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Introduction

The two biggest problems of theoretical physics nowadays concerns the research for a
theory of quantum gravity and the study of strong coupling field theories.

The first problem originates in the late 1970 when the Standard Model of particle physics
was decisively confirmed by experiments. The key theoretical concept underlying this the-
ory was gauge symmetry, i.e. the idea according to which the symmetry transformations
act independently at each point of spacetime. In the Standard Model three of the four fun-
damental forces of nature are described; the fourth force, gravity, is the weakest one and
does not fit into the same quantum description. The incompatibility of gravity with the
other three forces of nature comes from a theoretical problem concerning the theory of gen-
eral relativity, which actually provides our deepest understanding of gravitational physics
at the classical level. One of the biggest problem about this theory regard its apparent
incompatibility with quantum mechanics: when one tries to include quantum corrections
in general relativity one obtains naively divergent answers, and these divergences cannot
be cured with standard renormalisation techniques. In brief, the quantisation of general
relativity unfortunately does not lead to a renormalisable theory. It is generally believed
that the correct, fundamental description of all physical fields should undergo the general
framework of quantum mechanics. Gravitational physics should make no exception and
thus we have to look for a theory of quantum gravity that reduces to general relativity
in the infrared. The quantum gravity effects naively show up only at the Plank length,
which is a scale defined exclusively in terms of three universal physical constants ¢, h and
the gravitational constant Gy

hGn

~ 107%cm.
3

Ip =

The smallness of [p (at the present time we are able to probe physics up to a scale of
10717 cm) is related to the weakness of the gravitational force, which is about 40 orders
of magnitude weaker than the electromagnetic force. The fact that [p is so remote makes
it difficult to gain any experimental evidence of quantum gravity. Of course one may ask
why then it can be useful to study quantum gravity; many of the answers for this question
are contained in the theory of general relativity and in the holographic principle which is
the subject of this thesis. In general relativity there are a lot of important solutions that
have singularities, namely regions of infinite curvature. The most famous example is the
Schwarzschild black hole (Gy = 1)

’ — oM
T

2M 2
ds? = — (1 — —) ar* + L 2g02

where M is the mass of the black hole and d2? is the differential angular element. This
geometry has a real singularity in 7 = 0, which is not related to a possible choice of in-
appropriate coordinates, and an in-falling observer can reach that point in a finite proper
time. Even more surprisingly at the Schwarzschild radius » = 2M the coordinates break
down but the underlying spacetime manifold remains perfectly smooth as is clear in other
coordinates. This means that crossing the Schwarzschild radius from the exterior region
is an irreversible process or, in other words, there is a one-way membrane that casually
divides spacetime into the external universe and the black hole interior; this is the black
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hole event horizon. One might not be very troubled that singular solutions to Einstein’s
equations exist but recent observations have shown that such objects are actually present
in nature and therefore we cannot simply turn a blind eye to the singularities that arise
in general relativity. Another very important singularity that we only mention and that
quantum gravity could explained is at the original Big Bang event in the Friedmann-
Robertson-Walker metric which best describes our universe on large scales.

In order to find a quantum theory of gravity over time many different solutions have been
proposed. It has been realised that a natural way to avoid the pathologies between quan-
tum mechanics and general relativity is to think of point particle as a non fundamental
but derived concept. The simple way of doing this is to consider extended one dimen-
sional objects, strings, as the fundamental ones. The dynamics of quantum relativistic
strings contains pointlike particles as oscillations modes of the strings among which is
the graviton: in this sense, string theory is a theory of quantum gravity. The propaga-
tion of bosonic strings is free of quantum anomalies only in 26 spacetime dimensions. In
order to include fermions in the string spectrum, one can introduce into the theory the
supersymmetry which is an enlargement of the symmetry group of spacetime obtained by
including spinorial generators in the Poincaré algebra. Supersymmetric string theories are
well defined “only” in 10 dimensions and the four dimensional physics is usually recovered
through reduction over a compact six dimensional manifold.

The second of the problems with which we opened the introduction is about the study of
strong coupling field theories. In general we are able to solve field theories exactly only
when they are free theories. However, when we introduce interactions the only way to
find an analytical solution is to use the perturbation theory which relies on expansions in
the interaction coupling constant. Some interactions, like strong interactions described by
QCD, are asymptotically free, meaning that they do not have a small coupling parameter
at large distances (or low energy) and therefore for these theories in general one cannot
perform a perturbative expansion. One possible approach is to use numerical simulations
on the lattice which, at the present time, is the best available tool to do calculations in
QCD at low energies.

A connection between the two introductory problems and, in particular, between string
theories and strong coupling field theories was first discovered by Gerard 't Hooft in 1973
[1]. In order to study QCD with the canonical perturbation theory tools, 't Hooft pointed
out that the gauge theories based on the group G = SU(N) simplifies in the limit N — oo
and to recover the physics one could perform a 1/N expansion down to N = 3 in the case
of QCD. The simplification rely on the fact that among all the possible Feynman dia-
grams, a subset dominate in this limit. In particular the dominant diagrams are those
which can be drawn flat on a plane, which are referred to as planar diagrams. This new
diagrammatic expansion of the field theory based on the topology of the Riemann surface
on which the diagram lies, suggests that the large N theory is indeed a string theory for
the following reason. Our best description of string theory comes from the worldsheet
formalism of a single string propagating through a fixed background. This is analogous to
the quantum mechanical description of a single particle, however the worldsheet descrip-
tion contains a lot more physics. Because the string worldsheet can have many different
topologies and excitations, we can actually describe interactions between many different
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string states studying how the topology of the worldsheet changes. String theories are
thus defined by a sum over topologies, with the sphere (or plain) giving the dominant
contribution at weak coupling, in analogy with what happens in the large N limit in the
SU(N) field theories. However, a deeper connection between the two theories was found
by Maldacena many years later.

The connection between gauge theories and string theories was made explicit by the so
called gauge/gravity duality. Gauge/gravity duality, as first realized by the AdS/CFT
correspondence of Maldacena in the late 1997 [2], is a very special holographic duality
that relates a string theory on spacetimes that asymptote AdS,, x X, where AdS,, stands
for Anti de Sitter space in n dimension (which is the maximally symmetric space with
negative curvature) and X is a generic compact manifold, with a n — 1 dimensional con-
formal field theory (CFT), i.e. a quantum field theory with the conformal symmetry,
defined on the conformal boundary of AdS,,. The correspondence is a realisation of the
holographic principle because the two theories live in different dimensions and it is a dual-
ity in the sense that everything in one theory corresponds to something else in the other
according to the holographic dictionary. Despite not yet having a formal demonstration,
the correspondence is one of the greatest achievements of string theory since it provides
new methods to investigate strongly coupled systems. In fact, one crucial aspect of the
correspondence is that the perturbative regimes in the two dual theories are perfectly
incompatible in the sense that the limit in which one becomes hard to compute is the
limit in which the other simplifies, therefore in general it gives to us the possibility of
computing observables in a strongly coupled field theory using a classical gravitational
theory. For this reason holography became one of the most important discoveries of high-
energy theoretical physics in recent years. The fact that the field theory lives in a lower
dimensional space blends in perfectly with some previous speculation about quantum
gravity. In fact this “holographic” principle comes from thinking about the Bekenstein
bound, which states that the maximum amount of entropy in some region is given by
the area of the region in Planck units instead of its volume; the reason for this bound
is that otherwise black holes formation could violate the second law of thermodynamics.
Furthermore, the fact that string theory blends in naturally with holography is one of the
most valid reasons that drives us to study it regardless the problem about quantum grav-
ity. This theory was fundamental in the development of the AdS/CFT correspondence
because, besides closed and open strings, it contains other multi-dimensional extended
objects, called D-branes, which have two dual descriptions. From the point of view of the
open strings, D-branes are D-dimensional objects on which their end-points are confined
to move. The oscillations of the ends of the open strings give rise to gauge fields and it
is in fact possible to construct a CF'T on the worldvolume of the D-branes. On the other
hand, from the point of view of the closed strings, D-branes are massive D-dimensional
objects and therefore they source the gravitational field curving the spacetime and giving
us a gravitational theory. In the so called decoupling limit the two theories decouple
and Maldacena realized that the two different descriptions of the D-branes have to be
equivalent.

Numerous dual theories have been found over the years. The one on which the thesis is

viii



CONTENTS

focused, as well as the first to be discovered historically, is that between a gravitational
string theory on spacetimes which asymptote AdSs x S°, and the so-called N' = 4 su-
persymmetric SU(N) Yang-Mills theory on the four dimensional boundary of AdSs. It
is quite hard to find quantum field theories that are conformally invariant. In super-
symmetric theories it is sometimes possible to prove exact conformal invariance and the
N =4 SU(N) SYM theory is an example of this. Another important duality that we will
consider is the one between string theory on spacetimes which asymptote AdSz x S3 x T*
and the two dimensional conformal field theory living on AdSs, called the D1-D5 CFT.
The latter is very useful in order to study black hole microstates.

According to the holographic dictionary each state of the CFT is linked to a particu-
lar geometry on the gravity side. The gravity theory becomes classical in the limit in
which the central charge of the CFT is large which is equivalent to the large N limit
discussed above. In this limit, “heavy’ states, whose conformal dimension grows as the
central charge, should be described by non-trivial classical geometries that approximate
the Anti-de-Sitter (AdS) solution at large distances. The purpose of this thesis will be
to construct some examples of these geometries for the heavy states of the maximally
supersymmetric SU(N) gauge theory. The starting point in order to do this are the LLM
(Lin-Lunin-Maldacena) geometries, namely a particular class of solutions for the super-
gravity theory which tend asymptotically to AdSs x S°. These solutions are dual to the
class of operators of the CFT we are interested in, namely operators preserving 1/2 of the
supersymmetries of the theory, and they are all uniquely determined once a particular
region has been fixed on the two dimensional LLM plane. For example, in this picture
the AdSs x S° geometry is the LLM solution related to a disk on the LLM plane, which
is dual to the vacuum state of the CFT according to the AdS/CFT correspondence. It is
natural to think the geometry dual to the “light” states of the CF'T (namely, those with a
conformal dimension much smaller than the central charge) as the LLM solution related
to a small deformation of the disk on the LLM plane, which will be therefore linear in the
parameter that quantifies the deformation and which we will call . As we have already
said, the main purpose of this work is to find the geometries dual to the heavy states.
These states can be constructed by putting together a large number of light states and,
in the LLM picture, the problem of finding the dual geometry is equivalent to finding the
correct figure on the LLM plane, which will be a non-linear correction in the parameter €
to that related to the light states.

This work is organized as follows. In the first five chapters we will give an overview of the
background material upon which the rest of the thesis rests. We begin by reviewing the
basic concepts of supersymmetry in chapter 1, we give a very basic introduction to string
theory in chapter 2 and supergravity seen as the low-energy limit of string theory in chap-
ter 3. Then in chapter 4 we will motivate the AdS/CFT conjecture using the arguments of
the first three chapters and in chapter 5 we will conclude the introduction describing some
special operators of the CF'T which allow the correspondence to be applied regardless of
the energy scale; always in this chapter we will also give the basic recipe for applying
the holographic dictionary, i.e. the dictionary which allows us to relate operators in the
field theory with the corresponding fields in the theory of (super)gravity. Throughout
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this introduction to the holography we will always refer to the correspondence between
the maximally supersymmetric SU(NN) Yang-Mills theory and type IIB supergravity on
AdS5 x 5% since this is the protagonist of the present work. Nevertheless, in Chapter 6 we
will use the duality between the D1-D5 CFT and type IIB supergravity on AdSs x % x T*
as an example to construct geometries dual to heavy states and to the use the holographic
dictionary to check the state/geometry map. In particular we will consider some special
geometries on the gravity side and we will use the holographic dictionary in order to
describe the dual states on the CFT side. It is important to emphasize that the material
presented in these introductory chapters is insufficient for a complete understanding of
the topics covered, but cites the relevant literature and serves as review for the problem
that we are going to study. In chapter 7 we will describe the LLM solutions in general as
the class of geometries of type IIB supergravity which preserves half of the supersymme-
tries and tend asymptotically to AdSs x S°. Then in chapter 8 we will explicitly write the
LLM solution obtained by slightly deforming AdSs x S° and we will see how this geometry
is related to what we will call “light” states of the CFT, i.e. the states with a “small”
conformal dimension. We redevive in detail and confirm the analysis at linear order in e.
In particular, we write explicitly the linear order solution (never written explicitly in lit-
erature). Finally, in chapter 9 we will generalise what we saw in chapter 8 by considering
the deformations of AdSs x S° up to the second pertubative order in the parameter that
quantifies the deformation. We will explicitly write the solution and we will try to say
something about the exact solution, which could in any case be the subject of any future
research. These geometries are dual to what we will call “heavy” states of the CFT, i.e.
the states with a “large”” conformal dimension. The second order analysis covered in this
last chapter is new. We find that the “naive’”” LLM profile is not the one that maps to the
simplest heavy state (i.e. the multi-trace made by many equal single-trace components).
We find the proper profile at the second order.

