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Introduction

Due to advancements in technology that have made data acquisition easier and
more cost-effective, we are currently dealing with a massive influx of data. This
data necessitates efficient analysis and processing. The magnitude of this chal-
lenge is apparent not just from the big volume of data but also from the diversity
of data types, and the range of processing tasks required. In order to address
tasks that span from analyzing features to classifying and compressing data, ad-
vanced mathematical and computational methods are required. A fundamental
characteristic of nearly all data encountered in real-world applications is that the
essential information that needs to be extracted is sparse. In other words, the
crucial information of a datum is often situated on low-dimensional structures. In
principle, this allows us to efficiently represent the important information using
only a small number of terms from a suitable dictionary. Moreover, discovering a
dictionary that can efficiently represent a specific class of data in a sparse man-
ner requires a deep understanding of the main characteristics of that data class,
which are typically linked to their geometric features. For example, in natural
two-dimensional images the essential of their information is contained along its
edges, which, in general, are described by one dimensional curves. Hence, to ef-
fectively analyze and represent these data, we need to use a dictionary which is
able to truly understand and characterize their geometric structures.

Applied harmonic analysis has become the central field within applied math-
ematics dedicated to the analysis and the representation of data. The primary
task of this discipline is the practice of analyzing an object, to acquire a deeper
understanding of it. For instance, if we aim to study signals from a class of data
D in a separable Hilbert space H, we need to choose a countable collection of
analyzing functions {¢;};,c; C H such that, for every element f € D, we have

[ = Z a;(f)i.

This equation not only offers a way to break down the signal f into a set of mea-
surements {a;(f)}ies, but also illustrates the procedure of reconstruction of f from
its coefficients. Here, there is an important occurrence to note. If the dictionary
{1i}ier is an orthonormal basis, then the coefficients sequence is uniquely deter-
mined, and the reconstruction is stable. If we allow more flexibility, for example,



by opting for a redundant dictionary, we no longer have the uniqueness of the
sequence {a;(f)}ier- On one hand, this allows us to choose a sparser coefficients
sequence, but, on the other hand, it could generate instability while reconstruct-
ing. This bottleneck has been overcome thanks to frame theory, indeed frames
systems are redundant dictionaries which guarantee stability in signal reconstruc-
tion, and for this reason are widely used in applied harmonic analysis and signal
processing. Once the appropriate system to analyze a certain class of data is cho-
sen, we aim to study its sparsifying properties. The degree of sparsity is measured
as the decay rate of the error of best N-term approrimation. Roughly speaking,
this approximation consists in approximating f by selecting the indices associated
with its N largest amplitude coefficients a;(f).

The first analyzing dictionaries we introduce in the thesis are one-dimensional
wavelet bases. In this case, the system is obtained by dilating and translating a
generating function 1, called a mother wavelet,

(i =236(27 - —n) : j,n € 7).

Chapters [1]and [2] are dedicated to formally introduce continuous wavelet systems,
discrete wavelet systems, and the corresponding wavelet transforms. A wavelet
system allows us to decompose a signal at different scales, and locations. This
behaviour is mathematically explained by the link between wavelet bases and
multiresolution analysis; an increasing sequence of closed subspaces of L?(R), in-
variant for translations and generated by dilations, which enable the construction
of orthonormal wavelets. In addition, these chapters aim to underlie the main fea-
tures we require a wavelet to possess in order to have better sparsifying properties:
vanishing moments, and compact support.

In Chapter [3, we describe the non-linear approximation on a general Hilbert
space H, and then we present the main results for non-linear approximation
of one-dimensional piecewise regular functions through wavelet bases, Theorem
B.3] Vanishing moments and compact supports enable to strongly compress these
types of signals. Indeed, the first property guarantees that, if the wavelet is
supported within an interval where the signal is regular, then the corresponding
coefficient will be negligible. The second property allows us to control the number
of wavelets whose supports intersect a singularity of the signal, i.e it guarantees
that the number of relevant coefficient cannot be too large. These results empha-
size that wavelet systems efficiently deal with one-dimensional signal possessing
a finite number of pointwise singularities. In a natural way, one can extend the
construction of wavelets to R™, n > 1, and study the corresponding approxima-
tion problem on higher dimensions. It comes out that the isotropic features of
wavelet systems do not allow to obtain the same decay rate of the error as the
one-dimensional case (see Theorem [3.4). Indeed, multidimensional wavelets are
supported on cubes that, through the dilation parameter, can only be enlarged
or reduced without changing their shape. This makes multidimensional wavelets



unable to efficiently deal with singularities distributed along curves, or in general,
manifolds.

A research branch, focused on building new function systems capable of solv-
ing this problem, has emerged. In particular, in [Donoho, 2001, Donoho demon-
strated that for every cartoon-like image f, i.e. a function that is C? away of a C?
curve (Definition [4.1]), and for any N, there exists a triangulation of [0,1]? with
N triangles so that the piecewise linear interpolation fy of these triangles obeys

If = fyll3 SN2 N = +o0.

Moreover, it can be proved that this result is optimal. Therefore, on one hand,
we have multidimensional wavelet bases, which are easy to handle numerically,
but provide a poor error estimate. On the other hand, Donoho’s theorem offers
an optimal error estimate, but it is not very useful in applications. Nevertheless,
the argument presented by Donoho shows that the capability of elongating and
orienting the supports of the functions in the dictionary along the singularity set
of the function we are analyzing is fundamental in order to achieve the optimal
error decay estimate. This means that anisotropic dilations are crucial in order
to obtain a good error estimate. Among the various attempts made in the early
2000s, curvelets [Candeés and Donoho, 2004], and shearlets [Labate et al., 2005]
are those which allow us to nearly obtain the best error estimate. Indeed, it has
ben proved that for a cartoon-like image f, the non-linear approximation error,
carried out by selecting the N largest amplitude coefficients, satisfies

If = fnl3 S N2log’(N), N — +oo.

Compared to Donoho’s method, shearlets and curvelets have the advantage of
being nonadaptive, which means that the system we choose to analyze does not
depend on the particular signal we are analyzing. Therefore, they are more useful
in applications. In particular, in the thesis we present the construction of shearlet
systems, and their non-linear approximation properties.

In Chapter[4] following the line of the first two chapters, we define shearlet con-
tinuous systems, shearlet discrete systems, and the shearlet transform. Then, we
focus on the construction of a slightly different system which is the cone-adapted
shearlet system. This latter was introduced in order to overcome a directional
bias possessed by ordinary shearlet systems, which is discussed in Section 4.2
In Section 4.3, we present the main results about non-linear approximation of
cartoon-like images.

As explained above, shearlet systems provide optimal error rate when approx-
imating a function which is C? away of a C? curve, and so they are really efficient
in sparsely representing these types of signals. For many purposes, it is not only
interesting to know that images can be faithfully represented by sparse vectors,
but it is of great interest also to study the structure of the set of the index cor-
responding to the largest coefficients. A priori, when carrying out a non-linear



approximation, we only know that if we choose the largest coefficients, then we
get a good approximation of the signal, but we do not know anything about their
location. The multiresolution properties of the one-dimensional wavelets allow us
to think that it is possible to characterize more precisely the set of the relevant
coefficients. Indeed, as previously mentioned, if we analyze a piecewise regular
function, the largest coefficients are individuated by the location of the singular-
ities. Therefore, when analyzing the signal through different scales, it is possible
to define hierarchical relations between coefficients at scale 7 and those at scale
j + 1 with the property that: if a coefficient at scale j + 1 is relevant, then so
is its parent. These structures are referred to as trees, and in this case we speak
of tree approzimation, we refer the interested reader to |[Cohen et al., 2001] and
[Kekkonen et al., 2023]. Analogously, in the case of shearlet frames, their mul-
tiresolution properties, and their geometric structure invite us to a deeper study
the locations of the relevant shearlet coefficients. One of the works that delves
deeper into the tree structure in the case of shearlets is |Grohs, 2012]. In this
paper, the author introduces a parent-child relation, and then he analyzes the
corresponding tree approximation. Although it is shown that the error is optimal,
the proofs presented do not involve the structure defined. In Chapter |5, we pro-
pose to explicitly exploit this structure in the case of a particular function, where
the singularity curve is a straight line, and it is constant away of this line. We
execute a quantitative analysis of its shearlet coefficients, and we prove that the
relevant ones satisfy the hierarchical relations introduced in Definition [5.1], and so
that the set of their location is a tree.



Chapter 1

Continuous Wavelet Transform

In this chapter we briefly introduce mother wavelets, the associated wavelet
transforms, and we discuss the main results related to these tools. In particular,
we focus on those results that state under which conditions on the mother wavelets
we are able to reconstruct functions in L?(R).

We refer to [Mallat, 1999] for the detailed proofs of the section and for further
details about the topic.

Before starting the central part of this chapter, keep in mind that throughout
the thesis we use the following normalization for the Fourier transform on R"

Ff(€) = f(z)e ™ du, £ eR”,

where the product £z is to be understood, for n > 1, as a scalar product. Let us
also recall that this normalization leads to the following Plancharel identity

(F.9) = - (FL.Fo),  fgel’(R)

Definition 1.1. A function ¢ € L*(R) such that [[¢|s = 1 is said to be a

mother wavelet if )
Cy e / @d§<+oo. (11)
0

From a mother wavelet we can define the family of functions

G (1) = %w (

The condition ||1||2 = 1 ensures, by a simple change of variable, that |[¢, ]2 = 1.
One can think of ¥ as a function supported in a neighborhood of the origin, so the

family 1, s can be used to analyze signal structures at different scales and time
intervals through the continuous wavelet transform.

t—u

. ), (u,s) €e R x Ry.



Definition 1.2. Let ¢y € L*(R) be a mother wavelet. For all f € L*(R) the
continuous wavelet transform is defined as

Wy f(u, s) == (f,Vus) / f(t) ( ) de, (u,s) eERx Ry, (1.2)

The continuous wavelet transform can be reformulated as a convolution prod-
uct

Wy f(u, s) = f s (u),
where 1), (t) 1= \/%E ().
The technical condition , also known as admissibility condition, or Calderon
condition is useful to reconstruct a signal f € L? (R) via its wavelet coefficients.

Theorem 1.3. [Mallat, 1999] Let ¢ € L*(R) be a real valued mother wavelet.
Every function f € L*(R) satisfies the following reconstruction formula

ft) = C’Ld, /0%0 _:O Wy f (u, 8) s () dug, a.e. t € R. (1.3)
Moreover . o e .
/_Oo F(0)]* dt = Cw / Wy f (u,s)|* du— (1.4)

While the continuous wavelet transform can be defined for every ¢ € L*(R),
the previous theorem shows that is important to choose wavelets that satisfy the
admissibility condition ([1.1)). Hence, it is useful to find sufficient conditions that
ensure ([L.1). It is obvious that a necessary condition for is that F (0) =
(i.e. ¥ has zero average), but unfortunately it is not sufficient. In order to obtain
a sufficient condition, we require also that F¢ is C* in a neighborhood of the
origin, i.e. there exists ¢ > 0 such that Fi¢ € C'(—¢,¢). Indeed, we have that
there exists M > 0 such that

‘% (g)‘ < M for every £ € [0,%] :
Hence, for each & € [O, %},
SldFy
| Fe (&) g/o W(“’) dw < ME.

Now, by splitting the integral in , we obtain
3 | Fy (9P v
oy - [0 e [TIT Fe©F
0o € A

€ [T FY (O



due to the Hélder inequality applied to the functions & — %, which is bounded over

[%, +oo), and |F|?, which belongs to L! ([%, +oo)) Moreover, we can use the
time decay of v as a sufficient condition for the regularity of its Fourier transform.
In particular, one has that 1 is C* over R if

/Ru F1E) 1 (O)|dt < +o0.

So, if [y (t)dt =0, and [ (1 + [t])[¢ (t)|dt < +o0, then holds.

An important function associated to a mother wavelet is the scaling function.
When the wavelet transform is known only for s < sy for a certain sy > 0, to
recover completely f we need the complement information contained in W, f (u, )
for s > so. The scaling function helps us to obtain this information.

Definition 1.4. Let ¢ be a mother wavelet. A scaling function ¢ € L? (R) is a
function that satisfies

Fo(e)f = / eI, (L.5)

¢ w
and whose complex phase can be arbitrarily chosen.
Obviously ([1.1)) implies
li ?= 1.
lim|Fo (&) = Cy, (1.6)

and it is easy to verify that ||¢||s = 1.
Let us define

Lf (u’ S) = <fa ¢u,s> = f * Qgs (u) . (17)

Following the scheme of the proof of Theorem [1.3]| one can prove that, for every
f € L*(R), the following formula holds:

1

Fi) =2 [ Wor o) w e Bt L L (o) kg () ae t € R, (18)
Cy Jo 52 Cyso

where 9 (t) = \/LE@ZJ (%).



Chapter 2

Orthonormal Wavelets

Having discussed the continuous transform and its reconstruction properties,
we now want to introduce a discretised version of it. Indeed, since wavelets are
widely used in applications to efficiently represent signals, we need to discuss
wavelets properties in a discrete setting and to understand when these discrete
collections of wavelets are useful to represent signals.

In this chapter, we define an orthonormal wavelet as a function such that the
family v

{tjn =28 (2 —n) : jin € Z}

forms an orthonormal basis of L*(R). Then, we note that it can be related to a
multiresolution analysis as pointed out in Section [2.1, and we discuss a general
way for constructing orthonormal wavelets. From the wavelet construction in
Section [2.1.1] we can understand that exist wavelets of such a different nature.
Hence, we want to better understand which types of wavelets we are interested
in, in particular which properties they have to satisfy in order to be efficient in
signal representation. In Section [2.2] we address this question, and we discuss
the main properties, such as vanishing moments, and compact support, and the
main related results. We conclude the chapter by briefly presenting construction
schemes for wavelet bases on intervals, and on multidimensional spaces. This
chapter follows the topics covered in [Mallat, 1999, [Herndndez and Weiss, 1996,
Adcock and Hansen, 2021]. Whenever the detailed proofs are not presented, we
will provide the exact reference.

Definition 2.1. An orthonormal wavelet is a function ¢ € L* (R), ||| = 1 such
that the family of the translated and dilated functions

(@0 =250 (2 - —n) : jn € Z}
is an orthonormal basis of L? (R).

