X gb(fo)dm — /X b(f)dm.

Notice that f. is (m-a.e.) constantly zero where |f| < ¢, so that lip, = 0 a.e. in
the same region. Let h be a positive function in L'(m) and define g = Lys—gsgn(b(f)).
Observe that

/{fzo} h-[b(f)|dm = /X h-gb(f)dm = lg%/xh - gb(f.)dm = 0.

Therefore h-|b(f)| = 0 m-a.e. on {f = 0}. Since h was chosen positive a.e. we conclude
|b(f)| = 0 m-a.e. and (7) is proved.

To prove (ii) we use the McShane extension of f restricted to closed balls. For all
y € X and r > 0 let us denote

gy(x) = sup{f(a') — Ld(w,2") : 2" € O N B,(y)}, L =Lip(f,CNB.(y)),
which extends f|cnp, () to X preserving its Lipschitz constant, i.e.
f =g, on CNB,(y)) and Lip(f,C N B.(y))) = Lip(gy, C'N B, (y)).

By corollary [3.4.5] (which follows from (i)) b(f) = b(g;) m-a.e. on C'N B,y(y)). In
particular, since B,(y) C Ba,(x) for x € B,(y),

b(H)I(x) < [blLip(fle, Br(y) < [blLip(fle, Bar(2))) — [bllip,(flc)(x) m-a.e. on CNB,(y).

Since y is arbitrary, the thesis follows.
O
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3.5 A look at the smooth case

Let X = (M, g,vol-g) be a smooth manifold. We will give an analysis of the correspondence
between vector fields in L°(T'M), where T'M is the classical tangent bundle of differential
geometry, and our notion of TX (Weaver derivations) when X is seen as a metric measure
space.

In the standard case, every point x € M comes with a tangent space T, M and a
measurable vector field v € L°(T'M) is a measurable function v : M — TM such that
v(z) € T, M for a.e. x € M.

We will focus on the case M = R” for simplicity, but a similar result holds for any
smooth manifold. With this choice of M vector fields can act as directional derivatives.
The following correspondence holds.

Theorem 3.5.1. Let M = R. In this case derivations can be identified as vector fields.
(i) Given v € LO(TM) there is a unique b, € TX such that b,(f) = 2 f.

(ii) Given b € TX, can we find vy, € L°(TM) such that b(f) = 8%17

Proof. Let us address question (i) first. By Rademacher’s theorem Lipschitz functions on
R™ are Lebesgue-a.e. differentiable. Therefore, given f € Lip,(X,d) we can speak of its
differential df and define

b,(f) = %f = (v,df) (defined a.e.),

which is linear in f, satisfies the Leibniz rule and |b,(f)| < |v||Vf] < |vllip,(f). To see

that weak* continuity also holds let f, = f pointwise with supy, {Lip(fx)} < 00).
It is enough to show that

(T

Indeed, if one assumes ([3.5.1)), then for all h € L'(R")

J (@fie,v) - ) da - S S (% i) do

! :

J(df,v) - h)da S (B vieh)do = [ 9 hds

Let us prove that holds. If h € C2°(R™) then by integration by parts and domi-
nated convergence

J (G} [z -

31

oh 0 f
dz axl




By density of C2°(R™) in L'(R™) we conclude. Let h € L'(R") and (h.) C C>(R") be
e—0

such that h. —— h. Then

[ Geon)ee [ (5 0)ae

Ik Ofx  Of
oz, (h — he)dx’ + / (89€i - &Ez‘) -hgdx' + )dx‘

0 0
< (sup (Lip(} + Lot ) I = el + | [ (52 = 22 - hedta

S ‘

o> (s L)) + Lip() ) I = hellrany = 0

This shows that LY(TM) 3> v — b, € TX is well defined and gives a positive answer
to question (i). It is not hard to see that this map preserves sums, multiplication by scalars
and that it is injective.

Conversely, to answer question (ii) let b € T'X and let f;(z) = z; be the i-th coordinate.