Finally, the last chapter is devoted to a summary and discussion.



An Introduction to Supersymmetry

Supersymmetry (SUSY) is a space-time symmetry mapping particles and fields of integer
spin (bosons) into particles and fields of half integer spin (fermions), so that its repre-
sentations are (super)multiplets containing both bosons and fermions. It was found that
the ultraviolet divergences of supersymmetric theories are less severe than in the stan-
dard model due to the cancelation between bosons and fermions in loop diagrams. For
this reason, the supersymmetric extension of the standard model and, of course gravity,
was developed. The supersymmetric extensions of gravity are called supergravity theories
(SUGRA).

An extended review of supersymmetry is far beyond the purposes of this work. Here we
will show only some basic aspects that will be useful in dealing with supergravity. We

refer to a complete reference such as [3], [4] and [5] for details.

1.1 THE SUPER-POINCARE ALGEBRA

Supersymmetric theories have a new conserved charge that is a left-handed Weyl spinor
Q! together with its right-handed counterpart Q([X This is known as the supercharge.
Here I =1,--- , N, so it is possible to have multiple supercharges, a situation known as
extended supersymmetry (N > 1). From an algebraic point of view there is no limit to
N but, as we will see later, increasing A/ the theory must contain particles of increasing
spin and no consistent, interacting quantum field theory can be constructed with fields
that have spin greater than 2. At the heart of the supersymmetry algebra is the anti-

commutation relation
{QL.Qu} = 204, P0", (1.1)

where o = (I, ¢) and later we also use ¢* = (I, —o"). It is no surprise that a spinor
should have an anti-commutator. But the structure of this relation is interesting: it tells
us that the supercharges should be viewed as the square-root of spacetime translations. In
theories with local supersymmetry (i.e. where the spinorial infinitesimal parameter of the

supersymmetry transformation depends on z#), the anti-commutator is an infinitesimal
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translation whose parameter depends on z#. This is nothing but a theory invariant under
general coordinate transformation, namely a theory of gravity. The upshot is that theories
with local supersymmetry automatically incorporate gravity. The only two non-trivial

commutators with Poincaré generators are

QL) = (6").°Qh,  [7,Q") = (,)%,Q" (1.2)

that follows from the fact that " = n

respectively the representation (%, 0) and (0, %) of the Lorentz generator J*”. Then we

(o#6¥ — 0¥5") and o = i(cto” — GYo") are

have
[P QL =0, [P,Qgl =0 (1.3)

and
{QuQfY = s, {Qu QB) = esp(2")" (L4)
where Z!7 = —Z71 is the central charge of the algebra (i.e. it commutes with all gen-

erators) and €,p = €55 18 the spinorial symplectic metric (note that for N' = 1, the
anti-symmetry of Z implies Z = 0).

This, then, is the supersymmetry algebra: it comprises of the well known algebra of the
Poincaré group, together with the algebra of the supercharges (1.1)-(1.4). Since the latter
involves non-trivial relationships with Poincaré generators, this algebra is an extension
of the Poincaré algebra, and is called super-Poincaré algebra. So supersymmetry is a

space-time symmetry.

1.2 REPRESENTATIONS OF THE SUPERALGEBRA IN D = 4

The representetions of the superalgebra can be obtained by acting with supersymmetries
on the single-particle Poicaré representations. Now, as a particle is an irreducible repre-
sentation of the Poincaré algebra, we call superparticle an irreducible representation of the
supersymmetry algebra. Since the Poincare algebra is a subalgebra of the supersymmetry
algebra, it follows that any irreducible representation of the supersymmetry algebra is a
representation of the Poincaré algebra, which in general will be reducible. This means
that a superparticle corresponds to a collection of particles, the latter being related by the
action of the supersymmetry generators Q% and Qi and having spins differing by units of
half. Being a multiplet of different particles, a superparticle is often called supermultiplet.
Since a Casimir of the superalgebra is the invariant mass P? = P,P*, particles in the
same supermultiplet have the same mass. Therefore we have to study the massive case

separately from the mass-less one. We will also work in D = 3 4+ 1 dimensions and we’ll
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say something on higher dimensions later.

1.2.1 MASSLESS SUPERMULTIPLETS

To study mass-less representations we choose a Lorentz frame in which the momentum
take the form P* = (F,0,0, E), E > 0. The superalgebra relation (1.1) then reduces to

4FE 0

nan = e (1)

The relations for « = & = 2 and I = J, together with Q, = Q! and the positivity
condition, implies
Q3 |state) = Qé state) =0, Z!7 =0, (1.6)

where Z1/ = 0 follow from (1.4). Therefore we can act on Poincaré particles only with
Q! and Q}. From (1.2) follows that Q! lowers helicity by + and Q! raises helicity by 3
All the states in the representation may be obtained by starting from the highest helicity
state |hnae) and applying products of QI operators. The total number of states in a
multiplet will then be 2. We shall only be interested in CPT invariant theories, such
as quantum field theories and string theories, for which the particle spectrum must be
symmetric under a sign change in helicity. If the particle spectrum obtained is not already
CPT self-conjugate, then we shall take instead the direct sum with its CPT conjugate.

The table below contain the multiplets Ao = 1, 3,2, 3 for some N

N hmaa: =1 hmaac - % hmam =2 hmaw g
8 none none 2, %, 1, %, 0] none

6 none none [2,%,1,%,0] %’1’%’0]
5 none none [2,5,1,5,0] [5,1,5,0]
41 [1,1,0] none 2,5,1,1,0] | [2,1,3,0]
3 [1,%,0] nlone [ ,%,31,%] [%1,%,10]
2 [175710] [%70] [27551] [55175]

Table 1.1: Multiplets in D = 4.

We have not included the multiplicity of each state and CPT, for a more complete version
look for example [3]. Each supermultiplet contains an equal number of bosonic and
fermionic d.o.f.; this is a general result of supersymmetry. Supermultiplets with the
vector boson h = 1 are called gauge (or vector) multiplets, while the supermultiplets with

the graviton h = 2 are called supergravity multiplets. Finally, the multiplets with only
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1
2

All theories with N’ > 4 are supergravity theories because in this case is not possible to

matter particles (h = 0,h = ) are called matter (or chiral) multiplets.

avoid gravity since there do not exist representations with helicity smaller than % Finally,
it is interesting to note that A/ = 8 supergravity allows only one possible representation
with highest helicity smaller than g and that for higher A one cannot avoid states with
helicity g or higher. Therefore, N’ = 8 is an upper bound on the number of supersymmetry
generators in D = 4, as far as interacting local field theories are concerned. We will see
that in D = 11 the upper bound is N' =1 and in D = 10 is N/ = 2. So the maximum
allowed number of supersymmetry generators for non gravitational theories is 16 (which
is indeed A = 4 in four dimensions) and 32 for theories with gravity (which is A/ = 8 in
four dimensions). When we talk about supersymmetry in higher dimension, we will see

that this is true in general and not only in D = 4.

1.2.2 MASSIVE SUPERMULTIPLETS AND BPS BOUNDS

The logical steps one should follow for massive representations are similar to previous
ones. There is however one important difference. Let us consider a state with mass m in

its rest frame P, = (m,0,0,0). Equation (1.1) is now
{QL, Q1) = 2mds0" (1.7)

and no supersymmetric generators are trivially realized. This means that, generically,
massive representations are longer than mass-less ones. For N/ = 1 the central charge is

zero. We define annihilation and creation operators satisfying the usual oscillator algebra

1 -
aiz = —Ql,Qv (1.8)
m

1
a9 = —— ,
b2 \/%Ql’z V2m

where aI lowers the spin by half unit while ag raises it. As before all the states in the
representation may be obtained by starting from the state |m, jo) annihilated by both
a; and ao and act with the creation operators to construct the corresponding massive
representations. In this case there are only two multiplets which contain massive particles
of spin lesser than 1: the matter multiplet jo =0 — (—%, 0,0, %) and the gauge multiplet
jo=3—(-1,2x —3,2x0,2x 3,1).

For A/ > 1 the algebra contain non-trivial central charges. A change of basis in the space
of supersymmetry generators turns out to be useful for the following analysis. Since the
central charge N x A matrix Z’/ is antisymmetric, with a U(N) rotation one can put
it in the standard block-diagonal form. To do so, we split the label I into two labels:
I = (_7,]), where ] =1,2and I = 1,--- ,r. Here N' = 2r for N even (and we append a
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further single label when N is odd). We then have

0 Z4
-7 0
0 Z
—Zy 0

0 Z
—Z, 0
k

where k = 0 for A/ odd and is absent for A" even. The Z; are the central charges. We can

now defines the following linear combination of the supercharges

— 1 _ o
bt = 5(@3 + (0%)aa@2), (1.10)
which satisfy the oscillator algebra
(Q1,, 00} = " 60a(m= 27). (1.11)

Due to the positivity of the scalar product with respect to which Q, = Q!, we get
m > |Zq], (1.12)

that is called BPS bound. Whenever one of the values |Z;| equals m, the BPS bound is
(partially) saturated and the supercharges QZ_(QZMF) must annihilate the state if Z7 > 0
(Z; < 0). The supersymmetry representation then suffers multiplet shortening, and is
usually referred to as BPS. More precisely, if we have m = |Z7| only for I = 1,--- ,7g, the

corresponding representation is said to be ——L—<BPS. In other words, the states that

9(r—rg)+1
are invariant under half of the supersymmetry algebra are half-BPS states. If ro = r we
have an ultra-short multiplet, if 0 < rq < r a short multiplet and if ro = 0 a long multiplet.
I

The construction of the representations proceeds as before using the oscillators Q,

4, see [3]
for details. The existence of short multiplets, whose mass is fixed to an upper bound, turns
out to be a wonderfully powerful tool in the study of quantum field theories with extended
supersymmetry. The basic idea is that one can usually solve quantum field theories at
weak coupling. As one moves into the strong coupling realm, the short multiplets are
special because their mass is not affected by radiative corrections. The existance of BPS

solutions is one of the main reasons that makes the study of supergravity important.



CHAPTER 1. AN INTRODUCTION TO SUPERSYMMETRY

1.3 SUPERSYMMETRY IN OTHER DIMENSIONS

There are essentially two parameters characterizing a supersymmetric theory: the dimen-
sion of the spacetime D, and the number of supersymmetries N. We have seen that
in D =4, N =1 is the minimal supersymmetry (4 supercharges), while N' = 8 is the
maximal supersymmetry (32 supercharges). We now want to extend the analysis of super-
symmetric theories to higher dimensional spacetime, and the reason is that, as we will see,
the supergravity representing to the low-energy limit of string theory lives in D = 11 or
in D = 10. Furthermore supergravity in DD = 4 naturally arises as dimensional reduction
of higher dimensional theories.

The extension is trivial if one considers only bosonic fields; in order to deal also with
fermions, one should first study spinor representations in dimensions greater than four.