If ¢ is supported in a neighborhood of the origin, then 1);,, is supported in

a neighborhood of 7 with the support size of the order of O (277). Hence, at

10



fixed j € Z, the wavelet coefficients (f,1);,) of a signal f € L?(R) carry local

information of f near 7; at scale 277 through its average with 1);,. We can say

that the sequence {(f, 1, ) }nez contains the details of f at scale 277, and a signal
f is reconstructed by adding its details at scale 277 for each j € Z

F=> i) time (2.1)

J,nEL

Similarly to the continuous wavelet transform, if we only have access to the details
of f for j > jo, then it is possible to retrieve the information for 5 < j9 by
considering a scaling function ¢ € L*(R) such that the projection of f onto the
space generated by

{@jon = 2j70<p (2j° . —n) :n €L}

provides an approximation of f at scale 277

+oo
f = fjo + Z Z<f7 ¢jm>¢j,na (22)

Jj=jo n€Z

where

fjo = Z<f7 (pj07n>(pj0,"'

nel

Example 2.2 (The Haar wavelet). A classical example of orthonormal wavelet
is the Haar wavelet, introduced by Alfréd Haar in 1909. We will use this wavelet
as an example to illustrate the results in the next sections. The Haar wavelet is
defined by

1 ifzel0,d),
Y(x) =< -1 ifze (1], (2.3)
0 otherwhise.

It is associated to a scaling function

SO(x)::{1 if 2 €[0,1), 24)

0 otherwhise.

11



The Haar wavelet The Haar scaling function

00 - 1.0 1

75 1

0.8
50 1

251 0.6

00 -1

25 | 0.4

50 A
0.2 1

75 1

00 -1 0.0 1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1: On the left the Haar wavelet ¢/, on the left its scaling function .

The elements of the Haar basis are

2 ifre(n o)
wj,n(l’) =¢-2 ifze (2% + 2j1+1> ng_J;l]v (2'5>

0 otherwhise.

It is easy to prove that they form an orthonormal system. The fact that they are
also a basis is a consequence of Theorem below, see Example [2.10]

We can think of orthonormal wavelets as a way of analysing a signal at different
resolutions; indeed the concept of orthonormal wavelets can be naturally related
to a multiresolution analysis (MRA) that formalises the ideas expressed above.
Moreover, an MRA provides a general method for constructing an orthonormal
wavelet.

2.1 Multiresolution Analysis

Definition 2.3. A multiresolution analysis (MRA) is a sequence {V; } ez of closed
subspaces of L*(IR) such that

(a) V; CVjqy forall j € Z,
(b) feV;ifand only if f(2:) € V4, for all j € Z,
(©) Mjez Vi = {0},

12



(d) UjeZ V} = LZ(R)7

(e) There exists a scaling function ¢ € Vy, such that {¢(- —n) : n € Z} is an
orthonormal basis of V4.

Example 2.4 (The MRA of the Haar wavelet). Let us define the spaces V; as
Vi={feLl*R): fljz nt1) is constant, n € Z} (2.6)
277 2]

It is easily verified that the family {V;},cz satisfies property (a) — (d) of the
definition above. Moreover, it is clear that the family of the integer translations
of ¢ as in ([2.4]) forms an orthonormal basis of Vj.

An MRA is an increasing sequence of closed subspaces that are invariant by
translations (property (e)), and generated by dilations (property (b)). Property
(d) is useful because it allows us to approximate with arbitrary accuracy a function
f € L*(R) by its orthogonal projection on V;. As an immediate consequence of
(b) and (e), we also observe that

{Qjn 1= 2"%p(2 - —n) :n € Z}

is an orthonormal basis for V.

The next Lemma, shows that the five properties of an MRA are not completely
independent. Nevertheless, it is useful to enumerate them all to make the role of
the V; spaces clearer.

Lemma 2.5. Properties (a), (b) and (e) imply property (c).

Proof. Suppose that there exists a non-zero function f € [ ez V- Without loss
of generality we can assume that || f||o= 1. In particular, f € V_; for every j € Z.
By using property (b) of the previous definition, we have that f; = 2:f(27.) €V
and, by a change of variable, we have that || f| 2= || f;|l.= 1.

Given that {¢(- — k) : k € Z} forms a basis of V4, we have that there exists a

unique sequence {a3 }rez C (2(Z) such that
fj = Za?ﬂ(p( - k)a
keZ
with convergence in L?(R), and such that
S lad P 14E=1.
keZ
By taking the Fourier transform, we have

Fiie =271 (5).

Ffi€) =F (Z afp(- — k)) (€)= i F(el- = k))(E) = Y age ™ Fp(€).

kEZ kEZ keZ

13



By setting

mi(€) = 3 e,
keZ
we obtain ,
Ff(€) = 25m; (26 Fp(2'¢). (2.7)
Observe that m; is 2m-periodic, and, since {ai}kez C (*(Z), it is also square-
integrable on the one-dimensional torus T := R/Z. In particular, it obeys

[ Z’aff: 1,
keZ

where for each m € L*(T)

1 ™
sy o [ Imla) P

Therefore, from (12.7), we obtain

47 i 47 ) 1/2 47 ) 1/2
| 1F e <2t (/ |f<p(2]£)!2d£) (/ |mj<2f§>|2d£> |

By the change of variable £ — 277¢, we have

27+27

o P 1/2 1/2
-3 2 A2
/2,, [FF(E)]dE <2 (/2 [ Fe (&)l df) (/M m;(€))| dg)
o 12 [ 2tix 1/2
2 . . 9
= (/2j+17r|}—¢(£)| dg) <2J‘ /2j+17r m; ()] df) .

Observe that

292 27 -1 2j+17r+2(l+1)7r
/ fmj(©)I"dg = Z/ Imj(€)[2dg < 2.
29+ 1y —o J 2t in+2ln

Hence,
4 % 1/2
[ iFrena < (on [ 1FeoRa)
2 27+l
Taking the limit for j — oo, we can conclude that Ff = 0 on |27, 47] due to the

fact that Fo € L2(R). We can apply the same argument to 22 F f(2\) to obtain
that Ff = 0 on 2'[27, 47| for each | € Z. So Ff = 0 on (0,00). Applying the
same argument to [—4m, —27|, we obtain Ff =0 on (—o0,0). O

Moreover, there exists a characterisation of property (d) in terms of the Fourier
transform of (.

14



Lemma 2.6. [Hernandez and Weiss, 1996] Let {V;}jcz be a sequence of closed
subspaces of L*(R) satisfying properties (a), (b) and (e). If ¢ is such that | Fe| is
continuous at 0, then the following are equivalent:

(a) UjeZV} = LQ(R)7
(b) Fe(0) # 0.

Moreover, when either is the case, |Fp(0)| = 1.
2.1.1 Wavelet Construction from a Multiresolution Anal-
ysis

We now show a general method for constructing orthonormal wavelets from
MRASs. Let us describe the construction.
First of all, we define the space W, as follows:

Wy:={ge€Vi:gL fforeach f € Vy}.
So Wy is the orthogonal complement of V; in V;, namely
Vi="Vo & W,
Hence, due to the property (b) of an MRA, we have that
W, = {g(27) : g € Wo} = {g € Viyy g L [ for each f € Vj}.
In other words, for each j € 7Z, we have
Vier =V, & ).

This means that the spaces W contain the details that are lost when a function
in Vj41 is approximated by its projection on V;. Hence, for any jo < j,

Vin = Vi @ W @ Wi @ --- @ W (2.8)

Therefore properties (¢) and (d) of an MRA imply the following decomposition
formulae

L’ (R) = Vie @ Wjo @ Wjo11 @ ... (2.9)
L*R) =P w; (2.10)
JEZ

Observe that (2.9) is equivalent to the decomposition of f in (2.2), and (2.10) is
equivalent to the decomposition in (2.1). In particular, due to (2.10]), we have

15



that finding an orthonormal wavelet is equivalent to finding a function ¢ € W,
such that the family of its translates

{o =9 (-—n):nelk} (2.11)

forms an orthonormal basis of W,. Indeed, similarly to the scaling function, if
(2.11]) is an orthonormal basis of W, then

{Wjm =250 (2 - —n) :n € Z}
is an orthonormal basis of W;. Therefore, due to (2.10]),

{¢j,n :j,n € Z}

is an orthonormal basis of L*(R).
Let us now consider the function

1 :
— —)eV CV.
\/§SO (2) e
Due to (e), we have

250 (5) = X huel- =)

nel

where

hyy = % /Rgo (g) o —n)da. (2.12)

The sequence h = (hy,)nez is referred to as the filter associated to ¢, and h,,
are the filter coefficients. Applying the Fourier transform, and using

Flp(=n) (&) =e ™ Fp(8),

Fe(5)) ©=2Fe (29,
we obtain

Fp(28) = —= Y hae ™ F () (&) = mo(§)Fep (€), (2.13)

where

1 )
m(€) = 7 > hgen (2.14)

nel

is the so-called transfer function associated to the filter h. The transfer function
my satisfies the following property:

16



Lemma 2.7. The function mgy is 2mw-periodic and satisfies the following partition
of unity formula:

mo(&)° +mo(€ + )" = 1, ae.  €R. (2.15)
The proof of this lemma relies on the following lemma that we do not prove.

Lemma 2.8. [Adcock and Hansen, 2021] Let g € L*(R). Then the following are
equivalent

(a) {g(- —n):n € Z} is an orthonormal system ;
(b) 3, x| Fg€+2nm)]> =1, ae. £ €R.

Proof Lemma[2.7. The previous Lemma, and property (e) of an MRA imply

Y IFe @+ 2mm)P =1, ae £ €R.

neZ

Using ([2.13) we have

1= |Fp (& +nm)Plmg (€ + nm)* ae. £ €R.

nez

By splitting the sum over the even and the odd integers, we get

1= |mg ()1*D | Fp (& +2nm)[* + |mo (€ + m)* Y | Fp (§+ (2n+ 1) 7).

neZ neZ
We complete the proof by applying Lemma once more. O

We are now ready to present the following theorem that shows how to construct
an orthonormal wavelet from an MRA.

Theorem 2.9. Let {V;},cz be an MRA with scaling function ¢ and transfer func-
tion mg defined as in (2.12)) and (2.14). Let ¢ € L*(R) be the function

Y =v2) ()" hap(2-4n—1), (2.16)

neZ
and define
Wy :=span{vg, = ¢ (- —n) : n € Z}.
Then
(a) ¥ € Vi;

(b) {on:n €L} is an orthonormal basis of Wy;

17



(c) Vo Wo = Vi;
(d) ¢ is an orthonormal wavelet.

Proof. By definition of an MRA, it is clear that (2.16)) defines a function in V;.
In order to prove (b), we observe that, due to Lemma , {on :m € Z} is an
orthonormal basis of Wy if and only if

SIFYEE+2mm)P=1,  ae E€R

neL

By applying the Fourier transform to (2.16]), we obtain

Fp(€) = —e ™% my (g + W)ng (%) . (2.17)

Now, using this expression, and arguing as in the proof of Lemma we obtain

> 1Fp(26 + 2nm) 2 = [mo()* + Imo(€ +m)|* = 1.

nez

We now prove (c¢). In order to do that, we first show that Vo L W,. Since
{on :n € Z} and {tg, : n € Z} are respectively bases of Vj and W, this is
equivalent to prove

(¥, por) =0, ke
us) = [ Waola=Ride = 5 [ Fo©Foe s
2w

_ /0 (Z Fip(€ + 2nm) Fo(E + 2n7r)> ek de.

neZ
By proving
Z}_@D(S + 2nm)Fp(€ + 2nm) =0, a.e. £ € R,
neZ

we can conclude the proof of the orthogonality between V;, and Wj. Let consider
the 27-periodic function defined by g(§) = e % mo(£ + 7). By using (2.13)), and
(2.17]), we have

> Fu(E+2nm) Fo(€ +2nm) = Y g(& + nm)mo(€ + nm)| Fop(€ + nm) .
nez nez

Splitting the sum into even and odd integers, and proceeding as in Lemma
we get

D F(& +2nm) Fp(€ + 2nm) = g(&)mo(€) + g(& + m)mo (€ + ),

ne”L
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where the right-hand-side is 0 for definition of g. To conclude the proof of (c), it
remains to prove that V) 4+ Wy = V. This is equivalent to showing that for every
sequence a € (2 (Z) there exist sequences b, ¢ € ¢? (Z) such that

22 anp(2x —n) = Z bop(r —n) + Z b (x —mn).
neL nez neL
Applying the Fourier transform, we obtain

> ane ™ Fo (g) =D b " Fp() + Y ene " FU(6).

neL nez nez

Let introduce the functions A(&) = > s a,e™™, B(&) = >, ,b,e”™, and
C(&) =,z cne™ ™. Due to ([2.13), and (2.17)), we can conclude the proof if

A (g) — B(&)m, (g) L) (g) |

Hence, given A € L?(T), we have to find B,C € L?(T) such that the previous
equality holds. By using the definitions of ¢, and Lemma [2.7, we can verify that

the choices
o+ )]

-4 (§o09) 4+ 5.

allow us to conclude this part of the proof.
Finally, (d) follows from (b), and (2.10)). O

Example 2.10. Let us consider the MRA defined in ([2.6)), as explained in Exam-
ple , it is associated to the scaling function (2.4]). Therefore, one can compute
the filter coefﬁcientg h., using 1} . An easy calculat'ion shows that hO.: h.1 = \/Li’
and h,, = 0 otherwise. In particular, the corresponding transfer function is

1 i
mo(§) = 7 (1+e7%).

Now, by applying 12.16j with the filter coefficients computed above, we obtain
the Haar wavelet as in ED

1 ifzel0,),
(1) = —p(2r — 1) + p(22) = { =1 ifx e (3,1],
0 otherwhise.
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2.2 Wavelet Design

From the previous sections of this chapter, one can infer that it is possible to
construct a large range of wavelet bases generated by orthonormal wavelets with
different features. In this section, we want to understand what type of wavelets
we want to construct. In particular, we ask ourselves which properties we would
like an orthonormal wavelet to satisfy. Our aim is to construct wavelets that allow
signals to be represented by compressible sequences, i.e. such that most wavelet
coefficients are close to zero, so that they can be ignored during reconstruction.
In this way, we can think that the most information of the signal is contained in
few of its wavelet coefficients. Hence, we can efficiently represent signals in L? (R)
through sparse vectors.

As will be clear from the next sections, the idea is that wavelet coefficients are
small when the support of v;,, does not intersect any singularity of the signal,
while the relevant coefficients are those relative to the elements of the wavelet basis
whose support intersects a singularity of the signal. The key features we require an
orthonormal wavelet to have are vanishing moments and compact support, with as
small a support as possible. The first property is useful to obtain small coefficients
in the smooth regions of the signal, while the second to minimize, at fine scales,
the number of elements of the basis with support containing a singularity of the
signal.

In the next sections we discuss these properties and show some results to obtain
wavelets with these features.