We define .
Vp = Z b(fl)e
i=1

According to definition to definition a derivation b : Lipy(X,d) — L°(m) on a
metric measure space (X,d, m) satisfies |b(f)| < |b|lip,(f) m-almost everywhere for all
€ Lipy(X.d).

We would like to show that 5
b = —f.
(=501

Since f is Lipschitz, almost everywhere we have |df| = |Df| = |V f].
Let = (qi1,-..,¢,) € Q™. Then

- Z b(%‘)%‘ =b (f - Z%%)

- Z b(z;)q D(f — Z ¢iT;)

Therefore for all § € Q™

i| < b = |bl|df — 4l

o) o] < o) = S blaa + -3 bt
. = o (3.5.2)
< 1olla7 = a1+ |3 btes) (3 gf) < (1 Vbl — gl
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Hence for any g € Q,

b(f) — (%bf‘ < (1++/n)|bl|ldf —q|  m-almost everywhere. (3.5.3)

Since Q™ is countable, m-almost everywhere the following holds
/) — 5t | < (1 VIS —a]  forall e @ (3.5.4)
By taking the infimum over ¢ € Q" we obtain ‘b(f) — a%)f’ =0. ]

3.6 Sobolev spaces via derivations

The goal of this section is to define a notion of Sobolev space W1* over a metric measure
space (X, d, m) which uses derivations.

Definition 3.6.1. Let f € LP(X,m). then f € W'P(X,d,m) if, setting p = q/(q — 1),
there exists df € LP(T; X, m) satisfying

/ df -bdm = —/ fdivbdm for all b € LY(TX, m) N Div,. (3.6.1)
b'e X
In analogy with the characterization of classical Sobolev spaces seen in we give

the following

Definition 3.6.2. Let f € LP(X,m). Then, setting p = q/(q — 1), the following are
equivalent:

(i) There exists df € LP(T; X, m) satisfying

/ df -bdm = —/ fdivbdm  for all b e LY(TX,m)N Div,. (3.6.2)
b b
(ii) There exists a linear map Ly : LY(TX, m) N Div, — L'(X, m) which is Lip,-linear,
such that
/ L;(b)dm = —/ fdivbdm  for allb e LYTX,m)N Div,. (3.6.3)
X X

(11i) Only for p > 1: there exists a constant Cy < oo such that

/fdivbdm
X

If one of the above is satisfied we say the f € WIP(X d,m), we say that df is the
differential of the function f. Moreover we have that the best Cy in Equation (3.6.4) is

e 1+1] o -

Remark 3.6.3. In the above definition it is clear that (i) = (it) and (i) = (ii7).
To see that

< C¢|I|bl|| s for all b € LYTX,m) N Div,. (3.6.4)
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3.7 An example in R

In this example we will consider the metric measure space (X,d,m) = (R,| - |, pdz) for
a function p € L°(R). In this setting TX can be identified with R and T, X is a linear
subspace of T'X, so the only options are T, X = 0 and 7, X = R.

Theorem. Let E be the set of points around which p=' is not ¢ — 1-integrable. Then
T,R = 0 p—almost everywhere on E.

Proof. Let us assume that p is bounded. We would like to show that if v € L9(p) and
div,(v) € L>(p), then v = 0 on E. By assumption for every ¢ € C>*(R)

/go/vpdx = —/godivp(v)pdx.
R

But then vp is Sobolev in the classical sense on R and therefore it has a continuous
representative. Suppose v(xg)p(zo) # 0 for some zy € E, then in a neighbourhood of x

we have c

p(x)
Since p > 0 p-almost everywhere on E we get v(x) = 0 p-almost everywhere on F. ]

v(z)| = = v ¢ LYp).

Question: Does there exist a function p which is almost everywhere positive and such
that T, X = 0 almost everywhere?