This means studying the representations of Clifford algebra in higher dimensions

{7/1771/} = 277/uxa (1.13)

with g, v =0,---,D —1. If J,, is the Lorentz generator, the Dirac spinor representation
is defined in terms of the standard Clifford matrices
7

UD(JﬂV) = 4

[Yus 0] (1.14)

and its complex dimension is given by 2!P/2

. For D even the Dirac spinor representation
is always reducible because in that case there exists a chirality matrix 74, with square

7* =1, witch anti-commutes with all -,

Vwt=0 = [3Up(Jw)]=0. (1.15)

As a result, the Dirac spinor is the direct sum of two Weyl spinors of chirality +1 Up =
Ur & Ur. The reality condition is

v =", (1.16)

where
¥ = Oy, (1.17)
here C' is a matrix such that C,C~' = —(v,)7. It can be shown that one can impose

such a condition only in dimensions D = 0, 1,2, 3,4(mod 8). In dimensions D = 0, 4(mod
8), a Majorana spinor is equivalent to a Weyl spinor, while in dimension D = 2(mod 8)
it is possible to impose the Majorana and Weyl conditions at the same time, resulting

in Majorana-Weyl spinors. The supercharges (), transforms in the spinor representation
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U, which could be a Dirac spinor, a Weyl spinor, a Majorana spinor or a Majorana-Weyl

spinor, depending on D. Thus, « runs over the spinor indices a = 1,--- ,dimU. We have
seen that for massless representations we can choose P* = (E,0,---,0, F) and we have
~ 4FE 0
{QL @y =20 | © 1 (1.18)

Half of the supercharges effectively vanish Q% = 0 for a = %dimU +1,--- ,dimU. Half of
the remaining supercharges may be viewed as lowering operators, while the other half may
be viewed as raising operators. Thus, the total number of raising operators is ZtN dimU.
Each operator raising helicity by %, and total helicity ranging at most from —2 to 42, we

should have at most 8 raising operators and this produces an important bound
N - dimU < 32. (1.19)

In other words, the maximum number of supercharges is always 32. The largest dimension
D for which the bound may be satisfied is D = 11 and N' = 1, for which there are
precisely 32 Majorana supercharges. In D = 10, the bound is saturated for N' = 2 and
16-dimensional Majorana-Weyl spinors. Many of the lower dimensional theories may be
constructed by Kaluza-Klein compactification on a circle or on a torus of the D = 11

theory as we will see.



An Introduction to String Theory

String theory is an ambitious project. It purports to be an all-encompassing theory of the
universe, unifying the forces of nature, including gravity, in a single quantum mechanical
framework. The premise of string theory is that the fundamental objects are not point-
like particles but extended one dimensional strings. From this slightly unconventional
beginning, the laws of physics emerge. However, they come with baggage. String theory
gives rise to a host of other ingredients, most strikingly extra spatial dimensions of the
universe beyond the three that we have observed. The quantization of the strings vibra-
tion modes corresponds to different particles of various masses and spins. The particles
spectrum contain also a massless spin-2 particle, the graviton. In this sense, string theory
is a theory of quantum gravity. The main purpose of this chapter is to introduce the main
aspects of the theory that will be relevant in the discussion of supergravity. In fact it
turns out that supergravity is the low-energy limit of string theory. Standard references

for the topic are, for example, [6], [7] and [8].

2.1 BOSONIC STRINGS

The action for a relativistic point particle with mass m which moves in the Minkowski

space RYP~1 is proportional to the lenght of its worldline

dXrdXv
= 2.1
5 m/dT\/ dr dr M (2.1)

where 7, = diag(—1,+1,- -+, +1) is the Minkowski metric and X*(7) are the coordinates

of the worldline parameterized by 7 that the particle sweeps out. This action is invariant

under an arbitrary reparameterization of the worldline

T =7(1) (2.2)
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and under global Poincaré trasformation
XH— AF XY 4 (2.3)

as one can check using the definition property of the Lorentz transformations: ATnA = 7.
It is pretty straightforward to generalize the action of the point particle for a string: while
a point particle sweeps out a worldline, a string sweeps out a 2-dimensional surface, called
the worldsheet of the string. We want to write the string action in term of the worldsheet
area; to this purpose we parameterized the surface with a time-like coordinate 7 and a
space-like coordinate o that we put into a single object ¢* = (0,7), a = 1,2 for later

convenience. The metric 7,;, on the worldsheet is the pull-back of the Minkowski metric

oXHoXV
XNab = Yabp = —— —Nuw- 2.4
( 77) b Yab 80“1 80b um ( )
So the action proportional to the worldsheet area is
Syg = —T / d?c\/—det(y) = =T / d20\/—det(8aXM8bXV77W) (2.5)

and it is called the Nambu-Goto action. The proportionality coefficient T' is the string
tension, meaning the mass per unit length, which is related to the Regge slope parameter
o via .
I g2

T:ﬁ’ o =13, (2.6)
where [, is the string length. The square root in the Nambu-Goto action makes the
quantization of the string more difficult. We can write an equivalent string action without
the square root at the expense of introducing a dynamical field g4, on the worldsheet. This

is called Polyankov action

1

4o’

Sp = d*o/—det(g) g™ 0u X" 0p X" s - (2.7)

To justify the equivalence between the two actions we write down the equations of motion
for X*

0a(v/=99™ D X") = 0, (2.8)

which coincides with the equations of motion obtained from the Nambu-Goto action with

the field g, instaed of 74,. The equations for the dynamical metric on the worldsheet are

Gab = f(a)@aXabX, (29)
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where f is left arbitrary by the equations of motion for g, (because of Weyl symmetry).
We see that g, differ from the pull-back metric (2.4) only by the conformal factor f(o).
However, this doesn’t matter because, rather remarkably, f(o) drops out of the equation
of motion (2.8). This is because the /=g term scales as f, while the inverse metric g
scales as f~!. We therefore see that Nambu-Goto and Polyankov actions result in the
same equations of motion for X*. In fact, we can see more directly that the two actions
coincide by integrating away g¢,, using its equations of motion.

The fact that the conformal factor f(o) didn’t actually affect the equations of motion for
X reflects the existence of an extra symmetry which the Polyankov action enjoys. In
particular the symmetries of the action are the following:

¢ Global Poincaré invariance
XH — AP, XY + M (2.10)

e Reparameterization invariance

_ ~ . 0o Oo?
0t =6 = Xo)=X"(0), G = ﬁﬁgaj(a). (2.11)

» Weyl invariance (conformal invariance)
Jar(0) = Q*(0)gap(0) = €*( gy, (2.12)

This is a gauge symmetry of the string, as seen by the fact that the parameter
) depends on the worldsheet coordinates o. The property of Weyl invariance is
special to two dimensions, for only there does the scaling factor coming from the
determinant y/—g cancel that coming from the inverse metric. If we wish to keep
Weyl invariance then we are strictly limited in the kind of interactions that can be
added to the action.

We can simplify the equations for X* (2.8) by fixing a particular gauge. Firstly, we can
use reparameterization invariance to fix two of the three metric independent components.

We will choose to make the metric locally conformally flat, meaning

Gab = €N, (2.13)

where ¢ = ¢(0) is some function on the worldsheet. Choosing a metric of that form is
known as conformal gauge. Now we can use Weyl invariance to remove the last indepen-

dent component of the metric and set ¢ = 0 such that
Jab = Nab- (2.14)

10
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We end up with the flat metric on the worldsheet in Minkowski coordinates. With this
gauge fixing the Polyankov action (2.7) becomes the theory of D free scalar fields

Sp = ! / d*00,X0"X, (2.15)

4ol

and the equations of motion for X* reduce to the free wave equation
0,0 X" = 0. (2.16)
The equations for g., fixing gu = 7ap, instead become
Tw =0, (2.17)

where we have defined the energy-stress tensor

2 1 08
Tp=———= . 2.18
T T =g dg® (218)
2.1.1 CLOSED STRINGS
For a closed string we take o to be periodic, with range
o €0,2m), (2.19)
and we also require
XH*o,7) = X*(o + 27, 7). (2.20)

The equations of motion (2.16) are easily solved. We introduce lightcone coordinates on
the worldsheet
ot =140, (2.21)

in terms of which the equations of motions simply read
0,0_X"=0. (2.22)
The most general solution is

Xto,7) =X oh) + Xk(o7) (2.23)

11
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for arbitrary functions X} and X/%. These describe left-moving and right-moving waves

respectively. The most general periodic solution can be expanded in Fourier modes

1 1 o —1_, .
XFo™) = 53:“ + 50/]9"0+ +1 5 Z ﬁaﬁe ’
n#0

(2.24)

- L, 1, ] L ine

Xp(o ):§x +§ozpa +1 ?Zﬁane :
n#0

where the variables ## and p* are the position and momentum of the center of mass of

the string. Reality of X* requires that the coefficients of the Fourier modes, a# and af,

obey

al = (o))", ak=(a",)". (2.25)

Finally, the constraints (2.17), impose
Ly=1L,=0, (2.26)

where ) 1
Ln= Y U, Ly = 5 D Gnem * G (2.27)

2.1.2 OPEN STRINGS

The spatial coordinate of an open string is parameterized by
o€ [0,7). (2.28)

The dynamics of an open string must therefore still be described by the Polyakov action.
But this must now be supplemented by something else: boundary conditions to tell us how
the end points move. Let’s consider the string evolving from some initial configuration at

T = 7, to some final configuration at 7 = 74

1 f T 1
4S = — / dT/ do0,X0%6X = —— [ d*0(0“0,X)6X + total derivative,
2ral ), 0 2mad
(2.29)

where the boundary contribution is given by the total derivative term

T ) T=Ty ¢ o=T
/ doX - 5X} ! {/ dr X' - 5X} : (2.30)

1
2ma/ [ 0 C 2na! 0

T=T;

12
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where X = 9,X, X’ = §,X. The first term vanishes by requiring that 0.X* =0 at 7 = 7
and 7 as usual in the variational approach. To eliminate also the second term we have

to impose the condition
0,X"0X, =0, at oc=0,m. (2.31)

There are two different types of boundary conditions that we can impose to satisfy this:

e Neumann boundary conditions
0, X"=0, at o=0,m. (2.32)

Because there is no restriction on X , this condition allows the end of the string to
move freely.

o Dirichlet boundary conditions
X =0, at oc=0,m. (2.33)

This means that the end points of the string lie at some constant position, X*# = c#,
in space.

Let’s consider Dirichlet boundary conditions for some coordinates and Neumann for

the others. This means that at both end points of the string, we have
0,X"'=0, fori=0,---,p; X =¢ forl=p+1,---,D—1. (2.34)

This fixes the end-points of the string to lie in a (p + 1)-dimensional hypersurface in

spacetime such that the SO(1, D — 1) Lorentz group is broken to
SO(1,D —1) = SO(1,p) x SO(D —p—1), (2.35)

that is Lorentz invariance in the flat hypersurface and Lorentz invariance in the directions
transverse to the membrane. This hypersurface is called a D-brane or, when we want to
specify its dimension, a Dp-brane. Here D stands for Dirichlet, while p is the number of
spatial dimensions of the brane. So, in this language, a DO-brane is a particle; a D1-brane
is itself a string; a D2-brane a membrane and so on. The brane sits at specific positions ¢!
in the transverse space. It turns out that the D-brane hypersurface should be thought of
as a new, dynamical object in its own right: string theory is not just a theory of strings, it
also contains higher dimensional branes. Strings that have Neumann boundary conditions
in all directions, are free to move throughout spacetime or, in other words, the space is

completely covered by branes.

13
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2.1.3 A NOD TO THE QQUANTIZATION

We will not discuss the quantization procedure of the Polyakov action, standard references
are [6] and [7]. It turns out that a consistent quantum theory of strings is possible only if
the dimension of spacetime is D = 26. The quantization of the vibration modes found in
the previous sections corresponds to different particles of various masses and spin. The
masses are integer multiples of li and at distances much greater than the string length,
only the mass-less modes are relevant. Finally, the spectrum contains only bosons and,
for this reason, this type of strings are called bosonic strings.