2.2.1 Vanishing Moments
Definition 2.11. A function ¢ € L* (R) has p vanishing moments if

/xk¢(m)dm20for each k=0,...,p— 1.
R

Having p vanishing moments means, for an orthonormal wavelet 1, being
orthogonal to polynomials of degree lower than p, i.e.

(P,¢) = 0 for each P € Clz] such that deg(P) <p—1. (2.18)

By a change of variable, we obtain that holds for v;,, for each j,n € Z.
Considering a piecewise regular function f € L?(R), we have that in its smooth
regions, it is well approximated by a Taylor polynomial of degree m, P}". Hence,
if we choose a wavelet with p > m vanishing moments, we have that

<f7 wj,n> ~ <P}nawj7n> = 0.

This observation makes clear the fact that the number of vanishing moments is
useful to get small coefficients in the smooth regions of a signal.
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Example 2.12. Let us consider the Haar basis . The support of ¥, is
increasingly localized around z = 2. Let f € L*(R) be sufficiently smooth on a
neighborhood of the point & = 2. Observe that [ ¢(z)dz =0, and [, zip(2)dz =
—<. Then one has

i) = [ F@isatorts =274 [ 1 (554 5) wieps
()5 s ()

Therefore, the wavelet coefficients of the smooth regions of f decay as O (2_%j >

(2.19)

On the other hand, if f is bounded, one always has

[F 3] < [ Fllsollsmlly < 272 Flloo: (2.20)

This shows that the wavelet coefficients of the nonsmooth regions of f may have
magnitude of the order O <2*%>.

The next result gives equivalent conditions for a wavelet ¢ to have p vanishing
moments.

Proposition 2.13. Let ¢ € L?(R) be a scaling function of an MRA, and 1 €
L% (R) be the corresponding wavelet. Suppose that

p(@)] S (L+|2) ™7,
()] S (L4 |2)) 77

Then the following statements are equivalent

(a) 1 has p vanishing moments,

(b) dflg’ (0) =0 for everyk =0,...,p—1,

(c) %(W):OfO’/’@’UG’I"yk:O,...,p—l,

Proof. The assumptions of the theorem imply that F1) and F¢ are p times con-
tinuously differentiable. Hence, we have

d*F

e © = [ (i) o) e

Therefore, by evaluating in zero, we obtain the equivalence between (a) and (b).
In order to prove that (b) implies (c), consider ([2.16]), and apply the Fourier

transform
Fip(€) = _ i mo (% +7T>.7-"g0 <§> )
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Since Fp(0) # 0 due to Lemma 2.6 by setting £ = 0, we have my(7) = 0. Now,
by computing the derivative of the expression above,

DL = 5t [mo G m) (Fo(§) - 22 (9) - 48 (5 +m) Fo ().

and by setting & = 0, we obtain that dd_rrgo (m) = 0. Observe that when computing

the k-th derivative of this expression, the only factor that multiplies d"mg (% + 7T)

dgk
is Fo (%), hence we can recursively apply Lemma to conclude the proof. By
using the same process it is easy to prove that (c) implies (b). [

An immediate consequence of this theorem is that an orthonormal wavelet
that arises from an MRA satisfying the assumptions of the theorem has at least
one vanishing moment. Indeed, by setting £ = 0 in (2.13]), and by Lemma we
have that m(0) = 1. Hence, applying Lemma , we obtain mg(m) = 0.

2.2.2 Compact Support

While vanishing moments give compressible coefficients in the smooth regions
of a signal, they are not sufficient on their own. In order to get a sparse representa-
tion, we also want that the number of relevant coefficients, i.e. those intersecting
singularities, cannot grow too far along the scales. Hence, by choosing an or-
thonormal wavelet with a small support size, we have that at fine scales, i.e. for
J growing, the support size of 1;,, is getting smaller and smaller. Therefore, the
majority of the dilated wavelets do not intersect any singularity of the signal.

The following result gives a characterization of compact support for a wavelet
and scaling function.

Theorem 2.14 ([Adcock and Hansen, 2021]). Let Ny, Ny be integers such that
N1 S NQ.

If the scaling function ¢ of an MRA has compact support in [Ny, Ny, then the
transfer function mq defined in is a trigonometric polynomial of the form

1 = —in
mo (€) = NG > hpe ™. (2.21)

n=N1

Conversely, if (2.21)) holds, and my(0) = 1, then the scaling function ¢ has support
contained in [Ny, Na].
In either case, the corresponding wavelet 1 given by (2.16) has support con-
tained in [M=Detl Np=Nitl]
2 2 :

?

Given the previous proposition, our aim is to construct orthonormal wavelets
that have compact support. We do this by constructing a transfer function my
with suitable properties.
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Theorem 2.15. Suppose that mg (§) = f Zn Ny P e~ satisfies the following
properties

(a) Imo(©) + Imo(€ + ) =1, a.c. € €R;
(b) mo(0) = 1;
(c) mo(€) # 0 for all |¢] < 5.

Then the function @ with Fourier transform

Fe(§) :ﬁmo (5) £ €R, (2.22)

23
j=1

is well defined and in L*(R). Moreover, ¢ has support in [Ny, No| and is the
scaling function of an MRA with transfer function mg. The corresponding wavelet

b= \/_Z ) (240 — 1) (2.23)

n=N1

has support contained in [F1=22tl Na=dl]

Let us observe that conditions (a) — (¢) are not so unreasonable. Indeed,
condition (a) is essential for ensuring that mg can be a transfer function of an
MRA, as mentioned in Lemma 2.7 Moreover, we should remember that (b) is
satisfied when the scaling function ¢ is such that |Fy| is continuous at 0, making
it essentially necessary. Regarding (c), one can prove that if it does not occur,
then {¢(- —n) : n € Z} need not to be an orthogonal system. Furthermore, by
applying recursively N times, we have that

Fo(§) = Fo (2%) ﬂmo (25—]) ,  (€eR

j=1

Therefore, it is natural to expect a construction of Fyp as in ([2.22)).

2.2.3 Vanishing Moments Versus Support Size

The previous two sections explain the importance of vanishing moments and
compact support to obtain sparse representation of signals via its wavelet coeffi-
cients. A priori, these properties seem to be independent, and one may wish to
construct orthonormal wavelets with an arbitrary number of vanishing moments
and a very small support. Unfortunately this is not possible, and the next theorem
shows that there is a dependence between these two features.
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Theorem 2.16. Let i be an orthonormal wavelet with p vanishing moments.
Then 1 has support size at least 2p — 1.

Therefore, when analysing a signal and choosing the wavelet, we always face a
trade-off between the number of vanishing moments and the support size of 1. In
particular, if the signal to analyze has a few number of isolated singularity, and
it is regular between them, then it is more important to have a lot of vanishing
moments than a small support size. Indeed, in this case the signal is mostly
regular, so it is very important to have many vanishing moments to cancel out
all the coefficients related to the smooth regions. While, even if the wavelet does
not have a very small support, the isolated singularities will still be well localised.
Conversely, if the signal has a lot of close singularity, then it is more important to
have as small the support as possible, than a large number of vanishing moments.

A natural question that arises from the statement in Theorem [2.16]is: are there
orthonormal wavelets with p vanishing moments satisfying the optimal bound on
the support size? The answer to this question is positive, a famous example
of such wavelets are the Daubechies wavelets. These wavelets were constructed
by Daubechies in [Daubechies, 1992], the orthonormal wavelet with p vanishing
moments (DBp) has support equal to [0,2p — 1], and the corresponding scaling
function has support equal to [—p + 1, p]. Except for the case p = 1, which pro-
vides the Haar wavelet, we do not have an explicit expressions for the Daubechies
wavelet. However, it is possible to use them in applications because their filter
coefficients allow us to perform numerical computations.
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Figure 2.2: From top-left to bottom-right are plotted the Daubechies wavelets for
p=1,234.

2.3 Wavelet basis of L?|0, 1]

In many applications, the signals to study are compactly supported within an
interval that, without loss of generality, could be supposed to be [0,1]. Hence,
the construction of wavelet bases of L?[0, 1] has a remarkable relevance. In this
section, we briefly present the main ideas to obtain such bases from orthonormal
wavelet bases of L? (R), and we refer to [Mallat, 1999 [Adcock and Hansen, 2021]
for further details. Let us start by analysing the Haar basis ; in this case the
process is straightforward. Indeed, the elements of the basis are either entirely
supported within [0, 1] or entirely supported outside of it. Consequently, the Haar
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basis on the interval [0, 1] is simply obtained by keeping only those wavelets with
support contained in [0, 1].

Unfortunately, this is a special case regarding only the Haar basis. In general,
in a wavelet basis there are also elements whose supports intersect the boundary of
[0, 1], but are not fully supported inside the interval. To construct an orthonormal
basis of L?[0,1], we have to modify these boundary functions. We present two
ways of doing this.

2.3.1 Periodic Wavelets

The most direct approach is periodizing an othonormal wavelet defined on the
real line. Consider the periodizing operation

gr— g™ =Y g(-+n).

ne”L

Observe that g is a 1-periodic function. By utilizing wavelets 1;,,, and scaling
functions ¢, we can construct ¢} = (¢P);,, and P77 = (YP);,, and define
the spaces

per per _ ]
VP = span{y}, in=0,...,2/ -1},

WP = span{y}, :n=0,...,2" —1}.

Notice that in this case there is a finite number of elements since -7 = gp?enr oi

and likewise for ;ff These spaces satisfy the same property of the original MRA,

and so provide the analogous decomposition of L?[0, 1] as in
L01=V"oWr" e Wil &..., (2.24)

for any jo.
In particular, we have that
{oh in=0,...,2° =1} U {¢P7 :j > jo, n=0,...,27 — 1} (2.25)
is an orthonormal basis of L?[0,1] for each jo.

When analyzing a signal f: [0,1] — C with a periodizated wavelet basis of
L?[0,1], we are treating f as a l-periodic signal on the real line, this procedure
can generate discontinuities at * = 1, and so also in every x € N. Therefore,
by periodizing, we add artificial discontinuities to the signal, which affects its
compressibility. This behaviour is undesirable, so we now present another way of
constructing wavelets on intervals, that avoid to create new discontinuities in the
signal.
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2.3.2 Boundary-Corrected Wavelets

This type of wavelets are introduced in order to overcome the problems arising
from the periodization method.

Their construction is based on modifying those wavelets whose supports inter-
sect the boundaries of the interval [0, 1]. For example, beginning with the DBp
wavelet basis, it is possible to define functions @t prieht yleft “yrieht that modify
the wavelets and scaling functions at the left and right endpoints. [Mallat, 1999],
and [Cohen et al., 1993] provide further details about the construction. Then, we

consider new wavelets and scaling functions as
(239 (2z),  if0<n<p
@b}“;(x) =< 25)(2x—n), ifp<n<2 —p
(23t (277), i 29 —p<n< 2
and L '
23t (2z),  if0<n<p
szn;(x) =<{21p(Pxr—n), fp<n<2 —p
\2%<pf@ight(2jx), if 2 —p<n<2

We omit the details of this construction. Similarly to the periodized case, the

functions w;“fl, and go}“fl provide orthonormal bases for
Vjint = span{gp}f‘fl n=0,...,27 —1},
Wit = span{i :n=0,...,2/ —1}.

Moreover, we always get the same properties, and the same space decomposi-
tion as in (2.9), applied to V™, W™, and L?(0, 1]

L01]=V"eoW™eW ™, ®.... (2.26)
for any jo. Therefore, the corresponding wavelet basis is
{h in=0,...,2° =1} U {¢}% :j > jo, n=0,...,2" —1}. (2.27)

Unlike periodizated wavelets, the boundary-corrected wavelets preserve van-
ishing moments. Indeed, the restriction of polynomials of degree less than p to
the interval [0, 1] belongs to V}mt, hence it is orthogonal to the detail space W}m.
Therefore, this construction allows us to have fast decay of the coefficients relating
to smooth regions, even if the support of the wavelet intersects [0, 1].

2.4 Multidimensional Wavelets

Having constructed wavelets bases for the analysis of one-dimensional signal,
we now want to extend this construction to higher dimensions. We present the
two-dimensional case, which will be the one of our interest in the next chapters.
The constructions described below are simply generalisable to higher dimensions.
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2.4.1 Wavelet Bases of L2 (RZ)

Let us consider a wavelet basis {¢;, : j,n € Z} of L*(R) arising from an
MRA {V; : j € Z} with scaling function ¢. A possible approach to obtain an
orthonormal basis of L? (R?) is by considering the tensor product of the spaces V;

{/}(2) =V;®@V;=span{g@h:g,h e V;} C L*(R?), (2.28)

where (g ® h)(z1,x2) = g(x1)h(zs).
One can verify that the sequence {Vj@)}jez defines a two-dimensional MRA,
i.e. a sequence of closed subspaces of L? (R?) verifying
(a) Vj(z) - V](f)l for all j € Z,

(b) fe {/}(2) if and only if f(2-) € V;(i)b
() Myez V3™ = {0},
(@) Ujez Vi? = L*(R),

(e) the set {¢on = Yon, ® Pom, : 1 = (n1,n2) € Z*} forms an orthonormal
basis of V0(2).

Similar to the one-dimensional case, we define the detail spaces VVj(Q) as the orthog-

onal complement of Vj(Q) within V%) Hence, we get the following decompositions

41
PR)=vVP2ewWPew?, o... (2.29)
L* (R?) = Ppw?, (2.30)

JEZ

for any scale j, € Z.
Now we can construct wavelet bases for L? (R?). First observe that, due to
properties (b) and (e),

is an orthonormal basis of Vj(z). Now, one has

ViPew? =Vl =VineVia=(V;eW) e (V;eW)
=VeV)e(V;eW)eW,;eV)e (W,eW,)
=VPe(V,eW) e (W,eV) & (W, e W)

Therefore,

W = (V;e W) e (W; @ V) @ (W; @ W),

J
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so the functions ¢, ® Vjn,, Vjn, @ Qjn,, and ¥;,, @ ¥;,, provide a basis for
these spaces. It is now useful to introduce some notation, let
0 1
U =i, W =g, (2.32)
denote the one-dimensional wavelet and scaling functions. Then we set

\Il( ) =0 @0l o= (e ey) € {0,1}2, n = (n1,ng) € Z2, j € Z.

J,m J,n2?

Hence, orthonormal bases of V-(Q) and W;Q) are respectively given by

(O n e 72},
and
(W) e € {0, 11\{(0,0)}, n € Z°}.
Therefore, using (2.29), and (12.30)), we obtain for any j, € Z
(OO 0 e z2} U{OY) 1 j > jo, e € {0,1}°\{(0,0)}, n € 22}, (2.33)

and
{0l e € {0,1}°\{(0,0)}, n € 22, j € Z} (2.34)

are orthonormal bases of L? (R?).