R z+#0

For instance, if p(z) = min{|z|,1}, T,R = {0 , but we would like to have this

r =0
behaviour everywhere.
If p were not integrable over any interval of R, then this behaviour (7,R = 0) would
occur at (a.e.) point. We will give an explicit example of such a function in the case p = 2.
Let (¢n)n be an enumeration of the rational numbers and

1
L B

p()

Let Cp =R\ Uy, B(qx,27%) and consider

U =R\ U Blaw 2™

n k>n

Observe that | (), U=, B(gk), 2% < infg c27% = 0 (for some ¢ > 0) so that (J,, C,, has full
measure.
Since Q is dense in R it is clear that

_ =1
p ) =1+ WHB(%’Q_”)
n=0 n
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is nowhere integrable.

Our goal now is to show that if v € L?(p) and div,(v) € L>=(p), then v = 0.

Indeed, suppose vp has a continuous nonzero representative around xy. Then in a
neighbourhood of zy we have

C

)] 2 7

— v ¢ L*(p).

As a consequence of this observation we have the following lemma.

Lemma. Let f € L*(p). Then there exists a sequence (f,) C C>°(R) such that

1. fo— fin L*(p)

2. Vf, = Vf=0inLp).
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Chapter 4

Other definitions of Sobolev spaces

In this chapter we give a brief overview of other approaches to the definition of Sobolev
spaces over metric measure spaces that can be found in literature, see [7]. Thanks to what
we have showed in section we obtain that these notions of Sobolev spaces are equivalent
to the one described in section [3.6

4.1 Cheeger energy and minimal relaxed slope

Definition 4.1.1. Let (X,d, m) be a metric measure space and fir p > 1. The Cheeger
energy is the convex and lower semicontinuous functional Ch : LP(X, m) — [0, +o0] defined
as

Ch(f) = inf {liminf/xlipg(fn) . fn € Lipy(X,d) N LP(X,m), f,, ﬁ f}

n—00 Lr(X,m
The Sobolev space WP(X,d, m) is then defined as the finiteness domain of Ch.

Recall the definition of slope for a Lipschitz function g : X — R seen in [2.2.3}

|Dgl(x) = hr;ljyp%'

Definition 4.1.2. (Relazed gradients) Given f € LP(X,m) we say G € LP(X,m) is a
relaxed gradient of f if there exists a sequence of Borel d-Lipschitz functions such that

fo = fin LP(X,m) and the asymptotic Lipschitz constants lip,f, converge weakly

to a function G,
e < G m-almost everywhere in X.

We say that G is the minimal relaxed gradient of f if its LP(X, m) norm is minimal
among relazed gradients. We shall denote by |df|. the minimal relazed gradient.

The main result we want to achieve is the following.
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Theorem 4.1.3. For all f € WP(X) one has

Ch(f) = /X dfPdm

and there ezists f, € Lipy(X,d) N LP(X, m) with f, — f in LP(X,m) and lip,f, — |Df| in
LP(X,m). In particular, if WHP(X, d, m) is reflexive, there exists f, € Lipy(X,d)NLP(X,m)
satisfying f, — f in LP(X, m) and |D(f, — f)| = 0 in LP(X,m).

Lemma 4.1.4. (i) If G € LP(X,m) is a relaxed gradient of f € LP(X,m), then there

exist Borel d-Lipschitz functions f, converging to f in LP(X, m) and g, € LP(X,m)
strongly convergent to G in LP(X, m) with |Df,| < G, and G < G.

(1) If G, € LP(X,m) is a relazed gradient of f, € LP(X,m) and f, = f, g, — g weakly
in LP(X,m), then g is a relaxed gradient of f.

(111) In particular, the collection of all the relazed gradients of f is closed in LP(X,m) and
there exist bounded Borel d-Lipschitz functions f, € LP(X, m) such that

fo—f, |Dful = |Df]s strongly in LP(X,m).

Remark 4.1.5. Observe that (ii) is in analogy wz’th in the classical theory of Sobolev

Spaces.