The ground state is a tachyon while the first excited states correspond to mass-less parti-

cles and their respective fields for the closed string are:

e guw(X), a massless spin two field, which we interpret as the metric'.
e B,,(X), a 2-form called the Kalb-Ramond field.

o $(X), a scalar field called the dilaton.

while for the open string we have:

 Excitations polarized along the brane are described by a spin 1 gauge field A, (with
a=0,...,p) living in the Dp-brane’s (p + 1)-dimensional worldvolume. We will see
later that this U(1) gauge theory plays a major role in the AdS/CFT duality.

« Excitations polarized perpendicular to the brane are described by scalar fields ¢’
(with I = p+1,...,D — 1). They can be interpreted as fluctuations of the brane
in the transverse directions, this gives us a hint that the D-brane is a dynamical
object.

These mass-less fields are common to all string theories, also to superstring theories

which we will discuss now.

2.2 A NOD TO THE SUPERSTRING THEORIES

Superstring theories solve the two main problems of the bosonic strings: the absence of
the fermions in the spectrum and the presence of a vacuum state with negative energy:
the tachyon. The main difference from the bosonic theory is the introduction of supersym-
metry on the worldsheet. While the bosonic string theory is unique, there are a number

of discrete choices that one can make when adding fermions. The most important one is

!There is an argument by Feynman [9] that shows that any theory of interacting massless spin two
particle must be General Relativity.

14
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whether to add fermions in both left-moving and right-moving sectors (obtaining Type II
superstring), or allow them to move in only one direction (obtaining Heterotic strings).
Strings without an orientation are called Type I superstring. However, later developments
have shown that they are all parts of the same framework, which goes by the name of
M-theory. Here we will discuss and use only Type II superstring.

We introduce D Majorana spinors ¥ = (¢*) (where p = 0,..., D — 1 is the spacetime

index and a = + is a worldsheet spinor index), with action

?

S0 =y | OV O (2.36)

drad
where p® satisfy the 2-dimensional Clifford algebra. In the conformal gauge v, = 1. and

using light coordinates o* = 7 & o, the fermionic equations of motion read

a—iﬂvb— =0 = ¢— = ¢—(U_)a

(2.37)
Iy =0 = =1, (c").

Let’s now combine the Polyakov action (2.7) with the spinor action and introduce the
gravitino x®, the supersymmetric partner of g%, in such a way that the resulting action
is supersymmetric. The resulting action possesses reparameterization and conformal in-
variance. These symmetries can be used to fix some degrees of freedom: a useful choice
is the so-called superconformal gauge, in which ¢ = n?% and y* = 0. With this gauge
choice, the action for Type II superstring reads [10]

SII:_

4730/ / Po\/=A[0, X1 O X! — it p* Dt (2.38)
The quantization of the theory proceeds analogously with the bosonic string case. One
can project out of the spectrum the tachyonic state that is present in the NS sector. This
can be done with the GSO projection, which keeps just the states constructed applying
an odd number of fermionic creation operators to a vacuum state and projects out the
others. This operation removes the tachyonic state from the Fock space, as it has an
even fermionic number. It turn out that the GSO projection has to be applied also to
the R sector: in this case, whether to keep the states with even or odd fermionic number
is a matter of choice, and this choice gives rise to two different theories. Consistency
requires that the dimension of spacetime must be D = 10. The mass-less spectrum can
be classified in 4 sectors according to the different possible boundary conditions of the

fermions:

o NS-NS sector: the field content is identical to the bosonic string. It consists in the
dilaton @, the Kalb-Ramond 2-form B,,, and the graviton g, .

15



CHAPTER 2. AN INTRODUCTION TO STRING THEORY

e The NS-R sector contains two fermionic fields: the spin—% dilatino and the spin—%
gravitino (supersymmetric partners of the dilaton and of the graviton respectively).

o The R-NS sector contatins the same spectrum of the NS-R sector.

e R-R sector: it contains bosonic fields, but its spectrum depends on the way one
makes the GSO projection. Two different theories arise: Type IIA and Type IIB
superstring theories. The former contains a 1-form and a 3-form; the latter a 0-form,
a 2-form and a self dual 4-form.

2.3 ToOROIDAL COMPACTIFICATION

Even before the advent of string theory, the possibility of extra dimensions was discussed.
A few years after Einstein wrote down his theory of general relativity Kaluza attempted
to unify gravitation with electromagnetism by assuming that we live in a five-dimensional
universe. By considering an effective 4D theory where one keeps only the lowest harmonics
in the extra dimensions he managed to obtain the four-dimensional field equations of
both gravity and electromagnetism from a five-dimensional theory of pure gravity. He
also assumed that the extra coordinate was curled up as a circle, explaining why this
coordinate had never been observed in experiment. The same mechanism can now also
be used for ten-dimensional string theories, in order to try to obtain the four-dimensional
world as we observe it and make contact with experiment. The point is that all of the
dimensions need not to be infinitely extended: some of them can be compact. Consider,
for instance, a 5-dimensional spacetime in which 4 directions are flat (with coordinates
', pu = 0,...,3) while the fifth direction is a circle of radius R (whose coordinate y is
periodic: y = y + 27 R). Consider now a mass-less scalar field ¢(z,y); we can decompose

it as

in

Sa,y) =Y dnlx)e®, (2.39)

where the integer-valued n labels the quantized momenta in the compact direction. The
equation of motion 9,0 ¢(x,y) = 0 (where M = 0, ..., 4 is the index of the 5-dimensional

spacetime) gives

(8,0" — %Z)%(@ —0, Vn. (2.40)

Thus, a single field in higher dimensions becomes an infinite tower of massive fields in

the non-compact world, with mass m,, given by m, = ‘—g'. At energies much lower then

16
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1
R’
field in the non-compact dimension ¢g(z).

only the n = 0 mode can be excited, and at this scale we remain with only one scalar

We can decompose the metric g,,y of the 5-dimensional space into:

Guvs  Guyr  Gyys (241)

that is, in a metric on the non-compact dimensions, a vector gauge field and a scalar

matter field. In order to implement this we can parameterize the metric as
ds* = gy ydr™da® = g, datdz” + g,,(dy + A,dz™)?. (2.42)
This form still allows a reparameterizations «'#(x") and also the reparameterizations
Y =y+Az) (2.43)
Under the latter
Al = A, — 0u\(), (2.44)

so gauge transformations arise as part of the higher-dimensional coordinate group. This
is the Kaluza-Klein mechanism. The action of pure gravity written in terms of the new
fields reads [7]

1

522—]{%

— 2rR - 15, 5
d°r/—GRs = 7% d*ry/—ge (Ry — 162 F,F* +0,00'0),  (2.45)
where F' = dA and Ry is the Ricci scalar of g, .

Let’s now consider the Kaluza-Klein reduction from the prespepctive of a (bosonic) string.
We want to study a string moving in the background R»P=2 x S'. One effect of the
compactification is that the momentum along the circle direction p, is quantized in integer

units
n € Z, (2.46)

this is not specific to strings and it follows from the requirement that the standard wave
function e®+¥ be single valued on S*. Another consequence of the compactification, that
is peculiar to string theory, is that the boundary conditions for the string coordinates
become

XY(o +27) — XY(0) =2mmR, m €Z. (2.47)

17
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The integer m is the winding number of the string: it is the number of times the string
wraps the circle. The presence of a quantized momentum and winding number contribute

to the mass of the string: beside the zl oscillator contributions, it receives the correction
(6]

n?  m?R?

2T

(2.48)

18



Supergravity

Supergravity theories are supersymmetric extensions of general relativity and have a nat-
ural embedding in superstring theories, as supergravity corresponds to their low energy
limit. The low-energy string effective action describes the low-energy dynamics of a given
string theory: the low energy limit is equivalent to the limit o/ — 0, because at large
distances the string length can be ignored and a theory of particles is recovered. Moreover,
at low energies only the mass-less modes are relevant and their dynamics is described by
a theory of the corresponding mass-less fields. The low energy theory can be obtained
expanding in powers of o/ the action for the massless string spectrum and keeping only
the lowest terms. Historically, however, supergravity and superstring theories were dis-
covered independently. Before the advent of strings as a theory of quantum gravity, in
fact, there was an attempt to control loop divergences in gravity by making the theory
supersymmetric. The greater the number of supersymmetries, the better was the control
of divergences. Since no consistent interacting quantum field theory can be constructed
with fields that have spin greater than 2, in four dimensions the maximal number of su-
persymmetries is NV = 8. We can also construct a D = 11 N = 1 theory by taking the
low energy limit of M-theory. Then we can construct a D = 10 N’ = 2 theory via the
process of dimensional reduction explained above. Among the various supergravity theo-
ries, 11-dimensional supergravity occupies a distinguished position; eleven is the maximal
space-time dimension in which a supergravity theory can be constructed for the reason
above. In this chapter we will introduce D = 11 supergravity, as well as Type ITA and
Type IIB 10-dimenional supergravity.

3.1 BASIC FEATURES OF SUPERGRAVITY

In this section we introduce some useful tools to deal with supergravity. The first is the
language of differential p-forms and the second is the tetrad formalism needed to put

spinors on curved spaces.
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3.1.1 DIFFERENTIAL P-FORMS

A differential p-form is a type (0, p) tensor completely antisymmetric. Using the coordi-

nate differentials dx*, we can construct differential p-forms for p=1,---, D as
) _ 1 BN gohia o
w p'wm sy (@)dTt N dat NN dat (3.1)

The product A between two p-forms is called wedge product and is defined as antisymmetric

dat A dx” = —dx” N dx*. (3.2)

A p-form w® and a g-form w9 can be multiplied to give a (p+ ¢)-form if p+¢ < D. The
product vanishes if p + ¢ > D for the antisymmetry and it satisfies

Ww? A @ = (_)pqw(q) Aw®, (3.3)

where the minus sign is related to the fact that we have to swap the differentials. The

exterior derivative is a map between a p-form and a (p + 1)-form:
1
dw®) = ] Wy ey TN AN - N dTt (3.4)
that satisfy the Leibniz rule
d(w ®) A e ) dw® A W@ 4 (=)Pu® A dw'® (3.5)

where the minus sign is related to the fact that dx* must surpass p differentials A p-form
that satisfies dw® = 0 is called closed. A p-form that can be expressed as w® = dw®-b

is called ezact. We also have
ddw® =0 (3.6)

because partial derivatives commute. In a D-dimensional manifold, the number of inde-
pendent parameters of a p-form is (g ) Since p-forms and ¢-forms have the same number
of components when p + ¢ = D, it is possible to define a map between them. This map

is called Hodge duality x
*: APD(M) = AD(M), QW = 4@ (3.7)

and it’s defined as

b1 -bg = 3V Y6, -bq “r apwal ‘ap* (38)
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This operator has an important involutive property; for a lorentzian metric
®)Y — _(_\pa,,[)
*(xw'?) (—)Plw'?. (3.9)

For even dimension D = 2m, it is possible to impose the constraint of self-duality (or

anti-self-duality) on forms of degree m
W™ = 4 (xw™). (3.10)
This condition is consistent only if duality is a strict involution, i.e.
—(—)™ =+1. (3.11)

A self-dual F©®) is possible in D = 10 Lorentzian signature, and it indeed appears in Type

I1B supergravity. Finally, for general p-forms we have
AP A 2@ = P A N\P), (3.12)

The equation of motion in any field theory are most conveniently packaged in the action
integral. In a gravitational theory this requires integration over the curved spacetime
manifold. We thus need a procedure for integration that is invariant under coordinates
transformations. The volume form is the key to this procedure.

(D)

On a D-dimensional manifold, one may choose any D-form w'*’ as a volume form and

define the integral

1
I= /w(D) =D /wm...m(x)dx“l Ao NdatP, (3.13)

So, with the forms we can define integral volume in curved spacetime without invoking
the metric explicitly. When the physical theory contains forms field, we can use them to
define the integral volume. It’s easy to show that the volume forms are invariant under
a general coordinate transformation. Since the the wedge product between a p-form and

its dual is a D-form, we can always define the integral as

1

for any p-form w®. In this language the Maxwell equations for the 1-form vector potential
AW with field strength F® = dAM are

dF =0, dxF =0, (3.15)
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where the Bianchi’s identity dF = 0 follow from the fact that field strength is an exact
form. In dealing with supergravity we will generalize these equations of motion to generic

p-forms.