2.4.2 Wavelet Bases of L*([0,1]?)

In order to construct wavelet bases of L?([0,1]?), we can define the spaces
Vjtype’(2), W;ype’@) by following the construction in the previous section, where
type denotes either the periodic (per), or the boundary-corrected (int) wavelets.

Then, we get the decomposition of L*([0, 1]?)

L2([0, 1)) = V7P g wipe® g e g (2.35)

Jo
for any j9. Now let

PPl — gl g utvPele) o — (o) ey) € {0,1)2, j € Z, my,ng = 0,..., 2 1.

J,m J,mni J,m2

Similarly to the R2-case, we have that
(OO0 =0, 27 — 1},

and '
{wpe 9 e e {0,132\{(0,0)}, n=0,...,27 —1}
form bases of ij o) and W'jtype’@) respectively.
Then, due to (2.35)), we have that

type,(0,0 ]
(OO = 0,..., 2 — 1} U

{\Iﬁype i > o, e €{0,13\{(0,0)}, n=0,...,2/ — 1}

is an orthonormal basis of L?([0,1]?).

(2.36)
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Chapter 3

Non-Linear Approximation

In signal processing, orthonormal bases are of interest because they can be used
to efficiently approximate signals with just a few of their vectors. Approximation
theory studies the error produced by different schemes of approximation.

A linear approximation projects the signal over M vectors of the basis chosen
a priori. For instance, in the wavelets case, a linear approximation can be carried
out by fixing a scale parameter j, and projecting the signal over the related space
V;. In general, given H an Hilbert space, B = {¢, }men an orthonormal basis of
H, and a signal f € H, we can make a linear approximation by projecting f over
the space generated by {g,, }*_,, namely

M

fr =Y Af2 Gm) Gm-

m=1

In doing so, we bring in a linear approximation error

alM]=If = fulz = D Wf.gm)l. (3.1)

k=M+1

Another approximation scheme is to choose the M vectors depending on the
signal f to analyze. This means that we have to choose a set I); C N of cardinality
M, and projecting f over the space generated by {gm }mer,,

far =D Gm) G-

mely

With this procedure, we are projecting f over the space of the M-sparse vectors,
i.e. those elements f € H such that

F=> {f:9m)gm:

mel
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for some I C N, |I| < M. Since this space is not a linear subspace of H, we speak
of non-linear approximation. In this case, the error is

M) = 3 1(f,gm)

méelns

To minimize the error, we have to choose I; corresponding to the M vectors
having the largest inner product amplitude |[(f, g,,)|.- These are the vectors that
contain the main features of f. The resulting error is necessarily smaller than the
linear approximation error (3.1)).

To simplify the notation, let us sort the sequence {|{f, gm)|}men in decreasing
order. We denote with fzlk] = (f, gm,) the coefficient of rank k:

| fslk]| > | fslk + 1]| for all k € N.

Hence, the best non-linear approximation is

M
fau = f5lk]gm, (3:2)
k=1
and the corresponding non-linear approximation error is
+o00
M) =1 = fulde = D 1fslk]. (3.3)
k=M+1

The next theorem shows a characterization of the decay of the non-linear
approximation error through the decay of the sorted coefficients.

Theorem 3.1. Let s > % If there exists C' > 0 such that

’fB[k” S Ok_sa
then
02 1-2s
en[M] < M1, (3.4)

Conversely, if e,[M] satisfies[3.4, then

fslk]] < © (1 - 2—15) - (3.5)

Proof. Let us suppose that |fz[k]| < Ck™*, then, from , we have

02
2s —1

M1723

+oo
en[M] < C*Y k> < 02/ t25dt =

k>M M
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Let us now observe that, for a < 1,

+oo M+1
allaM]] = > 1fslklP = D Ifslk] = |fs(M + 1M (1 - a).
k=[aM|+1 k=|aM]|+1
Therefore,
M|
M+1112 < M‘
[l 1) < P
Now, by using [3.4] we have
02 12
M 1 2 < —2s
oM+ 1) < g

Choosing o =1 — 2% < 1,and k = M + 1, we obtain

|fslk]| < C (1 - 2—2) (k—1)*=C (1 _ 2_15) (%)k_

The fact that % < 2 for k > 2 allows us to obtain . O

The decay of the sorted inner products can be evaluated from the ¢ norm
111y = D 1CFs gm) P
meN

The following theorem relates the decay of the non-linear error approximation
to the /P norm defined above.

Theorem 3.2. Let p < 2. If || f||g, < +00, then

fslk)l < |1 fllspk ™, (3.6)
and e,[M] = o (Ml_%)

Proof. We prove [3.0] by observing that

k

1 = D | fslnllP = D |fsln]lP = k| fulk]P.

neN n=1

Now, by setting
2%—1

Sk =Y |fs[n]|” > kI fs[2K] PP,

we obtain



Hence,

en[M] = f’f | fulk]l” < f SE}

k=M+1 k=M+1

2\ EX R\
< (sup swc]p) > ()
k> k=M+1
<C (sup S[k]i) M

M
k>

)
VR
[N =
~_
|
k21N

IA

() [ G)

2

Since || f||5, < +00, we have

3N

lim sup S[k]» =0,

M —+oco k>%

and so €,[M] = o <M1_%>. O

This theorem provides spaces of functions whose elements are well approxi-
mated by a few vectors of a basis B

BB’p = {f cH: HfHB,P < —|—OO}.

If f € Bg,, then the previous theorem shows that €,[M] = o (M 17%). Conversely,

if e,[M] = O (Ml—%), then the inequality (B.5) for s = 1 shows that f € By, for
any q > p.

3.1 Non-Linear Wavelets Approximation

We are now interested in applying these results to the case of wavelet bases.
We consider the Hilbert space L?[0,1], and an orthonormal wavelet basis, such as
(12.25)), or (2.27)), with compactly supported wavelets that are C9, with ¢ vanishing
moments

B:{¢J’n:n:07""2J_1}U{¢]777/:]ZJ7 n:O;-.-72j_1}.

Therefore, for any f € L*[0, 1], we have

271 +oo 271
f = Z <f7 SOJ,n>90J,n + Z Z <f7 wj,n>¢j,n-
n=0 j=J n=0

To simplify the notation, let ¢;_1,, = ¢,,. Hence, the best non-linear approx-
imation of f using M elements of B is
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=) () ¥im,
(4m)€lm
where I, is a set of cardinality M that contains the indices corresponding to the
M wavelet coefficients having the largest amplitude. The approximation error is

en[M] = Z I(f ¢j7n>|2-
()¢

A class of functions that are well approximated by a non-linear wavelets ap-
proximation, i.e. such that their non-linear approximation error €,[M] has fast
decay as M increases, is the class of piecewise reqular functions. In fact, there are
a few wavelet coefficients affected by isolated discontinuities, and the error decay
rate depends on the uniform Lipschitz reqularity (see Appendix of the func-
tion in its smooth areas. The next theorem formalizes such behaviour. Observe
that, following the proofs presented in [Mallat, 1999], since we cannot control
the scaling coefficients magnitudes, we assume to select them in the non-linear
approximation.

Theorem 3.3. If f € L?[0,1] is a piecewise reqular function, with a finite number
of discontinuities, and is uniformly Lipschitz o < q between these discontinuities,
then

ea[M] = O (M.

Proof. In the following, we present the main ideas of the proof. We will prove
that fs[k] = O(k~*2), this allows for the application of the first part of Theorem
.1 and this concludes the proof.

Let us split the wavelet coefficients into two families; we consider type one
coefficients, related to those wavelets whose supports contain at least one sin-
gularity of the signal, and type two coefficients, related to those wavelets whose
supports are contained in regions where the signal f is uniformly Lipschitz a.
Consider now the associated decreasing sequences fg1[k], and fzo[k]. We demon-
strate fg[k] = O(k~*"2), by proving fzi[k] = O(k=*"2), and fga[k] = Ok 2)
separately. The principal result we need in order to conclude the proof is Theorem
6.3 in [Mallat, 1999] applied to the sample of the continuous wavelet transform
Wy f(279n,279). This theorem states that, if f is uniformly Lipschitz a on the
support of 1, then there exists a constant A > 0 such that

[(f, 1) < A2790F3), (3.7)

Let us now consider type two coefficients. Fix an integer [ < 0, and consider the
scale parameter —[ > 0. At coarser scales 277 > 2! there are at most 27! type two
coefficients. At finer scales 277 < 2!, due to (3.7)), we have

(f, )] < A20+2),
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Hence, since the coefficients decrease for the scale parameter growing, we have
that, for k ~ 27,
1
foalk] < A2'F2)

and this concludes the proof in this case. Let us now consider type one coefficients.
Since f is uniformly Lipschitz « between the discontinuities, in particular f has
to be uniformly bounded on [0, 1], and so it is uniformly Lipschitz 0 over [0, 1].

Hence, (3.7)) implies that _
[(f. )| < A2%.

Let us suppose that the orthogonal wavelet v is supported within [0, L] for some
L > 0, and suppose that the function f has D discontinuities. At each scale 277,
the wavelets are supported within [2%, L;k], so every time k increases by 1, we
shift the support to the right by 2% Since the length of the support is constant
%, we have that, for a fixed abscissa v € [0, 1], there are at most L wavelets whose
supports contain it. Since there are D discontinuities, then there exist at most
LD wavelets whose supports contain at least one singularity. Fix an integer [ < 0,
and consider the scale parameter — > 0. Since the coefficients decrease for the
scale parameter growing, in the sequence fg1[k] we find the coefficients at scale
2! for k ~ —ILD. Moreover, at finer scales 277 < 2! every type one coefficient is
lower than A23. Therefore, we can conclude that

fea[—ILD] < A23.

This implies that )
fealk] = O(k™"72),

for every § > 0, and this concludes the proof. n

This theorem shows that a finite number of discontinuities does not influence
the decay rate of the non-linear error, which only depends on the regularity be-
tween the singularities; the higher the regularity, the faster the error decays.

Let us now consider a piecewise regular image, i.e. a piecewise regular function
that belongs to L? ([0, 1]?), such as a cartoon-like image, which will be introducted
formally in Chapter [4]

Figure 3.1: Cartoon-Like Image.
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It has discontinuities along curves of dimension one, which create a non-
negligible number of high magnitude wavelet coefficients. The next result shows
that, if we consider the prototype of a piecewise regular image, than the non-linear
error cannot decay faster than M.

Proposition 3.4. If f = 1q is the indicator function of a set ) whose boundary
has a finite length, then

[fslk]] ~ 11 £l B (3.8)

and hence
enM] ~ || fII5, M, (3.9)

where || f||v := f[o 1]2|Vf(:v)\da; is the total variation norm.

Proof. We give the main idea of the proof without all the details, and we refer
to [Mallat, 1999] for more details. When analyzing the function f with a two-
dimensional wavelet at a fixed scale parameter j, we are portioning the unitary
square into dyadic squares of side length 277. Since the boundary of €, 91, has
finite length L, one can prove (see Appendix |C]) that, for each scale parameter j,
there are on the order of L2’/ wavelets whose supports intersect 9€). Now, if the
wavelet does not intersect 0S2, since f is constant there, we can conclude that the
corresponding coefficient is 0. If the wavelet support intersects the boundary of
), we can prove that the corresponding wavelet coefficient has magnitude of the
order of 277. Since the amplitudes of these coefficients decrease as the scale 277
decreases, i.e. for j — 400, and since there are on the order of L2’ significant
wavelet coefficients at coarser scales, then we meet the coefficients at scale 277 for
k ~ L27. This means that |fg[k]| ~ 277 for k ~ L2/, which is

|[fslk]] ~ L.

To conclude the proof of (3.8)), one can prove || f||y = L. Finally, we can conclude
the proof of the theorem by substituting (3.8 into the definition of non-linear
approximation error (3.3]) to obtain (3.9)). O

In particular, this theorem shows that despite the strong regularity of the
function in its regular areas (in this case it is even C'*°), the non-linear error
cannot decay arbitrarily fast as in the one-dimensional case. Therefore, while
wavelets bases are optimal for non-linear approximation of one-dimensional signal,
in higher dimensions they do not provide the same error decay results.

The reason why this happens lies in the geometry of the set of the signal singu-
larities. Whereas in one dimension it is a finite collection of points, in dimension
two it forms a curve, so the geometry of this curve also comes into play. The
fact is that the support of a two-dimensional wavelet, (construction in Section
arising from a compactly supported one-dimensional wavelet, is a square
that can only be translated or enlarged, but cannot change shape adaptively to
the curvature of the curve.
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Chapter 4

Shearlets

In Proposition [3.4] it is shown that wavelet bases are not optimal for non-linear
approximation of multivariate functions. The underlying explanation for this is
that wavelets possess isotropic features. In fact, wavelet bases are constructed by
translating, and isotropically dilating a generating function. This makes wavelets
unable to effectively dealing with multidimensional piecewise regular function such
as the so-called cartoon-like images (see Figure .

Definition 4.1. The class £ (R?) of cartoon-like images is the set of functions
f: R? — C of the form

f=Jfo+ filg,
where f; € C? (R?) is supported in [0, 1%, with || fil|c2 1= 32|, <oID* filleo < 1 for
i=0,1, and B C [0,1]?* is a set with C? boundary 0B.

In this case, the isotropic features of wavelet bases do not allow then to cap-
ture most of the signal information with a few coefficients. These limitations have
motivated the study of new techniques for non-linear approximation of multivari-
ate functions in order to outperform the error rate relative to multidimensional
wavelets. The best result to date was proved in [Donoho, 2001]; it provides an
error rate of the order of N~2, but it has evident practical limitations since it
requires to construct adapted triangulations of the unitary square. However, it
provides a benchmark for optimally sparse approximation of cartoon-like images.
Moreover, the argument in the proof indicates that to obtain the most efficient
sparse representation, it is necessary to use analyzing elements with elongated
and orientable supports. Throughout these years, starting from the concept of
wavelets and the need to incorporate directional sensitivity, several attempts were
carried out in order to achieve Donoho’s error rate. In 2005, Kutyniok, Labate,
Lim and Weiss introduced shearlets in [Labate et al., 2005]. Shearlet systems cur-
rently represent the finest generalization of one-dimensional wavelets since they
offer a distinctive combination of the following desired attributes:

e A finite set of generating functions;
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e Anisotropic dilations;
e Directional sensitivity which preserve the discrete lattice;
e Asymptotic optimal error rate.