Proof. (i) Since g is a relaxed gradient, we can find Borel d-Lipschitz functions g; €
LP(X,m) such that g; — f in LP(X,m) and |Dg;| weakly converges to g < g in LP(X, m);
by Mazur’s lemma we can find a sequence of convex combinations g, of |Dg;|, strongly
convergent to ¢ in LP(X, m); the corresponding convex combinations of g;, that we shall
denote by f,, still converge in LP(X, m) to f and |Df,| is bounded from above by g,.

(i7) We will show that the set
S ={(f,G) € LP(X,m) x LP(X,m) : G is a relaxed gradient of f}

is weakly closed in LP(X,m) x LP(X, m). Since S is convex, it is sufficient to prove that
it is strongly closed. Consider a sequence (f,G') € S and suppose (f*,G*) — (f,G) in
LP(X,m) x LP(X,m). For each (f?, G*) we can find a sequence of Borel Lipschitz functions
(f1) and of nonnegative LP(X, m) functions (G?) such that |Df!| —, G?, G < G' and

fi Ny G, 2 strongly in LP(X, m).

Up to taking a subsequence we can assume G — G weakly in L? (X, m). By a diagonal
argument we can find f;, — f, G,y — G in LP(X,m) and such that |Df} ;| is bounded
in LP(X,m). Since LP(X, m) is reflexive, |D fé(z‘)| has a subsequence that converges weakly,
so it is not restrictive to suppose |Df£(i)| — H. It follows that H < G < G and G is a
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relaxed gradient for f.

(77i) Now consider the minimal relaxed gradient G := |D f|, and let f,,, G,, be sequences
in LP(X,m) as in (¢). Again, since |Df,| is uniformly bounded in LP(X,m) it is not
restrictive to assume that it is weakly convergent to some limit H € LP(X,m) with 0 <
H < G < G. Since G is minimal this implies that H = G' = G and |Df,n| weakly
converges to |Df|, (because any limit point in the weak topology of |Df,| is a relaxed
gradient with minimal norm) and that the convergence is strong, since

limsup/\Dfn|pdm < limsup/Gﬁdm: /Gpdm: /dem.

Finally, replacing f, by suitable truncations f,, , made in such a way that f — f in
LP(X,m), we can achieve the boundedness property retaining the strong convergence of
|D f| to |Dfl, since |Df,| < |Df| and any weak limit point of | D f,| is a relaxed gradient.

O

Remark 4.1.6. The minimal relazed gradient satisfies a Leibniz inequality: if f,g €
LP(X,m) N L>(X,m) have relaxed gradients, then fg has a relazed gradient and

[D(f9)ls < IfIID(9)]s + gl D(f)lx,
as a consequence of the properties of the asymptotic Lipschitz constant (2.2.1]).

Lemma 4.1.7. Let Gy,Gs be relazed gradients of f. Then min{Gy, G2} and 15G; +
1x\pG2, B € B(X), are relaxed gradients of f as well. In particular, for any relaxved
gradient G of f it holds

IDf|l. <G m—a.e. in X.

Theorem 4.1.8. Cheeger’s functional
cn(f) = [ psizam,
X

(set equal to +o00 if f has no relazed slope), is convex and lower semicontinuous in
LP(X,m).

Proof. Recall |lip,(af + Bg)| < |a||lip, f| + |B]|lipag|. If F is a relaxed gradient for F' and
G is a relaxed gradient for g, then aF' + BG is a relaxed gradient for af + g when a and
[ are nonnegative. Taking the minimal relaxed gradients F' = |D f|. and G = |Dgl|, yields

[D(eef + Bg)l« < |a|[Dfl. +|B]|Dgl. for every o, 5 € R.

This proves the convexity. ]
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4.2 Weak upper gradient

In [7] the weak upper gradient is defined as follows. The Sobolev class S}, (X) is introduced
as the set of measurable functions f which admit a weak upper gradient which is L} (m)
and |Df], is chosen to be the minimal weak upper gradient in the m-almost everywhere
sense. It can be shown that this notion of gradient is local and satisfies the chain rule
and the Leibniz rule. The Sobolev class SP(X) is then defined as the space of functions in
S?.(X) whose minimal weak upper gradient |Df|,, is in LP(X).