3.1.2 TETRAD FORMALISM: THE SPIN CONNECTION

For practical reasons, when dealing with spinors in curved spacetime it is useful to in-
troduce a new basis on the manifold’s tangent space. The starting point is the Clifford

algebra in flat space, {y™,7"} = 2n™". In curved spacetime we have

{"(2), 7" ()} = 29" (). (3.16)

Because the right-hand side depends on z, the object +* on the left-hand side also depend
on x as we already have indicated. We can expand +*(z) in terms of the constant Dirac

matrices 7™ of flat space as follows
V(@) ="en(2). (3.17)

The matrices e,,”(z) are called the (inverse) vielbein fields'.
The substitution of (3.17) in (3.16) shows that the metric is the product of two vielbeins

nente,t = g". (3.18)
Defining e,™ as the (matrix) inverse we also have

G = €€, N (3.19)

This is the defining property of the vielbeins. Given a local Lorentz transformation, we

can construct another solution
¢ (@) = (A7 (@))e(a)",. (3.20)

All choice of frame fields related by local Lorentz transformations are viewed as equivalent.
So we require that the geometrical quantities derived from it must be used in a way that is

covariant with respect to this transformation. Coordinate indices transforms as a covariant

'In the German literature they were called Vierbein fields where vier = four in German, and bein =
leg. In the English literature this became tetrads (tessara = four in Greek), or frame fields sometimes.
Gell-Mann coined the word vielbeins because viel = many in German.
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vector under diffeomorphism

‘a 8]3’0 a
e, (7)) = 8:6,#6,0(.1'). (3.21)
We also have
ehey =0y,  ehey = 0L (3.22)

So geometrically the frame fields e# form an orthonormal set of vectors in the tangent
space of the manifold at each point. Any contravariant and covariant field has a unique

expansion in the new basis

Vi(x) = Vi(x)ey(x),  V(x) = V() (x);

(3.23)
wu(2) = wa(@)ey (),  wa(x) = wyu(@)ey(x).

The V*(x) and w,(x) transform as scalar fields under coordinate transformations, and as
a vector under Lorentz transformation. We can use the frame fields to define a new basis
in the tangent space

E, = e'd,. (3.24)

a

While the new local Lorentz basis of 1-forms is
e = epdr”, (3.25)

that is the dual basis of the previous one: (E,,e’) = §°. For 2-forms, basis consists of the
wedge products e A e€°, and so on. In a field theory containing only bosonic fields, which
are always vectors or tensors, the use of local frames is unnecessary. Local frames are a
necessity to treat the coupling of fermion fields to gravity, because spinors are defined by
their special transformation properties under Lorentz transformations.

We can define a covariant derivative for the vectors in the frame bases in the same way
we construct the one for the vectors in the coordinate frames. We first observe that given

a 1-form e®, we have

1 v
de® = 5(8Meﬁ — Oy}, )dx’ N\ dx”. (3.26)

The antisymmetric components don’t transform as a (0,2) tensor under local Lorentz

transformation

/

de® = d((A1)%e") = (A1), de® + d(A™1)", A €. (3.27)
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The second term spoils the vector transformation property. To cancel it we add the

contribution involving the spin connection. We have

D" =e", D, V" =" 0,V" +e" I,V =
=",0,(e" V) + " T et Ve = (3.28)
=0,V" + €, (0u" o + T e )V = 0,V +w,” V*
where
w,y = €, (0" + FZ/\e)‘b) (3.29)

is called the spin connection. So, for a contravariant and a covariant vector, the local

Lorentz covariant derivative is

D,V =09,V" +w," V’,

(3.30)
D,Vy =0,V —Viw,' = 0,Va +w,, V.

from which we get wuba = —wuab. These relations can be generalized for a type (¢, p)

tensor. In order to determine the spin connection one has to impose the tetrad postulate:

the covariant derivative of the vierbein field vanishes, D,el = 0. In fact

A b A b
v Ly — e'pe, e = e, "1, — O,e,”. (3.31)

w,ﬂbeyb = e,
Rearranging terms, we have the tetrad postulate
b
Dye," = 0ue," — eI, +w,"e,” = 0. (3.32)
We can define the torsion 2-form:

de® +wy Neb =T (3.33)

In most application of gravity the torsion vanishes, and one deal with a torsion-free,

metric-preserving connection
T = 0. (3.34)

From (3.32),(3.33) this is equivalent to the usual symmetry I'7, = I'y, of Christoffel
symbols. In a gravitational theory, spinors must be described through their local frame

components. The local Lorentz transformation rule

U (z) = e "0 Q) (3.35)

24



CHAPTER 3. SUPERGRAVITY

determines the covariant derivative

Wuav(2)7™) ¥ (2), (3.36)

where wyap = Nacw), -

3.2 SUPERGRAVITY IND = 11

This theory is not only more fundamental, but also much simpler than other supergravity
theories in lower dimension, because its field content is very simple. This is the reason
why it is often useful to work with this theory and then, if necessary, to obtain physical
results via dimensional reduction. Supergravity in D = 11 is the low energy limit of
M-Theory; its bosonic fields are:

e The eleven-dimensional metric Gj;y; on shell this is a symmetric trace-less tensor
with 44 d.o.f.

o The 3-form A®) = Ay ypde™ A de™ A dz? (84 d.o.f.), with field strength F® =
dA®),

The fermionic content is given by the Majorana gravitino ¢, (128 d.o.f.), with M, N, P =
0,---10. Eleven-dimensional supergravity is a maximal supergravity theory and so the
gravity supermultiplet is the only multiplet.

The bosonic part of the action is given by (the fermionic part is fixed by supersymmetry)

8]

1
— / AD N FO A PO (3.37)

1 1
— [ d'e/— — Z|FW2y _

T2k

where ki; = \/87rGg\1,1) is the gravitational coupling constant in eleven dimensions. Here
and in the following we will avoid writing down the fermionic part of the action. This is
because we are interested in supersymmetric solutions with zero fermion fields?, which of
course have vanishing action for the fermionic part. The first term contains the Einstein-
Hilbert action and the kinetic term for A3. The second one is called Chern-Simons term,
and is required by supersymmetry; note that it does not contain the metric: it is a

topological term. The eleven-dimensional gravitational coupling constant ki; is related to

2With supersymmetryc solutions we mean solutions that are invariant under supersymmetry trans-
formations (BPS). By setting the fermions and their supersymmetry transformations to zero we obtain
pure bosonic solutions that are of course invariant under supersymmetry since the bosons transform into
fermions.

25



CHAPTER 3. SUPERGRAVITY

the Planck length via k%, ~ Gy (11) ~ [%. This theory has no free dimensionless parameters:

there is only one scale, [p.

3.3 SUPERGRAVITY IN D = 10

3.3.1 TypE ITA

Type ITA supergravity can be obtained from eleven-dimensional supergravity by compact-

10" on a circle of radius R (which is a new length scale of

ifying a coordinate, say y =
the theory). The eleven dimensional metric can be written in terms of a ten-dimensional

metric g,,, a 1-form C™ and a scalar o (or, equivalently, the dilaton & = —0) as
ds?, = dsiy + e (dy + C’/Sl)dx“)2, (3.38)

where u,u = 0,---9. The eleven-dimensional gauge fields can be decomposed into a

2-form B@ and a 3-form C'® via
A® = B@ A dy +C®). (3.39)

So we have the correct bosonic fields content of Type IIA theory: the NS-NS sector
(®,B@,g,,) and the R-R sector (CV),C®)). The action for Type ITA supergravity can
be obtained using (3.37), (3.38) and (3.39) [§]

1
S[[A = le T/ —glo(e"Rlo + e"@ua@“a — 5630|F(2)‘2)+

21;%0 (3.40)
— /d T /_glo( —0'|H |2 + 60'|F | ) _2/3(2) A F(4) A _F‘(4)7
4k‘10 4k

where we have introduced the field strengths F®+) = dC® H®) = dB® and F W
dC® — M A FO) | The dilaton ® is related to the string theory coupling constant by

gs = e®> (3.41)

where @, is the value of the dilaton at spatial infinity. We can observe that in the strong
coupling limit we have ¢ — oo, i.e. the radius of the 11-th direction y becomes large,
which means that we can describe Type ITA theory as a 11-dimensional theory. We say
that the strong coupling limit of Type ITA is M-theory.

Written in this frame, the action has an Einstein-Hilbert term that is not written in the

canonical form /—ggpRp. To get it in its canonical form we shall move in the so-called

26



CHAPTER 3. SUPERGRAVITY

FEinstein frame via
@
6

(QIO)WJ- (342)

This is the frame one shall use when deriving physical results. Another useful frame, the

(gE>,uu =€

string frame, is given by
_e
(gE),uu =e 2 (gS),uu‘ (343)
With this choice the Einstein-Hilbert term reads \/—gge 2®; this is the frame one obtains
when one derives the action as the low energy limit of Type ITA superstring theory. In

this frame the action reads

St1a = Sns-ns + Sr-r + Scs. (3.44)
The explicit expressions are:
SNs—Ns = ﬁ dPzv/=gse **(Rs + 40,90"® — %\H(?’)F), (3.45)
Skr = _ifo O/ =gs(IFO P + [FYP2), (3.46)
Ses = —ﬁ BAOANFW A F®. (3.47)

3.3.2 TypE IIB: T-DUuALITY

We have seen that Type IIA supergravity can be obtained by dimensional reducing the
eleven-dimensional theory. There is another ten-dimensional supergravity theory that is
the low energy limit of Type IIB superstring: Type IIB supergravity. This theory cannot
be derived via compactification, but it is related to Type IIA supergravity thanks to a
duality between the fields of the two theories: the T-duality. As we have seen, if we wrap
a ITA string on a circle of radius R it receives a mass contribution in units of z% from the
winding number and in units of % from the momentum modes. We can do the Ssame for a
Type IIB string wrapping a circle of radius R. It turns out that if R = % the two theories
not only have exactly the same spectra (momentum modes map to winding modes and
vice versa) but they are also equivalent at the interacting level. To T-dualize the bosonic
fields of Type IIA supergravity into those of Type IIB, it is convenient to rewrite the
fields as:

ds® = g, (dy + A,dz")? + 9 dxtdx”

B® = B, du" A (dy + A,da") + B (3.48)
O = 0=V A (dy + A,dat) + O

Y
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The fields of the corresponding Type IIB supergravity are:

ds? = 9y (dy + Byyda")? + g, datdz”
2B _ 1,20

€ = Gyy €
BY = A,dx" Ndy+ B

') — C,(p—l) A (dy + B,ydat) + Cép)
The NS-NS sector has the same fields in Type ITA and Type IIB supergravity; the R-R

sector is again made of p-forms but, in Type IIB, p takes only even values (p = 0,2,4).
Thus the NS-NS term in the action Sj;4 is valid also for Type IIB supergravity. We have

S = Sys—ns + Sp + Scg (3.50)
where, in the string frame:

1 1

SNs_Ng = TR / dxv/—gse **(Rs + 40,90"® — 5|H(3>|2) (3.51)
1o

1 ~ (3) 1 -5

Sp-r=——5 | dy/—gs(|[FOP+|F7 P+ <|F7P) (3.52)
1
O / C@ A H® A FO) (3.53)
7(3)

Here we have introduced the fields strengths £~ = F®) — CO A H®) and F = F0) —
1O ANHG +1B@ A FO).

Matching of degrees of freedoms requires F ® to be self dual

() ()

= F (3.54)
this is an additional condition that must be imposed in addition to the equations of
motion because there is no straightforward way to incorporate in the action this self-
duality condition on a middle rank (i.e. 2-form) field strength. In fact the kinetic term

of this field strength is proportional to

/F(S)A*F(5):/F(5)/\F(5) /F()/\ N /F AxF® 0,

where we used (3.3) with p = ¢ = 5. So the naive kinetic term of a self-dual F'®)
vanishes. The introduction of a Lagrange multiplier field to implement the self-duality
condition does not help, because the Lagrange multiplier field itself ends up reintroducing

the components it was intended to eliminate. There are several different ways of dealing
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with the problem of the selfdual field. The original approach is the one we use: we don’t
construct an action, but only the field equations and the supersymmetry transformations.