In particular, the first property allows easy handling of shearlet systems in appli-
cations. The second and third properties enable to adaptively modify the supports
of shearlets to the singularity curve. The fact that the discrete lattice is preserved
is useful in applications when transitioning from the continuum to the discrete
setting. Finally, as it will be shown in Theorem [{.15] shearlet systems reach, up
to a logarithmic factor, the optimal asymptotic error decay of N 2.

4.1 Continuous Shearlet Systems

Before providing the technical construction of shearlet systems, let us discuss
the intuitive ideas that are at the core of the construction. We refer the interested
reader to [Kutyniok and Labate, 2012] and [Labate et al., 2005]. As explained in
the introduction of the chapter, we want to construct systems whose elements
must be functions spanning over different locations, scales, and orientations. This
necessitates the compositions of three different operators that are capable to trans-
late, dilate, and orientate the supports of the generating functions. In order to
translate, we use the standard translation operator 7T} defined, for any t € R?, as

Tp = (- —1).

For the dilation, since we need to anisotropically dilate the supports, we use the
family of parabolic scaling matrices

a 0
Aa = <0 CL%)7 a >0,

where the corresponding operator is defined by

D, (xy,x0) = |det A, ~24) (A;l (xl)) = a_%w(a_lxl,a_%xg).
T2

Now, we need an orthogonal operator to orientate the support of the generat-
ing functions. The most straightforward choice is to use rotations, such as in
the curvelet construction (see [Candes and Donoho, 2004]), but unless we rotate
by 7, m, %7‘(‘, or 27, these operations destroy the integer lattice structure of Z2.
This issue becomes a problem when transitioning to the discrete setting in ap-

plications. The alternative approach proposed for shearlet systems involves using
shearing matrices,
1 s
Ss—<0 1>, s € R.
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The shearing matrices have the advantage of preserving the integer lattice struc-
ture provided s is an integer. Likewise the parabolic scaling operators, the shearing
operators are defined by

Dg (x1,29) := |det SS|_%@Z) (55—1 (2)) = (21 — sT9, Tg).

Combining these three operators, we can define a continuous shearlet system gen-
erated by a function ¢ € L*(R?). For any a > 0, s € R, t = (t1,ts) € R* we
define

Vase(wr, 22) = ToD g Dy, 0) = a” *¢ (Aglss_l (il) - (tl)) '

2 )
Definition 4.2. For ¢ € L? (R?), the continuous shearlet system is defined by
SH (1)) i= {thss 0> 0, s € R, ¢ € R}, (A1)

Similarly to the wavelet case, the continuous shearlet transform is the map
that associates to a function f € L? (R?) its components along SH (¢)).

Definition 4.3. For ¢ € L? (R?), the continuous shearlet transformof f € L? (R?)
is

SHyf (a,5,t) == (f, ass), for a >0, s €R, t € R% (4.2)

We now seek to find suitable generating functions ¢/ such that the system
SH () satisfies a reproducing formula for L? (R?), i.e. the mapping SH,, is a
multiple of an isometry.

To state this result precisely, we need to point out some group structure of
SH (¢). Let us introduce the Shearlet group S defined as the semi-direct product

(R, x R) x R?,
equipped with the multiplication
(a,s,t) - (d, s, 1) = (ad, s + Vas',t + S;Aqt’) .

It is easy to see that du := %dsdt is a left Haar measure on S. Let us define the
representation o: S — U (L? (R?)) as

o(a,s,t)¢ :=T,Da,Dsp, ¢ € L*(R?),

where U (L? (R?)) is the group of the unitary operators on L? (R?). Using this
notation we can represent the shearlet system as

SH (¢)) = {o(a, s, t)¢ : (a,s,t) € S}.

Hence, we search for sufficient conditions on ¢ ensuring that the continuous shear-
let transform SH, is a multiple of an isometry.
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Definition 4.4. A function ¢ € L? (R?), ¢ # 0, such that

/ V&8P e e < 4o, (4.3)
R? $

is referred to as admissible shearlet.

The next result shows that an admissible shearlet gives that SH,, is a multiple
of an isometry.

Theorem 4.5. [Kutyniok and Labate, 2013] Let v € L* (R?) be an admissible

shearlet, and define
/+°° [ 70 51,52 LGRS,

;= / /|f¢ 51,52 dpde,.

If Cy = C’{[ = C,, < +oo, then, for every f € L*(R?), SHy satisfies

&

/ SHyf(a,s,0)2du = 25C, / f (@1, 20)Pdardes.
S R2

In particular, if Cy = 5=, then SHy is an isometry.

An important class of admissible shearlets satisfying the assumption of the
theorem is the class of the so-called classical shearlets.

Definition 4.6. A function ¢ € L? (R?) is said to be a classical shearlet if it is
defined by

Fib(er,62) = Fin(€) Fo (g) ,

where ¢; € L? (R) satisfies the discrete Calderén condition

S IF 27 =1 ae eR, (4.4)

JEZ

with Fip; € C*° (R), and supp F1); C [—%, —%] U [1—16, %] ,and ¢, € L? (R) satisfies

S IFa(E+n)P =1  aee[-1,1] (4.5)

n=-—1

with Fipy € C*° (R), and supp Fi, C [—1, 1].
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Hence, a classical shearlet can be described as a function possessing wavelet
properties along one axis, and bump-like properties along the other. There exist
several constructions of classical shearlets. One possible choice is to consider 1, to
be a Lemarie-Meyer wavelet (see [Hernandez and Weiss, 1996], Section 1.4), and
F1hs to be a spline.

Lemarié-Meyer wavelet
T T T

15 Lemarié-Meyer scaling function
T T T T

\ 08
06

05 ‘

N 04

05

I 02
|

Figure 4.1: Lemarie-Meyer wavelet, and Lemarie-Meyer scaling function

As said above, the classical shearlets verify the assumption of the theorem.

Lemma 4.7. Let ¢ € L* (R?) be a classical shearlet, then Cf = Cy/ = 5-.

4.2 Discrete Shearlet Systems
By sampling the continuous shearlet systems, various discrete shearlet systems
can be constructed. Throughout the following sections, we will use the sampling

scheme proposed in [Guo and Labate, 2007].
Let us introduce the matrices

A (3‘ g) S = ((1) 1) (4.6)

We consider the shearlet system

SH (¢) = {0 = 274 (S'A7 - —k) - j,l € Z, k € 7%}, (4.7)

) J
AJ:(‘E 20]) sl=<é D e
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It is useful to observe that applying the Fourier transform, we obtain
Fihjap (€) = 2720 Fap (EATIS) e #A7STh, (4.8)

As in the wavelet case, we are interested in shearlet systems forming an orthonor-
mal basis or, more in general, a Parseval frame (see Appendix [B]) for L? (R?). In
particular, in applications, classical shearlet systems are not frequently used. In-
deed, although they have an elegant group structure, they also posses a directional
bias.

Figure 4.2: Classical shearlet support in the frequency domain.

In order to show the impact of this bias, consider a function f that is con-
centrated along the & axis in the frequency domain. As shown in Figure 4.2
the shearlets are supported in pairs of trapezoids, and the slope of their edges is
%. Therefore, we can observe that the energy of f is mostly concentrated in the
shearlet components for the shearing parameter [ — oo. Hence, it is clear that
this can be a significant constraint for some applications. Here, the main prob-
lem is the fact that the shearing parameter [ takes on values on an unbounded
set. Therefore, to address this problem, we have to restrict the set over which
the shearing parameter can take on values. The most common approach is to
partition the frequency domain into four cones, and a square centered around the

origin (see Figure [4.3).

A&

Ch

Figure 4.3: Partition of the frequency domain.
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This strategy gives rise to the so-called cone-adapted shearlet system, where a
frame of L?*(IR?) is constructed by defining three different frames corresponding to
the three regions Cy,, C,, and R. Specifically, in the following, we consider R to be
the square centered at the origin of side length £, C, = {(£1,&) « [&1] > 3, ’%‘ <
1} the horizontal cones, and C, = {(£1,&) : [&] > &, ’%‘ < 1} the vertical ones.
Then, we construct a Parseval frame of L?(Cy,)", a Parseval frame of L?(C,)",
and one of L?(R)", where, for A C R?,

L*(A)Y = {f € L* (R?) : supp (Ff) C A}.

Finally, the union of this three Parseval frames will provide a Parseval frame of
L?(R?).

We start by constructing a Parseval frame of L?(Cy)". On this matter, we
consider ¢ € L?(R?) given by

Fp(&r,62) = Fibi(&1)Fiba (%) ; (&1,6) e R, & #0, (4.9)

where Fipy, Fipy € C¥(R), supp 1 C [—3,—35] U [45, 3], and supp Foby C
[—1,1]. In particular, it implies that F¢ € C* (R?), with supp (F¢) C [—3, %]2
Moreover, we assume that

SIFGE PP =1, ac lg> g (4.10)
Jj=0

and X
SN IFE+DP =1,  ae g <1 (4.11)
I=—1

We refer to Appendix [D] for an explicit construction of a function satisfying these
properties.

Lemma 4.8. Let f: R — C be a function such that supp f C [—1,1]. Suppose
that

1
Z]f(a:—l—l)\zzl, ae. |z| <1,

I=-1

then for any integer j >0
27
Z]f (2jx+l)]2:1, a.e. |z] <1
1=—21

Proof. The proof proceeds by induction on j. For j = 0 it is trivial. Now, for
any j > 1, we suppose that the thesis holds for 7 — 1, and we demonstrate it for
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7. Let us first show the proof for a.e. z € (—%, %) In this case, we have that

2z +1€(l—2711+271). Hence, since f is supported within [—1,1], we have

27 2i—1
SNf @+ = > |f @+
1=—2J [=—2i—1

By the change of variable y = 2z € (—1, 1), we can conclude due to the inductive
hypothesis

27-1 27-1
S lf @)= > @Y+ =1
[=—2i-1 |=—24-1

Now, we show the result for = € [%, 1). The proof for the symmetric case x €

(—1, —l} is analogous. Let us consider the following partition

2
21—1_1
1 1 k1 k+1
—1) = —+ =, = :
{2’) ka {2+2f2+ 2i )

Let us prove the thesis for x € [% + %, % + %) This implies that 27z 4+ [ €
[1+27 '+ k, 1+ 27" + k +1). Therefore, since f is compactly supported within
[—1,1], we have

—207 1 k41

27
D F@er)P= Y If@e+)
l=—27 [=—2i-1—k—1

By the change of variable y = 27z — 271 — k € [0,1), we can conclude the proof

—297 k41

ooyt R =Y DR =1

=—21—1—-f—1 I=-1

Proposition 4.9. The system
SH () = {010 = 229 (S'A7 - —k) - j >0, —2 <1< ¥ keZ?} (4.12)
is a Parseval frame of L*(Cy)".

Proof. Lemma 4.8 applied to f = F1y shows that, for any integer j > 0,

27
DIFL @+ =1 ae g <L (4.13)

1=—2J
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By using (4.10)), (4.13)), and observing that A= S~! = (2727¢,,277¢, — 272]¢,),

we obtain

+oo 27 +oo 27
DD IFU(EATSTE =) Y 1F U (27 PIFYs <2§ Z)F
j=0 |=—27 J=01=-2J
27
- Zlf% )Y Fs (2?% - l) 2 =1,

1=-27

(4.14)

for ¢ = (£1,&) € Cu. The fact that, for any f € L*(Cy)Y,

+oo 27

ST S = 1113

Jj=0 1=—27 k€72

is a consequence of (4.14)), and the fact that supp (Fv) C [—%, %}2 Indeed, due
to Plancharel identity, using (4.8)) we have

+oo 27 doo 20
> Y S = g Y 3 S IFL UL
Jj=0 1=-27 keZ? J=0 1=-2J keZ?

400 27

27T ZZ Z|/ Ff(¢ 755}“@&(514 ig- ) —iEATIS— lkdﬂz

Jj=0 1=—27 keZ?

Now, by the change of variable w = £A77S~!, we obtain
FFE2HFp (A7) o475 g
Do

) /{ TS P2

[NIE
[NIE

Therefore,

+oo 27

D> DIl

J=0 1=-275 kez?

+oo 27
2 Z Z Z’/ CL)SIAJ) fw( ) 3 *’kadw‘Z
) =0 1= 9 heze Y [-53]
+oo 27
271' Z Z 237 Z|/ ff wSlA])f‘w( ) —zwkdwlg.
J=01= kez? 55
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By using the Parseval identity, we have

3|

]—“f wSlAJ) Fi (w) _Wkdw|2:27r/ ] |}"f (wSlAJ)| | Fa (w)]*dw.

reze J-34) ~33

Hence,
Z Z K f il = Z Z / " 29| F [ (wSTA) 2| F (w) P,
J=0 1=—27 keZ? g =0 |=—2J *55

Applying the change of variable ¢ = wS'A’, we have

/[11]223j|Ff (WS PIFY (@)Pdo = |17 (©PFIFw (€475 ™) Pde.

Now, using (4.14]), we can conclude the proof

+oo 27 400 2
SN Nt = ZZ/ IFF (€] Fy (€A 87 2de
J=0 1=—2J keZ? j=0 |=—2i

1

- DC|J—"f(§)|2d§ = %Hffllé = |1 £1l5-

O

To obtain a Parseval frame of L? (R?), we need to construct a Parseval frame
of L?(C,)", and a Parseval frame of L?(R)". The first one can be constructed
similarly to the one constructed for Cy, reversing the roles of 11, and 1,. Namely,

we can define Fi(£1, &) = Fibr (€2) Fibs (g) where 1y, 1, are defined as above.

Then, following the proof of the previous proposition, it can be proved that the
system

SH (4) = {dy0 =290 (S k) - j 20, -2 <1<, ke??), (41)

~ 20 5 10
i=(3 ). 5=(19).

is a Parseval frame of L?(C,)". The second one can be constructed through a
shearlet scaling function ¢ such that its Fourier transform is C*° and compactly
supported near the origin, so that the family of its translated {¢ (- — k) : k € Z?}
forms a Parseval frame of L*(R)Y. More details about the construction can be
find in [Easley et al., 2008, [Kutyniok and Labate, 2012]. With this in hand, we

can represent a function f € L*(R?) as a sum of three components,

f=Je, + fe. + fr, (4.16)

where
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where each component is the orthogonal projection of f onto one of the three
subspaces, namely

fe, = FUF(f) e,
fe, = FUF(f)le,),
fr = F F(f)lg]

4.3 Non-Linear Shearlets Approximation

In this section, our focus is on investigating the non-linear representation of
cartoon-like images using the shearlet decomposition. Given that the primary
goal of this thesis is to examine the hierarchical connections between the indices
associated with significant shearlet coefficients across various scales (as explained
in Chapter , our attention is directed towards analyzing the non-linear approx-
imation specific to the shearlet elements exclusively. This section is based on the
arguments presented in [Guo and Labate, 2007].