More precisely, S?(X) is defined as follows.

Definition 4.2.1. A measure 7 € Z(C([0,1], X)) is said to be a g-test plan on X if it
satisfies the following properties:

(1) there exists a constant C' > 0 such that (e;)xm < Cm for every t € [0, 1],

(2) it holds that [[ |[3]%dr(y)dt < occ.

Definition 4.2.2. The Sobolev class S, (X)) is defined as the space of functions f € L°(m)
for which there exists a function G € L} (m) with G > 0 such that

/|f m) — f(y)|dr(y // (ve)|e|dt dm () for every q-test plan m on X.

Sobolev spaces are then defined as W'?(X) := L?(m) N S?(X) with the norm given by

1/p
1l = (11 + 1D lulfnm) (42.1)

it is shown in 77 that (W'?(X), | - [lw1r(x)) is a Banach space.

4.3 Construction of the cotangent module

Theorem 4.3.1. There exists a unique pair (L°(T*X),d) where L°(T*X) is a L°-module
and d : S*(X) — LY(T*X) is linear and such that

1. |df| = |Df| m-almost everywhere and for every f € S*(X),
2. L(T*X) is generated by df : f € S3 (X).
Remark 4.3.2. Uniqueness is intended up to existence of a unique isomorphism.

Definition 4.3.3. The module L°(T*X) is called the L°(m)-cotangent module of X and
the map d the differential.

We will show the construction of the cotangent module with this definition, i.e. the
existence part of Theorem [4.3.1]
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Proof. (Theorem [4.3.1))
(Uniqueness) Suppose (L°(T*X),d) and (.#,d’) verify the conditions in £.3.1] In
particular for all f,g and £ C X Borel

df = dgm-a.e. on E < |D(f —g)| =0-ae. on F < d'f =d'g-a.e. on E.

Our goal is to show that ®(df) = d’f defines a well posed map which is an isomorphism
between (L°(T*X),d) and (.#,d’). By L°-linearity it must hold

@ (Z indfz-) => xed'fi
=1 =1

for every simple function 7", xg,df; : X — d[SE.
preserved, since

ZXEidfz‘ = ZXEi|dfi| = ZXEi|sz‘| = ZXEi|dfi| = ZXEi|d/fi| = ZXEid/fi :
=1 i=1 =1 =1 i—1 =1

Since df : f € S2.(X) generates L°(T*X) (i.e. simple functions Y »  xgdfi : X —
d[S?.(X)] are dense in L°(T* X)) we can uniquely extend @ to a linear, continuous isometry
. LY(T*X) — #. 1t is also surjective since simple functions Y7 | xg,d'fi| are dense
in .#. L°-linearity follows from the definition over simple functions, every measurable
function can be approximated by simple functions.

By construction this is the unique isomorphism between (L°(T*X),d) and (.#,d’),
thus [4.3.2 holds.

Existence We define the “Pre-Cotangent Module” as the set of finite measurable parti-

tions of X, where each component carries a function of class S*:

(X)]. Moreover, pointwise norms are

.....

We introduce an equivalence relation on Pem by declaring (E;, fi); ~ (F}, g;); whenever
|D(fi — gj)| = 0 m-a.e.in E; N F; forevery i,j. We denote by [E;, fi]; € Pcm/ ~ the
equivalence class of (F;, f;); € Pcm. We can endow the quotient with a structure of vector
space by defining a sum and a scalar multiplication naturally by restricting to intersections:

AEi, fili + plFy, 9515 = [E: O Fy, A fi + 1gilg,s-

Moreover we can define a multiplication by simple functions (measurable functions
attaining finitely many values) as - : S(X) x Pcm/ ~— Pem/ ~, where