The equations are highly overconstrained, so one obtains many consistency checks.

3.4 S-DuaALITY

In the strong coupling limit R;; — oo and the theory decompactifies: the strong coupling
limit of Type IIA is M-theory. Obviously, the same argument does not apply to Type
IIB theory as it cannot be obtained through dimensional reduction. It turns out that its
strong coupling limit is still a Type IIB theory, as it follows from S-duality. S-duality
is a duality under which the coupling constant changes non-trivially, and thus it relates
different Type IIB theories with different values of the coupling. In its simplest form, it
maps the content of one theory with coupling constant g, into a dual theory of coupling
constant g%
/

gy = . (3.55)
From this relation we can relate two Type IIB theories, one with small coupling and one
with big coupling. We thus see that the strong coupling limit of Type IIB is again a Type
IIB theory. So this duality is important to study the strong coupling limit of Type IIB
theory and to generate solutions (one can S-dualize a solution, obtaining another one).

The full set of transformations on the type IIB fields is:

P =9
/ —-d
G =€ Guv
O _ o (3.56)
o® — _g®

The other fields (C® and C™) remain unchanged. Changing the sign of the dilaton
has the effect of inverting the coupling constant. This duality reflects the symmetry of

the theory under the action of the group SL(2,Z) on the axio-dilaton field defined as

, a b
7 = Cy + e *®. In particular the transformation J € SL(2,Z) act as T — %3 and
c

following the proportionality of the dilaton to the string coupling constant, this is again

a weak-strong coupling duality.
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3.5 BRANES IN SUPERGRAVITY

The fields of supergravity are the massless modes of the string. But strings are not
the only fundamental objects of string theory: there are also multidimensional objects,
called branes, that couple with the p-forms of supergravity and play the role of electric
and magnetic charges. Let’s review Maxwell theory: the 1-form A(M) couples to a point-
particle (which is a O0-dimensional object) with worldline 2#(7) and charge ¢ through the

interaction lagrangian

drt
Lint = q/dTAudi = q/A(l), (3.57)
T v

where 7 is the path of the particle. The electric charge of a particle can be computed
integrating the Hodge dual of the field strength F @ _ *xF®) over a 2-sphere surrounding
the charge

Ge = /S 2 *F® FO = gAW, (3.58)

One can also introduce magnetic charges that are monopole sources for the magnetic field.

They can be defined as
Gm = / F®. (3.59)
S2

In supergravity we have p-forms, thus we have to generalize this discussion to multidimen-

sional objects. The interaction lagrangian becomes

Line =q / Al (3.60)
T
where 7, is a p-dimensional worldvolume of a (p — 1)-dimensional object: a (p — 1)-brane.
The analog for the charges can be obtained computing the field strength of A®) F+1l) —
dA®) and its Hodge dual F(D_p_l)
a (p — 1)-brane (with electric charge @).) and magnetically to a (D — p — 3)-brane (with

= xF@P+D: thus, each p-form couples electrically to

magnetic charge @),,). The charges can be computed as

~ D—p—1
Qe:/SD F = Qm:/s+1 Fo+D, (3.61)

It is natural to include these multidimensional objects in supergravity theories: there
must be sources the p-forms couple to. In other words, just as the presence of an electric
charge generates the vector potential 1-form A®M), the presence of a p-brane generates a
potential p-form.

Solutions to supergravity with non-trivial AP+ charge are referred to as p-branes, after

the space-dimension of their source. For example in D = 11 supergravity the possible
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branes are very restricted because the only form of the theory is the 3-form A®). So we
have a 2-brane, denoted M2, and its magnetic dual M5.
The branes in Type IIA /B theory are further distinguished as follows.

Theory ITA I1B

Forms B@ O B [ B@® @ &
Electric | F1 DO D2 | F1 D1 D3
Magnetic | NS5 D6 D4 | NS5 D5 D3

Table 3.1: Coupling of branes to p-form potentials in type ITA and IIB Supergravity.

As we have seen, in the presence of a compact direction, there is a 1-form gauge field in the
dimensionaly reduced theory. Its electric source is a momentum wave P and the magnetic
dual is KK monopole. When the form to which it couples is in the R-R sector, the brane

is referred to as a D-brane. On the other hand, the 1-brane that couples to the NS-NS
form B® is nothing but the fundamental string, denoted F'1, whose magnetic dual is N .S5.

The type IIA objects in table (3.1) can be obtained by reducing M-theory charges (M2,M5,KKm
and P) along the 11-th direction y:

KKm <& KKm s D6 NS5 <& M5y D4

(3.62)
D2& M2 B P& P Do

where the arrows denote whether the M-Theory objects point in the M-Theory direction
y upon which we reduce (||) or not (L).

We can also see from eq.s (3.48) and (3.49) how T-duality exchanges the branes. The
exchange of the NS-NS fields B, and g,, under T-duality corresponds to the transfor-
mation of the string winding number (F1) with momentum (P) along the string in the
T-duality direction. From the transformation of the R-R fields C® we see that the di-
mension of Dp-branes changes under T-duality depending on whether the transformation
is performed on a circle parallel (||) or perpendicular (L) to the brane worldvolume. In
summary:

F1is P KKkm<S NS5 Dp+1) <& Dp L Dip—1) (3.63)

Using the T-duality rules and the relation between type IIB and type IIA one can derive
the brane content of type IIB given in table (3.1). Finally, from (3.56) it is easy to see
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how the branes change under S-duality:

Fl+ D1 NS5+ D5 D3+ D3 (3.64)

while KKm and P are unaffected.

3.6 BRANE SOLUTIONS

Brane solutions are extensively studied solutions of the supergravity field equations, they
have a non-perturbative character and, as we saw earlier, they arise as electric and mag-
netic excitations of the (p + 1)-form gauge fields that appear in supergravity theories.
They are classified as elementary or solitonic, according to whether they are singular or
non-singular solutions of the supergravity field equations. A special class of brane solu-
tions are BPS-brane solutions; these are supersymmetric solutions, characterised by the
saturation of a BPS bound which equates their mass density to the p-form charge(s) they
carry. The BPS property 'shields’ the brane solutions against quantum corrections and
thus, allows the extrapolation of results obtained in the classical limit, to the quantum
level of string theory. The field equations of 11-dimensional supergravity admit two BPS
brane solutions: an elementary membrane solution M2 and a solitonic five-brane solution
M5, which arise as the electric and magnetic excitations of the 3-form gauge potential
respectively.

If we have only closed string we have a maximal supersymmetry (i.e. 32 supercharges).
Each brane carries open strings which require boundary conditions relating left and right
modes and thus reducing by half the supersymmetries. We say that each brane is realized
as a %BPS solution in supergravity. The geometry of these solutions will be important, and
we describe it now. A p-brane has a (p + 1)-dimensional flat hypersurface, with Poincaré
invariance group SO(1,p) x RPT!. The transverse space is then of dimension D —p — 1
and solutions may always be found with maximal rotational symmetry SO(D —p —1) in
this transverse space. Thus, p-branes in supergravity may be thought of as solutions with

symmetry groups:

D=11 — SO(1,p) x RP™ x SO(10 — p)
D=10 — SO(1,p) x RP*t x SO(9 — p)

There are two different methods to derive solutions:

o The first one consists in solving the equations of motion of the supergravity the-
ory. As it happens for Einstein equations, this is difficult in general. However,
the presence of symmetries in the brane configuration and supersymmetry simplify
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the task. In this contest, BPS solutions are obtained imposing constrains on the
supersymmetry transformations of the fields. If we require that the configuration of
the fields is supersymmetric, the fields should be invariant under a supersymmetry
transformation .. Bosonic fields transform into fermionic ones and, when the latter
are set to zero, bosonic fields are invariant. Consistency requires that also the super-
symmetric variation of the fermions vanishes, leading to the BPS equations. These
are typically first order equations and thus simpler than the equations of motion,
that are second order.

e The second method starts from some simple neutral solution, and derives other
solutions by means of boosts, T-duality and S-duality. One can add charges to the
starting solution, to get a BPS solution, making boosts along a compact direction
(the charge of the Kaluza-Klein gauge boson is the momentum in the direction
of the compact dimension). The resulting metric is still a supergravity solution
because the supergravity action is Lorentz invariant; but yet it is another solution
because the boost direction is compact: the boost is not a globally defined change
of coordinates and we are constructing a different solution. We will see later that,
in this contest, a BPS solution can be obtained imposing the extremality condition
(i.e. taking the so called BPS-limit M — 0 and § — oo, where M is the mass and
[ the rapidity of the boost). The charge added by the boost is always momentum,
but it can be transformed into all other possible charges by appropriate chains of S
and T duality.

Now we are going to use both methods to find some solutions following [11],[12].

3.7 SOLUTIONS GENERATION: SOME EXAMPLES

3.7.1 DIRECT METHOD

The first solution we are looking for is that corresponding to a M2 brane in 11-dimensional
supergravity. We know that such solution should exist, because the 3-form A®) naturally
couples to this type of brane. We want this brane to extend over the directions z* with
1 = 1,2 and to be perpendicular to the directions x® with a = 3,--- ,10. In the presence
of a membrane, the initial Poincaré invariance in eleven dimensions is reduced to P3 x
SO(8) invariance i.e. Poincaré invariance in the flat world-volume of the membrane and
rotational invariance in the trasverse to the membrane directions. So let us start with the

following ansatz

ds? = Z(r)(—=dt* + dz'dz®) + Y (r)dz®dz®
A®) = X (r)dt A dz* A da? (3.65)
Y =0,
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where we used the fact that the 3-form gauge field couples electrically to the world-volume
of the membrane. Here we have assumed that the solution would depend only on the three
functions X, Y and Z, and SO(8) invariance requires that these functions depend only on
the radial coordinate r = \/(2%)?, where we have understood a sum over a from 3 to 10.
We will now see that a solution of this form is really allowed in 11 dimensional supergravity.
First we want this solution to be invariant under supersymmetry transformations (BPS

condition); we will not derive their exact form, but only state that they are the following:

563 = E’}/AI/JH

(5A,pr = _BEV[Mpr] (366)
1 vVpoT vpo

0ty = Dye+ @(”Yu P77 Fypor — 87" Flupo )€

where, for simplicity, we have understood all spinor indices, and the local Lorentz frame
index A runs from 0 to 10. A ~ with more than one index must be intended as the
antisymmetric product of v matrices. The field strength F' = dA has only few non-trivial

components, that are
Faior = 0, X(r). (3.67)

The fact that our solution has a vanishing gravitino, implies that (562‘ and 0A4,,, automat-
ically vanish. Thus we must only check that also the variation of the gravitino is zero.
We remember that the covariant derivative of a spinor is defined in terms of the spin

connection

1
Dye = 8¢ + ZWMAB’YABE. (3.68)

Our goal is to derive the spin connection, and we do this using the torsion-free condition
(3.34). From the definig property of vielbein fields (3.19) and from our ansatz (3.65), we

have
el =/ Z(r)dt, € =+/Z(r)dz", e =/Y(r)dx" (3.69)
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From the torsion-free condition, remembering that wap = —wpa and wap = Nacw®p, we
have

de' + W' Ae' = 0g\/Z(r)dx® A dt + w'y AY (r)dz® =0

1
= Wi = —WE)&\/ Z(r)dt,

de' +w'y AN e = 0,/ Z(r)da® N da' + w'y A Y (r)dz® =0

1 , (3.70)
Wiqg = ———=0,\/ Z(r)dx",
= 0 VZ(r)

de® 4w A e’ = O/ Y (r)da’ A da® + w A Y (r)dz® =0

1 1
Wep = VY (r)dz® — ———09,/Y (r)dz® a #b.