Let f € £(R?) be a cartoon-like imagage, introduced in Definition 4.1 and
consider its decomposition as the sum of fe , fe,, and fr. The next results
analyze the best N term approximation of fe¢, + fc,. Because the construction of
the shearlet on the vertical cones is symmetrical to that of the horizontal cones, it
is sufficient to investigate the non-linear approximation for the horizontal cones.

Let M = {(j,l,k) : j > 0,-27 <[ < 2k € Z*}, and {¢,}em be the
Parseval frame defined in . The sequence of the shearlet coefficients of f is
s(f) ={(f,¥u) : p € M}. We rearrange this sequence in a decreasing way, and we
denote by |s(f)|w) the N-th entry of the reordered sequence, i.e. the N-th largest
shearlet coefficient. In order to analyze the sparsity of the shearlet coefficients,
we will use the weak-¢P-quasi-norm. Let us consider s = (s,) a sequence, and let
|su|(ny be its N-th largest entry. The weak-fP-quasi-norm is defined as

1
p
s i= (suplt s s > )
e>0
Equivalently, it can be defined as
1
|8|lwer = sup N#|[s,,|(n)-
N>0
Further details about the weak-/P-norms can be found in [Grafakos et al., 2008].
We first analyze the decay of the coefficients at a given scale 277. In order to do
that, we need to localize the function on dyadic squares. Fix the scale parameter
j >0, and consider the sequence of shearlet coefficients at scale 277, denoted by

si(f) = {{f,v) : p € My}, where M; = {(j,1,k) : =2/ <1 < 2 k € Z*}. Let
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us partition R? in dyadic squares with side length of 277, i.e. squares of the form

Q= [5&, Bt x [ 24 )k, € Z. Let us consider a smooth partition of unity

ZwQ(m) =1 for every x € R?

where wq(z1, 22) = w(27x1 — k1,275 — ko), and w is a C™ non-negative function
supported within [—1,1]?. Let Q; be the collection of the 2% dyadic squares
contained in [0, 1]2. Now we study the decay of the shearlet coefficients of localized
function fo = fwg. Since f is compactly supported within [0, 1]?, the only
squares that matter are those in Q;. We will see that there is a different decay
rate of the coefficients depending on whether () intersects or not the boundary
of B. Let us split Q; into two disjoint families Q) and Q}, where QY is the
collection of those squares such that the support of wq intersects 0B, and le- =
Q;\ Q). In particular, we have that |Qf| < C;27 (see Appendix, while obviously
|le| < 2%, Let us consider the sequence of the localized shearlet coefficients

s?(f) = {(fo,¥.) : p € M;} for some () € Q;. Then the following lemmas hold.
Their proofs are omitted.

Lemma 4.10. [Guo and Labate, 2007] Let f € E(R?). For Q € QY, the sequence
s?(f) obeys
Is2()l,,3 < C27%,

for some positive constant C' independent of () and j.
Lemma 4.11. [Guo and Labate, 2007] Let f € E(R?). For Q € le-, the sequence

s?(f) obeys

1S9 5 < 2%,
for some positive constant C' independent of QQ and j.

As a consequence, we obtain the following result.

Corollary 4.12. Let f € E(R?). The sequence s;(f) obeys
Is;(f)ll 2 < C
for some positive constant C' independent of j.

In order to prove this corollary, we need to recall a property of the weak-/(P-
quasi-norm.

Lemma 4.13. Consider (X, u) a measure space, 0 < p < 1, and fi,..., fm
measurable functions defined on X. Then

HZ fillse < T2 pZufij@,
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where
£ e = sup u({z e X :|f(z)] > a}).

Proof. Observe that, if || f;||” ,, = 400 for some j, then the proof is trivial. Hence,
we suppose that || f]Hwep < +oo for every j. Firstly, we prove that, for any s > 0,
and for any measurable function f on X,

| r@lduta) <

where Fs = {x € X : |f(x)| < s}. By definition of Lebesgue integral and weak (7
norm, we can observe that

(4.17)

p
wlP?

[ @) = [ itz € B 1) > a)da
- /OSM{CE € X :|f(2)| > a})da

s 1-p
<112 / oPdo = 2
0 1

Now, we prove that, for any a > 0,

wlP *

a’p Z”faﬂwzm (4.18)

where

Eo={reX: |ny|>04 max |f;(z)] < a}.
j=1
Due to (4.17), we note
a,u(Ea):a/

«

<3 / 5@l du()
=1 {reX :max;—; ...,m‘ft(x)|<a}

< / £ (@) dp(a
Z; {zeX:|fj(z)|<a} ’

j=

||w€p

By multiplying both sides for a?~!, we conclude the proof of (4.18). Let us also
note that

M({xEX:j:nllaXmV] z)| > a}) < Z {xr e X :|f;(z)] > a}). (4.19)

-----
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In order to prove the statement, we observe that, due to (4.18)), and (4.19)),

.....

oul{r € X [ f@)] > o) < a”p(Ea) + o7u{e € X max [fy()] > a)

1 « “
< 15 2l + 3_o’ul{z € X : |fi(@)] > a}).
j=1 j=1

By taking the sup over all the positive number a, we conclude the proof. O

Proof of Corollary[{.13. Using the previous lemmas, and writing the coefficients
for € M; as

(Fitbu) = (F Y wa ) = > (fa tu)
Q

QeQ;
= 3 (ot + X e v).
QeQ) QeQ!
we obtain
5D 5 S D M dll? 4 + 3 e ll? 4

QeQy QeQ;]
< C’1|Q9|2_j + CQ‘Q;’2_2j.

We complete the proof by using the upper bounds on the cardinalities of Q?, and
Q. O

With these results in mind, we can now state and prove the main results of
this section.

Theorem 4.14. We have

sup [s(f)|n) < CN~3 log%(N).
feE(R?)

Proof. For each ¢ > 0 and j € N, define

R(j,€) = K€ My - [(f, )] > €}
By Corollary £.12] we have that

Co > s (IF 5 = R(j,e)es,

therefore ,
R(j,€) < Chie 5.
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Moreover, for each p € M;

(ool =1 [ 1220 (800~ K) del < 2B [ o(olde < €27,

In particular, we have that

5. 2 1
0273 <e &= j>2 (108;2(0/) + log, (E)) = Je-

w

Hence, we can conclude that R(j,€) = 0 for every j > j.. Let us define

R(e) := {p € M : [{f, ¢u)| > €},

we can observe .
RO < S RGO < CoeF o, (1)),

Jj=0
1
63 log,* (—)
€
3
2

Let us consider the function g(t) = tlog, (%) for t > 0. It is a positive, strictly
increasing function such that lim, o+ g(¢) = 07. Fix n = g(€), hence we have

R(g™ ()5 < Cs.

which is equivalent to

By observing that

Rlg () =KpeM:[{fou)] > g M =HreM:g({f.d.)]) > n}l,

we can conclude ||g(|(f, wu)’)HM% < (5. Therefore, by applying the equivalent
definition of weak-/P-norm, we have

g(Is(f)lw) < CIN73
1

Up to rescaling, we can assume Without loss of generality Is(f)llc < 5. Notice
3

that, if 0 < ¢ S andy = tlog2 (t) we have log2 (1) > 1, and t = ylogJ (%) >

y. In particular, log2 (t) < log2 <§> Thus,

1 3 /1 3 (1
g (y) =t =ylog; n < ylog; )

Finally, using the monotonicity of g, we can conclude

|8(f)’(N) < g71(01N7%> < CNfg log%(N)
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Theorem 4.15. Let f € L*(Cy)Y be the horizontal cones component of a cartoon-
like 1mage, and fy be its best N term approzimation with respect to the Parseval

frame , namely
fN = Z <f7 ¢u>wu> (420)

HEIN

where Iy C M 1s the set of indices corresponding to the N largest entries. Then

If = £13 S D Is(f)2 < ON"21og*(N)  as N — +oo.

m>N

Proof. By using Theorem 4.14}, and the fact that the function ¢t — @ decreases
for t > €3, we have

1f = £xl3 =D Is(H)ltm < C Y- m™Plog?(m)

m>N m>N

g (V) = 1 _ _Jog(\N) [*<
<(C—=——= — < (0—=—= t™dt
- N TZ;V m2 — N /N

= CN2log*(N).

]

Now, let f € £(R?), and consider its decomposition (4.16). Let us define the
following N term approximation of f:

v = fr+ fe,ue, v

where fe,uc, .~ is the best N term approximation of fe, + fe, with respect to the
union of the Parseval frames (4.12]), and (4.15). In other words, we define

faweon =Y fentjur) + D (feo tjan),

with I, I corresponding to the N largest coefficients, and such that |I|+|[;] =
N. The previous results ensure that

If = fnlls S Z |(fews Ysar)]? + Z [(feo, Vjn)|? < CN"21og?(N).

GLR)EL GLR)EL;
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Chapter 5

Shearlets Trees

5.1 Introduction

The non-linear approximation results presented in the previous chapters show
that certain types of functions can be efficiently represented through sparse vec-
tors, by decomposing them with respect to wavelet, or shearlet frames. This
means that the sequences of the coefficients have just a few relevant components.
In various mathematical fields, such as Compressed Sensing [Foucart et al., 2013],
it is of great interest not only to know that the functions admit sparse represen-
tations, but also to have an indication about where the relevant components are
located.

In this section, we aim to study this property with a deeper focus in the
case of shearlet frames. Since two-dimensional shearlets are based on the idea
of orthogonal wavelets, let us start by describing the problem in this latter case.
As explained in Chapter (3 the number of vanishing moments of an orthogonal
wavelet enables to compress the coefficients corresponding to a smooth region of
the function, while its support size is helpful to localize the singularity, and to
control the number of wavelets whose support intersects a singularity at each scale.
Therefore, we have that the relevant coefficients correspond to those wavelets
whose support intersects a singularity. As we can observe in Figure [5.1] this
suggests that it is possible to construct structures, in the literature referred to
as trees, which contain the indices related to the coefficients corresponding to a
singularity. The trees are based on hierarchical relations parent-child between the
indices of the coefficients at scale j, and those at scale 74 1. Given such a relation,
a tree is defined as a set T' of indices satisfying the property:

if an index belongs to T, then its parent belongs to T.
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Figure 5.1: Multiscale analysis of a piecewise regular , [Mallat, 1999].

The non-linear approximation forcing the set of indices being a tree is called
tree approrimation. Intuitively, one can think that the set of the N largest co-
efficients (or, equivalently, the set of the coefficients larger than some threshold
n > 0) is a tree itself, and so, that the best N-term approximation, and the tree
approximation are equivalent. Unfortunately, this is not the case. Indeed, al-
though the coefficients decrease to 0 for the scale parameter j growing, they do
not decrease monotonically. In other words, it could happen that the amplitude
of a child is larger than the parent’s one. Therefore, by fixing a threshold n > 0
and selecting only the coefficients larger than 7, there is no guarantee that the
set of the indices forms a tree. An easy example of this phenomenon is given by
the Haar wavelet , and the function f =1 (L<a<1}: In this case, since at each
fixed scale j the Haar basis partition the interval [0, 1] into dyadic intervals, the
only reasonable parent-child relation is:

(4, k) is the parent of (j + 1,2k), and (j + 1,2k + 1).
An easy computation shows that

1 V2

5 [(f,00)| < [(f, ¥10)| = 5

More generally, in the case of a piecewise constant function with discontinuity in
x =a € (0,1), and the Haar wavelet, it is possible to explicitly characterize the
parent-child relations. It can be observed that, when the discontinuity point is
sufficiently close to the edge of the support of the parent, then the magnitude of the
child coefficient will be v/2 times that of the parent. The situation could be even
worse. Indeed, the Haar wavelet does not have any oscillation. Let us consider,
for instance, the Daubechies wavelet with 2 vanishing moments ¢ (see Figure
2.2), and a piecewise constant function f, = Liz>4}, a € (0,3). The oscillations
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of 1 cause zeros in the function a — [{f,,%)|. This gives rise to undesirable
phenomena. Indeed, as we can observe in Figure [5.1], there exist values of a such
that the parent coefficient is zero (blue line), and the child is at its maximum (red
line).

0.4

035

03

0.2 r

0.15

0.1F

0.05

Figure 5.2: Plots of the functions a +— |(fa,%0,0)| (blue line), and a — [(fa, ¢1.1)]
(red line).

From this argument, we can conclude that it is reasonable to expect that the
relevant coefficients are contained in a tree, but also that they do not form a tree
themselves in general. This means that forcing the indices in the approximation
to belong to a tree, leads to selecting also negligible coefficients. Following this
philosophy, in [Cohen et al., 2001], it is proved that the tree approximation is as
efficient as the classical non-linear approximation. There, the strategy is:

e Fix a threshold n > 0,
e Select the coefficients larger than 7,
e Consider the smallest tree containing these coefficients,

e Estimate the error brought in by approximating only with the coefficients
contained in the tree.

Another approach is to suppose that, if a wavelet does not intersect a singularity,
then the associated coefficient has to be negligible, and so all its descendants. In
this case, since it is studied the structure of the negligible coefficients, we speak
of zero-trees. Based on this idea, in [Shapiro, 1993], an efficient coding algorithm
for images is presented .
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Let us now switch to the shearlets case. The multiresolution and geometric
properties of the shearlets suggest that an analogous argument could be used in or-
der to get a better understanding of the set of the relevant indices also in this case.
One of the works that delves deeper into the tree structure in the case of shear-
lets is [Grohs, 2012]. The strategy used follows that used in |[Cohen et al., 2001],
where the tree is formed by adding all the missing parents to the set of the relevant
coefficients. This strategy has the advantage of leading to an optimal error for
any cartoon-like image, but it has some limitations that we intend to delve into
further. Let us observe Figure that shows the parent-child relation considered.

6

4

2

2

8 0.18
6

4

2 " . 0.12 0.12 "

007 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 0 -007 -006 -0.05 -0.04 -0.03 -0.02 -0.01 0 -0.07 -0.06 -0.05 -0.04 -0.03 -0.02 -0.01 [

Figure 5.3: Tree structure on a shearlet frame: the shearlet essentially supported
in the black parallelogram in the left is the parent of those essentially supported
on the blue and red smaller parallelograms. [Grohs, 2012].

With this definition we have that if the edge curve overlaps some of the chil-
dren, then it overlaps also the parent. This makes the structure defined extremely
reasonable, but the argument, used by the author to obtain the approximation
result, does not involve it in any way. The only property used is the uniqueness
of the parent for every index. In this regard, we want to introduce a method that,
through a more quantitative analysis of the coefficients, leads more naturally to
the construction of a tree.