<Z Oéij) : [EZ, fz]z = [Ez N Fj, Ozjfi]i’j for all [EZ, fz}z S PCH]/ ~, Z QX5 € S(X)
j=1

J=1

Finally, we endow Pcm/ ~ with a pointwise norm | - | : Pem/ ~— L%(m) by setting
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(B3, fili] = ZXEi Df;l for all [E;, fili € Pem/ ~
=1

and a distance

dcmNEhiiaF‘j?jj:: ‘fDi_jvld/7
pemy[Es F100 [ g315) Z/EF{ (f: — g;), 1}dm

where m’ € Z(X) is such that m < m’ < m.

The completion of Pem/ ~ with respect to dpem/~ is our candidate for L°(T*X). The
pointwise norm and the product by simple functions are Cauchy continuous with respect
to dpem/~ and can therefore be extended to maps

|| LT X) — Lo(m), - LO(m) x LT X) — LO(T*X).

This endows L°(T*X) with the structure of an L°-normed L°-module. The differential
operator is defined as d : S? (X) — L°(T*X) as

loc
df = [X, f] € Pem/ ~ C L°(T*X),

where X is the trivial partition.
The definitions above ensure that d is linear,

d(af + Bg) = [X,af + Bg] = [X N X, af + Bg] = o[X, f] + B[X, g] = adf + Bldg.

By the definition of pointwise norm in Pem/ ~, |df| = |[X, f]| = |Df| holds almost
everywhere for functions in S?_(X) and, by extension, on L°(T*X). To conclude, d[S? ]
coincides exactly with Pecm/ ~ and is thus dense in L°(T*X) by construction. O

Proposition 4.3.4. Let (f,), C S?.(X) be a sequence mm-a.e. converging to a some

function f € L°(m). Assume that (df,), converges to some w € L°(T*X) in L?l;p.(m), i.e.
for every B C X bounded

lim/ |df, — w/|*dm = 0. (4.3.1)
" JB

Then f € SE.(X) and df = w.

Remark 4.3.5. Again, notice the similarity with [1.2.7.

Observe that the differential can be restricted to W1?(X) as defined in (4.2.1)) and the
restriction is continuous in the sense that if f, — f in W(X) then dyop-x)(dfn, df) = 0.
Actually, a stronger fact holds.

Lemma 4.3.6. The cotangent module L°(T*X) is generated by
dWwt? = {df :d € W"*(X)}.
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Proof. By construction of the cotangent module, it is enough to show that df € G(dIW!?)
for every f € SE.(X). O

After constructing the cotangent module as described, the tangent module is defined
as follows.

Definition 4.3.7. Let (X,d,m) be a metric measure space. The tangent module L°(TX)
is defined as the dual as module of L°(T*X). Its elements are called vector fields.

In this setting, derivations are defined as follows.

Definition 4.3.8. A linear map L : S?

2 — LO(m) is an L%(m) derivation if there exists
g € 1°(m) such that

|L(f) < g|Df] for all f € S?.(X). (4.3.2)

Recall that in the construction we showed in Chapter 2, the space of derivations was
taken as the definition of the tangent module. There is a natural identification between
these two notions of tangent module which connects derivations and vector fields.

Theorem 4.3.9. For any vector field X € L°(TX) the map X od : S? (X) — L°(m)

1s a deriwation. Conversely, given a derivation L there exists a unique vector field X in
LY(TX) such that the diagram

2
Sloc

(X) —4 LOT*X)
X lX
L(m)

commutes. Moreover, | X| is the minimal g that satisfies condition (4.3.2)).

The differences between the derivations considered here and those defined in chapter 2

3.2.1pre the following:

e in a derivation b : Lipy(X,d) — L%(m) takes Lipschitz functions as opposed to
Sobolev class functions,

e the Leibniz rule is not explicitly stated in definition [4.3.8] However, as we have seen,
both the chain rule and Leibniz rule follow from locality.
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