We now have to impose that the variation of the gravitino vanishes. Let us do it explicitly

for the index p =1

1 1
0=0e+ 1(“’1) A7 Be + 2788(4!7#%1?&1% — 8- 31 Flon e (3.71)

where hatted indices of the gamma matrices should be intended as curved indices: one
should express all in terms of gamma matrices with flat indices, by means of the appropri-
ate vielbein. Since € inherits the symmetries of the geometry it is indipendent of (¢, z");
thus both the first and the third term trivially vanish and we are left with

1 1
—0,VZ 1a——Z718aX 2aty ¢ 3.72
N (3.72)

Multiplying this expression with v'* and using the Clifford algebra we arrive at

0=

1
3—Zc‘9aX70126 = 0,V Ze. (3.73)

This is a sort of projection equation for the spinor e: in fact we have that (°1?)? = L.

012

Thus it must be 7v”'“¢ = +e: these two possibilities are both possible, and correspond to

a brane and its anti-brane. Here we choose the + sign, and the equation reduces to

(3.74)
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Solving the same equation for ;1 = a one gets a link between the functions Y and X, in
particular we have

1 1
0 = Ope + (Haa\/?yab - Z719,X~"?)e. (3.75)

VY 6vY

The second term is again a projector for the spinor ¢ and taking again the + sign we
obtain .

Bae + 0,V Y € = —gZ_lﬁaZ%e. (3.76)

The well-defined solution of this equation, using (3.74), leads to
X(r)y=Y(r)>. (3.77)

This is all what we can say just using the supersymmetry. In order to go further, we
cannot avoid solving an equation of motion, which we choose to be the equation of motion
of the form A. It is simply the generalisation of Maxwell’s equations in 4-dimensional
electrodynamics, i.e.

dxF =0. (3.78)

The Hodge dual of F'is

CF) ooty = N =€y P F (3.79)

Thus we get xF = X 29, Xdz™ A --- A dx®, with a; - - - a7 # a. The equation of motion

is then equivalent to the Laplace equation for X !
"0, X1 =0. (3.80)

The solution of this equation is an harmonic function in 8 dimensions. We thus write
Xt=1+ 7;%, where the adding constant is fixed requiring that the metric is at at infinity.
The constant @ is precisely the electric charge corresponding to the M2 brane. We rewrite

here the complete solution we have found:
sBPS M2 solution

ds® = X (r)5(—dt? + do'de’) + X (1)~ 3da’da” .
A®) = X (r)dt A da' A da? , X(r)= (1 + Q) (3.81)

7n6
o =
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The fact that the metric and the A® field depend on one single function X (r) is due
to the presence of supersymmetry. However, for an asymptotically flat geometry the ¢t
component of the metric is related to the mass of the object generating that solution.
Having a single function that determines the metric and the 3-form means that there is
a precise relation between the mass and the charge of our solution as always happens in
BPS solutions. The recipe in order to extract the ADM mass from an asymptotically flat
geometry in arbitrary dimensions is given for example in [13]. In the asymptotic regime

our solution become

1 2 o 1
ds® = Ny + hywy,  hp = 5 —gQ(—dt2 + datdx") + dex“dx“ (3.82)

and following [13] the mass M is related to hy by (G = 1)

160 M w3Q
hy ~ ——— M=— .

where A; = %4 is the area of a unit 7-sphere. Once we have this M2 solution, it is quite
simple to derive suitable solutions of Type ITA supergravity via dimensional reduction.
There are two ways to do so, compactifying a coordinate z* or a coordinate z®. Let us

first choose y = x'; we have
2
ds?, = ds3, + e (dy + Clsl)dx“)Q p#1, A® =B@OAdy4+C® 5= §<1> (3.83)
So, we find the following solution (where we have made a slight change of notation

X(r)yt=Z(r)):
%BPS F1 solution

(ds? = Z(r)~Y(=dt? + da*da?) + da®da®
e® = Z(r)z

B® = —Z(r)~tdt A da?

CP =0 (p=1,3)

(3.84)

\

Here we have already turned to the string frame, following (3.42),(3.43) ds? = e?ds?,.
This solution corresponds to a F'1 fundamental string parallel to the 22 direction because
Bt(i% # 0. Obviously this is a Type ITA solution, because it was obtained via dimensional
reduction. Obtaining this solution was straightforward, in that our M2 brane was parallel
to the 2! direction; therefore the brane was invariant under translations along z'. If we

now want to do the same for a direction perpendicular to the M2 brane, say 3, we
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get some difficulties, because we have one single M2 brane located at z® = 0. The
problem can be solved noting that the Laplace equation is linear, and so we can safely
take a superposition of branes at different locations as a correct supersymmetric solution.
Physically speaking, this is allowed because of the equality of mass and charge, that
balances the attracting gravitational force and the repulsive gauge force between parallel
branes. Suppose that we make a superposition of many branes, each one at position

r? = y; and with charge Q; then the X function becomes

1

X(r)t=1 —_— 3.85

R (3.85)

Defining r’ = Zii 4(x%)?, and letting the branes be continuously distributed along z*, we
have

Q/
=1 =14+ — 3.86
X' =1+Q [ s 1 (3:80)

where @)’ is proportional to @ (it is not important the right proportionality coefficient).
Thus the solution corresponding to an infinite superposition of M2 branes is formally
identical to the previous one with X a harmonic function in a 7-dimensional transverse
space. We can now safely make a dimensional reduction along the 23 direction. The result
is a solution corresponding to a D2 brane parallel to the directions 2! and 2? which, when
expressed in string frame, reads:

sBPS D2 solution

"

ds” = Z(r) [=d* + (da")? + (da®)?) + Z(r)? (da°)?.
e‘p = Z(r)i - Q
B® — (=W o Zr) =145 (387)

(C®) = Z(r)~tdt A dat A dz?

Here r is the radial direction in the 7 dimensional space orthogonal to the brane. Starting
from these solutions for the F'1 and the D2 brane, we can use 1" and S dualities in order
to find other supergravity solutions in 10 dimensions. For example we can find the D3
solution making a T duality along, say, z° of (3.87) obtaining:

%BPS D3 solution

ds? = Z(r)"z [—dt? + (dz*)? + (da2)? + (da®)?] + Z(r)z (dz")?.
e® — Z(T)_i , (3.88)
CW = Z(r)~'dt A da* A da® A da®
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where now a = 4,...,10. We will return to this solution in the next chapter when we

discuss our application of the AdS/CFT correspondence.

3.8 INDIRECTED METHOD

As anticipated, there is another method that can be used to derive the same supergravity
solutions. One starts from a well known, neutral solution, and applies symmetries and
dualities to construct the desired brane solutions. Let us now see an example. Let’s
consider a 10-dimensional spacetime, with topology R4 x St xT%. Let’s denote with (¢, z¢)
the coordinates on the non-compact directions, with y the coordinate on the circle and
with z¢ the coordinates on the 4-dimensional torus. The starting point is the Schwarzshild-

Tangherlini metric in the RY* directions, tensored trivially with S x 7%
2M oM\ .
ds? = — (1 - T—Z) dt? + (1 - 7) dr® 4+ r2dQs + dy® + ) (dz")?, (3.89)

where G = 1 and we have used polar coordinates in the 4 non-compact spatial direction

' =rsinfcos¢ 2> =rsinfsing a® =rcosfcosyy ' =rcosfsiny (3.90)

with 6 € [0, 3] and ¢, € [0,2n]. This solution is the generalisation of the Schwarzschild
solution, thus it is for sure a solution of the Einstein equations in vacuum, and then a
supergravity solution if all gauge fields vanish. It can also be seen both as a Type ITA or

I1B solution, because all the gauge fields are trivial.

3.8.1 THE 1-CHARGE GEOMETRY

In our solution we have a mass M but no charge. To obtain a BPS solution we can add

a charge by performing a boost along the direction y of the circle
Y =ycosha +tsinha ¢ =tcosha+ ysinha, (3.91)

where o € (—00, 00) is the rapidity. Renaming ¢y =y, t' = ¢ the metric becomes

2M sinh? 2M cosh?
ds® — (1 = O‘) 4P + (—1 T a) dt*+
T T

_ (3.93)

2M 2M\ ™!

+ 2 cosh asinh a——dydt + (1 — —) dr® + r?dQs + dy* + (dz*)?.
r

r2
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This solution corresponds to a wave carrying momentum F,. Let’s now apply a T-duality,
then result will be a solution of Type IIB supergravity describing a fundamental string

wrapping the circle, F'1,. We rewrite the metric in the form (3.48)

2M sinh? hasinha2M/r? 1
d52:<1—|— sin a) {d cosh asint 042 /T dt}
72 1 + 2M sinh” o /r?

OM sinh?a oM oM\
(14 2250) (i 2 )ae s (1-20) e i i 4 (a0
T

r2 r2
and applying the correspondence of eq. (3.49) with B, = 0, we obtain:
ds® = S0 [dy? + (—1+ 2) dr?] + (1 — 2) 7" dr? 4 r2dQy + dy?® + (dz°)?

¢2 — g1 (3.94)
B® = 2 cosh asinh S dt A dy

where S, = <1 + QMS;—I;hQ"‘) We define the charge of this solution by taking the BPS

condition, i.e. we take the limit
M —0, «a—oo suchthat Me** =2Q, (3.95)

where @ is the charge of F1. In this limit S, — 1+ % and the solution in the string frame
becomes:
%BPS F'1, solution

ds? = Z(r) Y —=dt* + dy?) + dr? + r2dQz + (dz*)?
e2® = Z(r)z . Z(r)=1+2 (3.96)
B® = —Z(r)~'dt A dy

As we expected this is exactly the F'1, solution (3.84) we found with direct method but

in polar coordinates.

3.8.2 THE 2-CHARGE GEOMETRY

To add a second charge we can proceed as before and perform a second boost, with rapidity
B. Note however that a boost acts trivially on a BPS solution, thus we must go back to
the non-extremal solution (3.89). In this method, the BPS limit has to be taken only at
the end of the chain of boost and dualities. The result describes a string F'1, wrapped in
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the y direction carrying momentum P,

(ds” = 531 85(dy + Mg i) + 551551 (-1+ 2+
(1= 2012 4 p2dQy + dy? + (d2%)?
62(1) —_ S—l

B® = 2 cosh asinh S dt A dy

(3.97)

\

where Ss is defined with the same structure of S,. The BPS limit gives:
1BPS F1,P, solution

ds? = Zy(r) [—dt* + dy* + K(r)(dt + dy)?] + dr* + r2dQs + (dz?)?
o2% _ Z(T)fé (3.98)
B® = —Z(r)~tdt A dy

with Z1(r) =1+ % and K(r)=Zp—1= ?—QP

We can obtain the }L—BPS solution in an other duality frame: an interesting one is when
the charges are D1,D5,r4. Starting from the F'1,P,, the D1D5 frame can be reached
performing a chain of dualities. They are schematically:

T along T*

(F1,P,) % (D1,P) (D5,74P,) > (NS5,74P,)

T along y
E—

(NS5, F1,) L2ms2 S ps WD1,)

Note that the D5-brane has been constructed out of the fundamental string F'1 and thus
its charge Q% is related to the charge (), (and to the boost parameter a)). Analogously
the charge of D1 @) derives from Q)p. The explicit D1-D5 solution can be obtained by
applying the duality rules explained above. We skip the details of the calculation, and
only give the final result:
1BPS D1,D5,7, solution

ds® = Zy(r)"2 Zs(r) "2 (dy? — dt2) + Z1(r)2 Zs(r)2 (dr? 4 r2dSs) + Zy(r) "2 Zs(r)2 (dz)?2
e?® = Z,(r)" Y Zs(r)
C® = —QLsin?0dg A dip + (1 — Zs(r)~1)dt A dy
(3.99)
with Zy(r) =1+ ?—2/1 and Z5(r) =1+ %‘”
The geometries we have generated are guaranteed to be solutions of the supergravity

equations of motion (BPS or not) carrying the allowed charges of string theory. Their
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microscopic meaning, however, has to be clarified. Note that, due to the singularities of
the various harmonic functions, all the solutions generated until now are singular at » = 0.
Singularities are not necessarily a reason to discard a solution, as far as they correspond
to allowed microscopic sources: think for example at the well-known singularity of the
Coulomb potential of a point-like charge. Can the singularity of the F1-P solution in (3.94)
be linked to a fundamental string? The answer is no: that solution should represent a
string wrapped along the y circle and carrying momentum through a wave travelling along
y. However, since fundamental strings have no physical longitudinal vibration modes, the
momentum must be carried by vibrations transverse to y. This should make the string
bend away from its central axis and the singularity cannot be confined at r = 0. The al-
lowed microscopic solution for a vibrating string carrying momentum can be constructed
by specifying a transverse displacement profile F'(t —y) and it is singular along this profile.
See [11], [12] for more details. Since the D1-D5 solution (3.95) has been obtained via a
chain of dualities from an unphysical one, one expects that even that solution does not
describe an allowed microscopic configuration of string theory. The fact that in (3.95) the
tt component of the metric vanishes at r = 0, suggests that that solution might represent
an extremal black hole with a horizon at » = 0. Even this interpretation is not completely
correct, since one can check that the area of the horizon vanishes for the metric in (3.95).
That solution thus represents a “degenerate” black hole, also knows as small black hole,

with a singular horizon of vanishing area.