In the following, we work with the shearlet frame generated by a shearlet
of the form (4.9). We recall that it is C*°, and compactly supported in the
frequency domain. Therefore, in the spatial domain, it cannot be compactly
supported, but it has fast decay. This allows us to suppose that the shearlet v
is essentially supported within a unit square. In other words, the decay of the
shearlet outside of this square will depend on the particular choice of v, and,
in general, it is not possible to claim that, outside of the square, the shearlet is
very close to 0. For instance, if ¢ is similar to a gaussian with a small variance,
then the approximation made above is good; if the variance is larger, then this
approximation is worse. Since we want to analyze the tree approximation for a
general ¥, we have to consider the worst case scenario, i.e. the second one. In this
case, when analyzing the magnitude of the coefficients, we have to keep in mind
that there can be overlaps between shearlets essentially supported in adjacent
regions of the space, see Figure [5.4, Hence, if the edge curve of a cartoon-like
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image overlaps the essential support of a shearlet, then it is not obvious that the
adjacent shearlets have to be insignificant.

/777

Figure 5.4: The black parallelograms represent the essential supports of adjacent
shearlets. The blue line represents the edge curve of a cartoon-like image.

In the next sections, we consider the cone-adapted shearlet frame introduced
in Chapter [ In Section [5.2], we define the tree structure we will consider in the
following. It is worth to observe that we will define parent-child relations only
on the shearlet components, without considering the scaling components. This
is motivated by the fact that there is no relation between the scaling coefficients
and the shearlets coefficients at scale zero, hence it is not interesting to define a
tree structure on this set of indices. Moreover, we will introduce the structure
only on the horizontal cones. Because of the symmetry between horizontal and
vertical cones, the relations on the vertical ones will be analogous. In Section [5.3
we present the main results of the thesis, concerning the construction of a tree
which allows optimal approximation, motivated by a quantitative analysis of the
coefficients. In the last section, we provide all the proofs needed.

5.2 Tree Structure

In this section, we introduce and motivate the tree structure we will use in
this chapter. It is worth noting that it is the same as defined in [Grohs, 2012], the
difference being that in these results, it is obtained after a quantitative analysis of
the coefficients. Let us consider the shearlet Parseval frame introduced in Chapter
M and consider the horizontal cones component

{jun = 279(STAT - —k) - j > 0,—2 <1< 2 ke 7).

We observe that, by construction of 1,

supp(Fe.n) C {(&1,&) 1 & € [-2%71 =224y [2%74 2% 1] |2j% -1 <1}
1
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This implies that, in the frequency domain, the supports of the Shearlets are
contained within the portion of plane contained between two lines of slope &t 2] , and
l;rjl. Since [ € {—27,...,27}, at each scale j, the slopes of these lines constitute a
partition of the interval [—1 — %, 1+ 2]] Therefore, if at scale j, the edge curve
is contained between the lines of slope =% and 4t ie the relevant indices are

27 27
found at shearing parameter [, then, at scale J —|— 1, the edge curve is contained
either between the lines with slopes 2]+1 and 2., between those of slopes 24

and 284, or between those with slopes 52+ and 22, This means that, at scale

j + 1, the relevant indices are found at shearing parameter I’ € {21 —1,2[,2] + 1}.
In order to avoid that an index has more than one parent, we select the shearing
parameters 2/, 2l + 1 as children of [. Observe that it is true that if the edge
curve overlaps the children supports, then it necessarily overlaps also the parent
support.

Let us now describe the relations between the position indices k = (ky, k2).
Following the idea explained in Section [5.1] let us reason in an ideal way for a
moment, and suppose that the shearlet v is supported within the unit square
0, 1]%. If this is the case, then the shearlets 1), are supported within the region

{(I’l,SL’Q) 10 S 4j£(31 + 2jl$2 - ]{71 S 1,0 S 2j.7)2 - ]{32 S 1}

Therefore, we can observe that, at scale j, along the x,-axis, the unit interval
[0,1] is divided into dyadic intervals [52, #2+L] of amplitude 277. Each of these
intervals, at scale j + 1, is divided into two intervals of length 277=!. Hence, it
is natural to consider as children of the sherlets supported Within the horizontal
2o+ 1

stripes 3 by <y < kéjl, those supported within the Strlpes 2 <1y < AT, and

those in 2§J2++11 <xy < kz;jl, which correspond to the posmon 1nd1ces 2ky, 2ko + 1.
Let us now describe the relations between the parameters ki. Along the z;-axis,
the supports are limited by the lines % — 2—] s < xp < kl“ — 21] Zo. This implies
that the relations between these parameters wﬂl depend also on the shearing
parameter [. If the shearing parameter at scale j + 1 is the double of that at scale
j, then the lines which limit the supports are parallel, hence, it is sufficient just to
scale k; with the parabolic scaling to obtain the positions {4k;+n :n =0,1,2,3}.
Whenever the shearing parameter is 2/ + 1, then the lines limiting the supports
at scale 7 + 1 have slopes 2% + # We can observe that they are slightly rotated
with respect to the lines limiting the supports at scale j. Therefore, here the idea

is to apply a shearing operation also to the position parameters, namely

GEDE-(")

This argument leads to expecting that, in the case of shearing parameter equal to
20 + 1, the children are located within {4k; + 2ks +n :n =0,1,2,3}.
These ideas give rise to the following parent-child definition.

Definition 5.1. An index (7,1, (k1, ko)) is said to be a child of (j/,', (K}, k%)) if
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=i+
Le {ar, 21 + 1},

o ky € {2k}, 2K, + 1},
" {4k +n:n=0,1,2,3} [ even
[ ]
YU {4k 42K, +nin=0,1,2,3} [ odd

We will write A < )\, whenever the index A is a descendant of \’.

Definition 5.2. A set of indices T is said to be a tree if
A=NXxeT = NeT.

By the previous definition, for each index we have up to two families of children,
each one composed by 8 elements. Hence, each index has up to 16 children, and,
for construction, every index at scale j > 1 has exactly one parent at scale j — 1.
Moreover, we can obtain the explicit expression of the unique parent of (j, [, (k1, ko))
depending on whether [ is even or odd:

. Lk ke e
(]—1757(L2J, L;J)) if [ is even,

=1 k-2l K L
(j_lv 9 7(|_ 4 J?'_EJ)) if [ is odd.

5.3 Main Results

In this section, we present the main results of the thesis. In the following, we
are going to analyze the structure of the relevant shearlet coefficients in the case of
a piecewise constant function, which has an edge curve coinciding with a straight
line. Unlike the approach in |Grohs, 2012], described in Section , our method
involves searching for relevant coefficients by excluding those that are certainly
insignificant.

Consider the functions f = %Il{xzo} —
G(z1,29) = f(x1)g(x2). Fix an angle § €

P=(ontt) ntty )

Liz<0}, g = 1, and define the function
, %71’), and consider the rotation matrix

—~
NI

The function we will analyze throughout this section is F(x1,x2) = G(P (i;))
Observe that its edge curve is distributed along the line sin(0)x; —cos(0)zy = 0, see
Figure[5.5] The choice of this function was made to enable an explicit analysis of
the coefficients and to facilitate the identification of relevant indices. Furthermore,

it can be viewed as the fine-scale case of a generic cartoon-like image.
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Figure 5.5: The function F.

First of all, we aim to discard all the shearing parameters associated with
negligible coefficients. In this particular case, given the simple expression of the
function F', we will conclude that there are at most two shearing parameters at
each scale which can be associated to non-zero coefficients. Since we are working
with band limited shearlets, and the shearing parameters play an important role
in delimiting the shearlets supports, we analyze the scalar product at fixed scale j
in the frequency domain. Notice that, since F' ¢ L*(R?), we interpret the Fourier
transform in the distributional sense. Let us compute the Fourier transform of F'.
We start from the Fourier transform of the Heaviside function A = 1,>0y, which
is

Fh(€) = 76(¢) — i P.V. (%) ,

where P. V. (%) is the principal value of %, i.e. the distribution acting on a test

function ¢ as

Since

where hY(x) = h(—x), we can compute the Fourier transform of the function f

FFE) = —iP.V. (%) .
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Moreover, it is easy to see that Fg(§) = 2m6(€). Therefore, since G(x1,23) =
f(x1)g(x2), we have that

FO(6,6) = FF(€)Fo(t) = —27i P.V. (51) 5(6s). (5.1)

Observe that GG has discontinuity along the line ;7 = 0, and its Fourier transform
is distributed along the orthogonal direction £ = 0. Analogously, given that F' =
G(P-), it holds that FF = FG(P-), hence the Fourier transform of the function
F is distributed along the line & cos(6) 4 &2 sin(6) = 0, which is orthogonal to the
discontinuity line of F, 21 sin(f) — x5 cos(f) = 0. Since 6 € (5, 37), we have that
the line & cos(6) + & sin(f) = 0 is completely contained in the horizontal cones,
hence we will analyze the decomposition of F’ with respect to the Parseval frame
. In the next lemma, we analyze the coefficients with the scale parameter j
fixed, and we show that most of the coefficients are definitely zero.

Lemma 5.3. Let j > 0, I; = | =27 cotan(f)], I = [-2 cotan(8)], L; = {I},15},
and k € Z*. Then, for everyl ¢ L;,

(F,16) = 0.

Due to this lemma, we can discard from the set of the possible indices all the
indices corresponding to the scale j, and to a shearing parameter [ ¢ L,.

Now, we are interested in finding the right position parameters kq, ks. Given
that the edge curve has infinite length, we have infinitely many shearlets that lie
on the line. Therefore, to study the error, we need to restrict the set of the position
indices. Following the idea explained in the previous section, by supposing that
the shearlets are essentially supported within an unit square, we have that at
scale j the xo-axis is divided into horizontal stripes of amplitude 277. Hence, we
consider only the values (ky,ks) € Z x {0,...,27 — 1}. In the following, we fix
j>0,1€L; and ky € {0,...,27 — 1}. The next lemma shows the decay for
ki varying in Z. Intuitively, we are studying the coefficients associated to the
shearlets lying within the same horizontal stripe.

Lemma 5.4. Let j >0, 1 € L;, and ky € {0,...,27 —1}. Then,
C2-2i
|k1 — k2(27 cotan(6) + 1)|2’

[(F, hjae)] < ki € Z. (5.2)
This lemma suggests that the largest amplitude values on each stripe are those
for ki ~ ko(2? cotan(f) +1). Now, we need to decide how many indices k; to keep.
In order to do this, we fix a threshold » > 0. The idea, here, is to discard the
indices with amplitude that is certainly smaller than or equal to 7. Let us study
when the upper bound in ([5.2)) is larger than 7.
C2 3 . Cc2 4
: >1n <= |k — k2(2) cotan(0) +1)| < .
k1 — ko(29 cotan(8) + D)2~ [fx = (2 cotan(9) + ) NG
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Therefore, for every j > 0,1 € Lj, ks € {0,...,2/ — 1}, and for a fixed threshold
1 > 0, we choose the indices k; € Z such that

: C92-3J
ki€ Ak, (n) = {k: € Z : |k — ko(2 cotan(0) + )| < NG } . (5.3)

_ 3
Observe that |A;;,(n)| ~ 2 \/‘%]. Notice that the number of k; we select at each
scales depends on 7, but it is uniformly bounded by % This ensures that we

are not selecting too many indices. So far, we have constructed a set that, for
every resolution scale parameter j, discards all those coefficients that are certainly
smaller than 7. Since the amplitude of the coefficients has to decay along the
scales, we use the threshold 7, in order to discard the scales that only contain
small coefficients. In other words, due to Holder inequality and a simple change
of variable, we have

3.
(CF 5000 < N F ool ]l < C'2727,
and 5 o
C'272 >y = j< glog2 (?) = Jn.

This means that, for j > j,, every coefficient has small amplitude with respect
to n, hence we discard all the coefficients for j > j,. To summarize, we have
constructed the set of the most relevant indices 7'(n) as

Lin]
T(n) = U T;(n),

where
A= (j,l, (l{il,k‘g)) S ,I'](T]) — l e Lj,k‘Q S {0, ce ,2j — 1},]{31 € Aj,l,kg(n)' (54)

The next lemma shows that the set T'(n) is a tree, and provides an upper bound
on its cardinality.

Theorem 5.5. For everyn > 0, T(n) is a tree, and |T'(n)| < n73.

Our target, now, is to show that the error committed by selecting only the
indices in T'(n) is optimal (see Theorem [£.15)).

Since we are limiting the indices ks, we are not approximating exactly F, but
its projection over the space generated by

{Wjup 152 0,-2 <1<V, 0<ky <2,k €Z}.

62



Let us denote by PF’ this approximation, and consider the approximating function

S(Fop) = Y (F,a)in.

AeT(n)

The error committed is

IPF—SEnES Y KE )P

AET(n)
The next proposition shows that the error decaying is optimal.

Theorem 5.6. If |T'(n)| < N, then

IPF—S(Fmll; SN

5.4 Proofs

Proof of Lemmal5.3 First of all let us observe that, as a distribution, FF acts
on a test function ¢ as
(FF.p) = (FG,o(P"")).

Therefore,

1 1
(Fy i) = 5 (FE Fibin) = 5 (FG, Fibun(Ph)).

From (4.8), and (4.9)), we obtain that

&
o3 » _ &y sin(f) — & cos(6) B —ia(€r,62)
= 2720 Fapy (477 (& sin(0) + & cos(8)) Faby (23 & oin(®) T & 5in(0) z) e iol&e2)

where « will depend on all the parameters. Consequently, using the expression of
FG given in (5.1)), we obtain

(Foab0) = —i27 2 Fapy(—27 cotan(6)—1) lim F i1 (4776 sin(0))

e ta(1,0) dé,.
e—0t l€1]>e 61

Now, we recall that Fi, is C*, and compactly supported within [—1, 1], and we
observe that '
|—27 cotan(f) — 1| <1 < l € L;.

Therefore, we can conclude that if [ ¢ L;, then (F,1;,5) = 0. O

63



Proof of Lemmal[5.4 Let us notice that, by construction, F(0,0) = 0, so the
shearlet ¢ has zero average. Moreover, we recall that ¢ has fast decay in the
spatial domain. The idea, here, is that when k; is sufficiently small, then v is
mostly concentrated on a region where F' = —%. Therefore, we use the zero
average property, and we add % to F. In this way, we have that the shearlet
coefficient coincides with the integral of ¢ on the other side of the edge line,
where the shearlet has to be close to 0. Hence, we expect that small values of k;
generate small amplitude coefficients. We will argue in the same manner for £,

sufficiently large.

U ias)| = 1(F + 5 500)]

o L))
N —oo  Jcotan(0)z2 T2 ko

Due to the change of variable (‘Zi) = SlAI (g) — (IZ;), we obtain

dzidxs.

+oo +oo
(F i) < 273 / /( 0y, o) [ds o

27 cotan(0)+1) (y2+k2)—k1

Let us suppose k; < ky(27 cotan(#) + 1). Consider the ball centered at the origin
of radius R, Bg, tangent to the line y; = (27 cotan(f) + 1)(yo + k2) — k;. Since
k1 < k2(27 cotan(f) + 1), we have that

{(y1,2) € R? : yy > (2 cotan(0) + 1) (yo + k) — k1} € R?\ By = BS.

Y2

dhw
.
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Moreover, since v is fast decaying, we have that, for every N € N, there exists
a constant C'y > 0 such that

(Y1, )| < y = (y1,152) € R%

| __ YN
— 14yl

Therefore, we have

.. [t C _
(V)| S CNQ_SJ/ P < N 9-3ip*N N > 2.

d
. 11V TSN 2

We can obtain the same estimate for k; > ko(27 cotan(6) + 1), indeed, subtracting
rather than adding % to F' leads to the symmetric case that can be analyzed in

the same way.
. k
L A9 iy  [F
<S (502 ko

dxldzz:Q

+o0o  pcotan(f)x
(F, )] = (F wﬂk|<2zf/ /

oy +00 (29 cotan()+1) (ya+ka)—k1 oo )
o U (y1, yo)ldyrdy, S Cn2™ 23/ dp
ST —
< On 2

- N-2

—3IRZN. N > 2.

Observing that | € L;, we have

(27 cotan(f) + 1)k — k1| (
B V14 (I + 27 cotan(9))? \/_

Therefore, we have

27 cotan(8) + 1)ky — ki)

Chy2 30
(27 cotan(0) + kg — ky|N-2

[(F Y00 | < |
The choice N = 4 concludes the proof, but we note that to prove Theorem

one could select any N > 3. O

Proof of Theorem[5.5. We start by showing the estimate on the cardinality of
T'(n). By construction of Tj(n) given in ({5.4), we can observe that

NS

2
Nk

Tl <

Therefore, by definition of T'(n),

Lin)

1 i 1
T(n)| < ﬁ22 sﬁz

j=0

Neg

win
—~
o
(@
~

NUEE
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Let us now show that 7'(n) is a tree. We recall that we have an explicit expression
of the unique parent of the index (7,1, (k1, k2)) depending on whether [ is even, or

)
()

Observe that, in general, the parent has shearing parameter [éj It is straight-
forward to see that

[
lE LJ — \\iJ < Lj*l)

. k .
ke € {0,...,2 =1} = {éJ €{0,...,2771 —1}.

Let us suppose [ even. We have to prove that

k
ki€ Aj,l,kz(n) = \‘ZlJ S Aj;l’é"_%J (77)

Applying the definition of Aj;;x,(n), it follows that

C:i;;j + (277! cotan() + é)% < % < (277! cotan(f) + é)% 22\/;]]

Using L;QJ < 72 < ij + 1, and 297! cotan(6) —i—% < %, we have
—22\;; + (2771 cotan(@)—l—é) {%J < % < (21 cotan(H)—l—%) {%J 22\;;] —i—%.
Now, we use L%J < %1 < L’Z—lJ + 1 to obtain
HEJ (@ cotan(6) + 1) VQJ - e +1 = 27%—02_%(]‘_1)+1 < cz v

1 2 NG Vi Vi
where the last estimate is valid for 027\%/;:71) > 2%%_1 ~ 1.175. We observe that,
since €2 iﬁ; Vo> o o W’ up to choosing C sufficiently large, the last

—
estimate holds. This concludes the first part of the proof.
Suppose, now, that [ is odd. In the same way, we obtain
c2-i N L | ks sz‘zf
- 21 cotan(f)+ =) | —= | < = < (277 cotan(d
i +( cotan( )+2){2J 4_( cotan( )—|—2){ 4\/_

1
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which implies

co =1 |k | _ ki—2]%]
== 9Jj—1 Yy e T2 ]
NG + (27" cotan(d) + 5 )LQJ_ 1
: [ — k 9= 1 1
< (277! cotan(f) + T> LEJ + 04\/_
Now, we can argue as in the other case to conclude the proof. O

Proof of Theorem[5.6 In order to prove this result, we use the argument pre-
sented in the proof of Theorem 4.1 in [Cohen et al., 2001]. Observe that, for
construction, if n; < ny, then T'(n;) 2 T'(ny). This implies

T(27™ n) D T(2 ™), m > 1.
This, with the fact that
AET2) = [(Fgn <27,

and Proposition [5.5, implies that

IPF—=S(ENZS DY [(F ) |2<Z > [(F, )2

A¢T(n m=0 eT(2—m~In)\T(2-™n)
<P Z 272 (27" )| < s Z 2755 <.
m=0 m=0

2

By considering N a natural number such that N ~ 13, we have that |T'(n)| < N.
This allows to conclude the proof

IPF—-S(Fnll; SN2
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Appendix

A Lipschitz Regularity

In Section [3.1] we see that the regularity of a function is useful to character-
ize the non-linear error decay. In order to formalize this, we need to extend the
concept of regularity to non-integers. The starting point to do this is the Taylor
formula. Let f: R — C be a function, and suppose that it is m times differen-
tiable in a neighborhood I of a certain point x € R. Let us consider the Taylor
polynomial of degree m — 1 at x

@) - a)t

The Lagrange error bound of a Taylor polynomial gives that

|t —a|™
[ sup
m: sel

amf
ds™

. tel.

()

The Lipschitz regularity generalizes this inequality to non-integer exponents.
Definition A.1. Let f: R — C be a function.

e f is said to be Lipschitz a > 0 at x € R if there exist a constant K > 0,
and a polynomial P, of degree m = |« such that

f(t) = P(t)] < K|t —=[*, e
e f is said to be uniformly Lipschitz o > 0 over [a,b] C R if it is Lipschitz
a >0 at every z € [a,b], with a constant K which does not depend on z;

e The Lipschitz regularity of f at x or over [a,b] is the supremum of the «
such that f is Lipschitz a.

The polynomial P, is uniquely defined, indeed if f is m = |«| differentiable
in a neighborhood of x, then P, is the Taylor polynomial of f at z. In particular,
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if 0 <« < 1, then P.(t) = f(x), and the Lipschitz condition becomes the Holder
condition with exponent «

If(t)— f(x)| < K|t —=z|*, teR.

A function f that is bounded, and discontinuous at x is Lipschitz 0 at x. If a < 1,
then f is not differentiable at x, and the exponent « characterizes the singularity
type. If f is uniformly Lipschitz o > m in a neighborhood of x, then one can prove
that f is necessarily m times continuously differentiable in the neighborhood of
x.

B Frame Theory

When studying the decomposition of functions with respect to certain systems
of functions, it is sometimes necessary surpassing the concept of orthonormal
basis, and considering redundant systems. The concept of frame, introduced for
the first time in [Duffin and Schaeffer, 1952], often comes into play because it
guarantees stability while allowing redundancy. In this section, we recall the
main definitions and properties of frames, without providing all the proofs. We
refer the interested reader to Chapter 5 of [Mallat, 1999], and to Chapter 8 of
[Hernandez and Weiss, 1996] for further details.

Definition B.1. Let H be an Hilbert space. A family of functions {¢;}ic; C H
is said to be a frame if there exist constants A, B > 0 such that, for every f € H,

AllFI5, < DI vl < BIfIE,. (B.1)

i€l

If A and B can be chosen with A = B, then {1;},c; is said to be a tight frame.
If A= B =1 is possible, then {1;};c; is a Parseval frame.

We can analyze an element f € H through its sequence of frame coefficients
((f,%3)),c;- In this regard, we consider the analysis operator

T:H — *(I)
defined as T'f := ((f,v)),c;- Its adjoint
T: *(1) — H

is the so-called synthesis operator, and its analytic expression is T%c = )., ¢4
for ¢ = (¢;)icr € £%(I). The third operator that comes into play is the frame operator

T°T:H—H,
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where, for each f € H, T*Tf = >, ;(f.¥i);. The frame condition (B.I) can be

written as
Allfl3, S(T*TF, f)u < Bl 15

this directly implies that the frame operator T*7T is self-adjoint, positive, and such
that Aldy < T*T < Bldy . In particular, if the frame is tight, i.e. A = B, we
have

(T*TF, Flu = Al f13

This implies that, in case of a tight frame, T*T = Ald.

The reconstruction of f is calculated through the pseudo inverse. Let us ob-
serve that the frame property guarantees that 7' is a bounded, injective
operator. On the other hand, there is no guarantee on the surjectivity of 7'
Hence, in general, Im T+ # {0}. We define the pseudo inverse of T,

T 2(I) — H,
as the left inverse of 7" assuming 0 on the orthogonal complement of Im 7', namely
Tle=0, ceImT.
Theorem B.2. [Mallat, 1999/ The pseudo inverse satisfies
T = (T*T)~'T*.
Moreover, it is the left inverse with minimum norm, and

Tt
HTTH — sup w < A*%.
c€2(I),c£0 ||CH£2(I)

The pseudo inverse of a frame is related to a dual frame {QZZ}ZE 7, Where
wi = (T*T)ili/)Z
The next theorems specifies some of its properties.

Theorem B.3. [Mallat, 1999] The dual frame {';Ei}ie] satisfies for f € H

1 ~ 1
Sl < DI Pl < 1 F 1 (B-2)
il
and 3 )
f= TTTf = Z<f> Vi) ui = Z<f7 Vi) ubs. (B.3)
il i€l

If the frame is tight, then ¥; = A~'4).
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In particular, in Sections [4.2] and of Chapter [4, we deal with a Parseval
frame (A = B = 1) of the Hilbet space L?(R?). In this case, due to the previous
results, we have that

f:Z<fawl>wla f€H7
i€l
and

IF13, =YK f v, fe.

i€l

C Hausdorff Measure H#' and the Notion of Length

The Hausdorff measure H' is an efficient tool which allows to measure the
length of a curve without requiring a parametrization. In the following, we present
the definition of H! on R", we discuss its relation with the notion of length, and
finally we discuss how we apply these arguments in sections [3.1, and [4.3] We refer
to [Maggi, 2012], and [Evans, 2018] for a more in-depth argumentation.

Given a set £ C R", we define the diameter of F as

diam(E) = sup{|lz —y||» : x,y € E}.

Definition C.1. Let £ C R", and 0 < § < +o00. Set

HY(E) = inf {Z diam(E;) : E C | J B, diam(E;) < 6,]I| < NO} .

iel icl
The Hausdorff measure H! of E is defined as
HYE) = lim H;(E).

§—07t
Remark C.2. The Hausdorff measure H' belongs to the family of Hausdorff

measures on R”, H*, which can be defined for every 0 < k < 400. Moreover, it
can be proved that the Hausdorff measures are Borel regular measures on R".

We are interested in the case k = 1, because it is strictly related to the length
of a curve. Let us briefly recall the main definitions.

A set I' C R”™ is said to be a curve if there exist a < b, and a continuous
injective function 7: [a,b] — R™ such that I' = «([a, b]). The function = is said
to be a parametrization of I'. The length of I' is defined as

N
() :sup{Zh(ti) —y(ti)|ra=tg <ty <---<ty_1 <ty=bN EN}.
i=0

The next result shows that the length of a curve in R” is equal to its Hausdorff
measure H'(T).
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Theorem C.3. [Maggi, 2012] Let ' C R™ be a curve. Then
HYT) = 4(I).

Let us now consider a closed curve I' of finite length L > 0. Without loss
of generality, we can suppose it to be supported inside the unitary square [0, 1]°.
Since I" is compact, we can assume the covering {E;};c; to be finite, and we set
N(8) = |I|. Choosing &; ~ 277, due to theorem [C.3| we have that

lim H; = L.

Jj—+o00
Therefore, in this case, we necessarily have
N(8;) ~ L27.
In particular, since a dyadic square @ of side length 277 satisfies
diam(Q) ~ 277, Qe 9,

we can apply the previous argumentation to a covering of dyadic squares. This
provides us the order of the number of dyadic squares intersecting a given curve

.
D Classical Shearlet Construction
In this section, we show a particular construction of ¢, and 1), satisfying the

properties (£.10]), and ([£.11]) in Section [1.2]

Let us start with the construction of ¢);. Consider an even function h € C*(R),

supported within (—é, %), and satisfying [, h(t)dt = 5. Now, define a function
3
o)~ [ ity
and a smooth bell function
sin (© (|¢]—3))  if1 < ¢ <2,
b(e) = qcos (0 (8- 1)) 2 <<t
0 otherwise.

From the previous definition, it is not difficult to see that

+oo o 1
2RI =1 g =

j=—1
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Now, defining u?(§) := b?(2¢) + b*(£), it follows that

Zu 235 Zb2 15 ) =1, €] >

j=0 j=—1

OOIH

Finally, we can define Fi(§) = u( f Therefore, we have that supp Fiy; C

[—%, —%6} U [116, 2] and that equation is satisfied.

rbz(Qu}l

08f 08

06

06

04}

04

02 02

)

L L L 0 L L L L L L
a 01 0z 03 04 05 06 =i -08 06 04 -02 (1] 02 04 08 08 1

Figure 6: [Guo and Labate, 2007]. On the left, the solid line represent the positive
side of the function |F4;|?, the negative side is symmetrical. On the right, the
function Fibs.

Let us now discuss the construction of 5. Consider a C* function f; com-
pactly supported inside (—1,1), such that 0 < f; <1, and f; = 1 on [—3,3].
Now, consider the function fo(t) = V1 —et, and define f(£) = fi()f2(t), for
t € [-1,0). Due to the properties of f; and f, we can observe that, in the limit
sense, ”Cllt,{( 1)=0fork >0, f(0) =1, and Zt,{(O) =0fork > 1. Since0 < f <1,
we can define the function g(t) = /1 — f2(t — 1) for t € (0,1). It is easy to see
that ¢ has the same behaviour as f for t = 0. Moreover, since f(t) = fa(t) for
t] < 1, then g(t) = e=-D for t € [1,1), and %L(1) = 0 for k > 0 in the left limit
sense. Finally, we can define

f(§) it e(-1,0),
Fipa(€) == 4 9(§) ifE€[0,1),

0 otherwise.

By construction, we have Fipy € C*°(R) with compact support in [—1,1]. More-
over, an easy computation shows that (4.11]) holds.
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