In conclusion, we will refer to the solutions constructed in this chapter as “naive” so-
lutions: they carry the expected global charges, but they do not described the actual
microscopic configurations of string theory. The main goal of this thesis is to construct

solutions carrying D3 charge with a precise microscopic interpretation.
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The AdS/CFT Conjecture

The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence, is one of the
most important recent ideas that arose in theoretical physics, providing new ways of
performing calculations where more conventional methods are intractable. The corre-
spondence, roughly speaking, states the equivalence between a string theory containing
gravity living in a certain geometry, and a gauge theory living on the boundary of that
geometry. Here ’equivalence’ means that there is a one-to-one correspondence between
all aspects of the theories including the global symmetries, observables, and correlation
functions. The theories are thus considered to be dual descriptions of each other; this
notion of duality is an interesting one because it turns out that the regimes within which
it is possible to perform calculations easily do not coincide on the two sides of the corre-
spondence. In other words, when one theory is strongly coupled (and, thus, it is difficult
to treat) the dual one is weakly coupled, and vice versa. In this chapter we will introduce
the conjecture starting with a brief introduction of the two sides: CFT and AdS geometry.
A CFT is a field theory with the conformal symmetry, which is a specific type of symmetry
that describes how the theory remains the same under transformations that preserve an-
gles but not lengths. On the other hand the AdS geometry is the maximally symmetrical
solution of the Einstein equations with a negative curvature. As we’ll see AdS geometry
has the same isometry as conformal group and this will be very important in the context
of the AdS/CFT correspondence. After this general introduction we’ll describe the basic
properties of a particular CFT, namely the N' = 4 CFT, which will be the one we will
focus on the most in the future. After that we’ll motivate the correspondence starting
with the “large N limit”” which was historically the first link to be found between SU (V)
gauge theories and string theories and then we’ll give a stronger motivation through what
is called the “open/closed duality”. Over time, numerous dualities have been found be-
tween different theories. For our purposes, we will focus uniquely on the original duality
due to Maldacena [14] between the 10-dimensional Type IIB superstring theory on the
product space AdSs x S° and the N' = 4 super Yang-Mills (SYM) theory with gauge
group SU(N), living on the 4-dimensional boundary of AdSs.
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4.1 A BRIEF INTRODUCTION TO CFT

4.1.1 THE CONFORMAL TRANSFORMATIONS

Conformal Field Theories (CFTs) are the theories invariant under transformations of the
conformal group. The conformal group is the group of local transformations  — x’ which

leaves the metric invariant up to an arbitrary scale factor

G () = g, (") = Q*(2) g (2). (4.1)

Therefore geometrically a conformal transformation is locally equivalent to a (pseudo)
rotation and a dilatation (i.e. transformation that preserve angles). The conformal group
has the Poincaré group as a subgroup, since the latter corresponds to the special case
Q(z) = 1. Tt also include, for example, dilatation z* — Az and inversion z* — z//x2.
If we follow an inversion by a translation by b and a second inversion, we arrive at the
special conformal transformation

ok + 22!

o 4.2
. 14 2b-x+ b2z2’ (4.2)

which, in contrast to the inversion, can be expanded around the identity.
Under an infinitesimal transformation z# — x* + &#(x) the metric, at first order in &,

changes as follows
Guv =7 Guv — (3;@, + aufu)~ (43)

The requirement that the transformation be conformal implies that

augu + augu = f(if)g,w- (44)

Taking the trace of this equation gives f(z) = %(8 -¢) and we have
0,60 + 0% = 10 O (4.5
One may show that in d > 2 the most general solution to this Killing equation is
&= a,+w, x, + v, —2(b-z)x, + 2°b,, (4.6)

where A is a constant, a, and b, are constant vectors and w,, = —w,, a constant
antisymmetric matrix. They parametrize infinitesimal traslations, Lorentz transforma-

tions, rescalings and special conformal transformations of x#. So we have a total of
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d+ 10 11 d = WD) o pameters.

4.1.2 THE CONFORMAL ALGEBRA

The conformal transformations are generated by P, = 0,, Juw = 2,0, — 2,0, D = x - 0,

K, = —2z,x-0+1%9, whose algebra is easily worked out. The non-vanishing commutators

are:
[D, P, = —F, (4.7)
[D, K] = K, (4.8)
[Py K] = =290 D + 2, (4.9)
[Juws Po] = =GupLs + Gupbu (4.10)
[, K] = = 9up By + gup Ky (4.11)
[Juws Joo) = = Gupve = Guodup + GuoJup + GupJ o (4.12)

So K,,, P, are Lorentz vectors and D a Lorentz scalar. Furthermore (4.7),(4.8) shows that
P, and K,, are raising and lowering operators respectively for the dilatation operator D.
Finally one can also interpret D as reading off the length dimension of the other operators
since P,, K, and J,, have length dimensions —1, +1, 0 respectively.

If one defines M, = J,, Myas1) = —D, Mg = 2(P, — K,,) and M,,q11) = —2(P, + K,,)
the above commutation relations can be combined into the following single relation

[(Map, Mea) = —NaaMpe + Moe Maa — Nac Mpa — MpaMac, (4.13)

where a,b,¢,d =0,1,--- ,d+1 and n,, = diag(—1,+1,--- ,+1, —1) is the invariant metric
of SO(d,2). This establishes the isomorphism of the conformal algebra of d-dimensional
Minkowski space with so(d,2), the Lie algebra of SO(d,2)" (O(d,2) if we include inver-
sion).

H Transformation H Infinitesimal \ Finite \ Generator H
Translation Tt + a¥ Tt + a¥ P,=0,
Lorentz " + wtx, AH v Jw = 2,0, — ,0,
Dilatation zH 4+ Az Axt D=zx-0
Special o+ ba? —2(b- 1)z, % K, = —2z,x-0+ 220,

Table 4.1: Summary of conformal transformations

'Here we assume d > 2. In d = 2 the conformal algebra is infinite dimensional.
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4.1.3 GENERAL FEATURES OF CFT

Under a Poincaré transformation a field operator W 4(z) transform as
Ua(z) = UMN)ap¥s(A (2 — a)), (4.14)

where A is the representation index. For a conformal transformation we have to specify
also how the field operator transform under a scale transformation. Under a dilatation
xr — Ar we have

T = A2 (), (4.15)

where A is the scaling dimension (or conformal dimension) of the operator. It is an

eigenvalue of the dilatation operator
[D, T3] = —AV4. (4.16)

We mentioned previously that P, and K, act as raising and lowering operators for the
dilatation operator D. We can see this by considering an operator U2 of conformal

dimension A and finding the conformal dimension of [P,, ¥2]. Using (4.7),(4.16) we have

D, [P U™ = —(A + 1)[B,, 7] (4.17)

showing that [P,, 2] has dimension A + 1 as claimed. An analogous proof shows that
[K,,, V2] has dimension A—1. For a representation to be unitary the conformal dimension
must have a lower bound (for scalar fields A > (d — 2)/2 which is the dimension of a free
scalar field), an thus there must be an operator in the representation of lowest dimension
(i.e. that is annihilated by K,). The lowest-dimensional operators are called primary

operators; they are defined by the condition
[K,,O]L =0. (4.18)

All the other fields are obtained by the action of P, on primary fields and they are called
descendant fields. The primary operators define the full representation of the algebra
which is classified by the dimension A and by the spin j of these operators (i.e. the
Casimir of the conformal group).

One of the basic properties of conformal field theories is the one-to-one correspondence
between local operators O and state |O) in the radial quantization theory. If we consider

the conformal theory in the Euclidean space the conformal group is SO(d + 1, 1), and
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since R? is conformally equivalent to S¢ (after adding a point at infinity) the field on R?
is isomorphic to the theory on S?. In radial quantization the time coordinate is chosen
to be the radial direction in S¢, with the origin corresponding to past infinity, so that the
field theory lives on R x S9!, An operator O can then be mapped to the state

0) = lim O(x) |0) (4.19)

All states in the theory can be created by operators which act locally in a small neighbor-
hood of the origin. That is to say that the entire Hilbert space of a CFT can be thought
of as living at a single point. The inverse mapping of states to operators proceeds by
taking a state which is a functional of field values on some ball around the origin and
using conformal invariance to shrink the ball to zero size.

Classically, a field theory is conformally invariant if there are no dimensionful couplings
constant in the action (e.g. mass terms); this is intuitive, since a dimensionful coupling
constant sets a scale, thereby breaking scale invariance. Upon quantization however, con-
formal invariance may be broken due to the renormalization process, which introduces
dimensionful constants into the theory. A necessary condition for a theory to be confor-
mally invariant quantum mechanically is the vanishing of the renormalization group beta

functions

9%
ou’

where ¢ is a coupling of the theory and u the renormalisation scale.

B=p (4.20)

4.2 N =4 SUPER YANG-MILLS THEORY

As we have seen in Section 1.2.1 non gravitational theories with N/ = 4 are maximally
supersymmetric. So in A" =4 SYM the gauge multiplet is the only possible multiplet. It
is given by

(A, N, X7 (4.21)

where A, is a spin-1 gauge field (y is the index which transform in the (%, %) representation

of SO(3,1)), A2 (a = 1,...,4) are four complex Weyl spinors (in the 4 of SU(4)z), and X"
(1 =1,...,6) are six real scalars (in the 6 of SU(4)g). Under the global R-symmetry group
SU(4)g ~ SO(6)g these transform as a singlet, a vector, and a rank-2 antisymmetric

tensor respectively. All fields transform in the adjoint representation of the SU(N) gauge
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group. The lagrangian for the so-called N' = 4 super Yang-Mills theory is given by

1 y 0; v . ta_ i i
c :Tr(—%FWF“ + oz bl = io A T DA, Z D, X'D'X
(4.22)
+gvar O CONIXIN] + gyar Y CanN (X, ] + QYMZXZ X2,
a,b,i a,b,i (2]

where gy is the coupling constant, 0; is the so-called instanton angle, F),, is the dual
field-strength of the gauge field, D, is the usual covariant derivative, F' is the Hodge dual
of F, and C are the structure constants of SU(4)g. The trace is over the gauge indices
and is to ensure gauge invariance of the action. This theory is classically conformally
invariant since [gy ] = [07] = 0. More strikingly, upon quantisation one finds that the
theory is UV finite; since no renormalisation scale is needed, the S-function vanishes to
all orders and thus the theory remains conformally invariant at the quantum level.

The combination of conformal symmetry SO(2,4) ~ SU(2,2), N' = 4 supersymmetry
and R-symmetry are part of a larger symmetry group, that is the superconformal group
SU(2,2/4). Superconformal algebra in addition to generators of the conformal group and
supercharges, contains also the so-called conformal supercharges S with their complex
conjuagte Si. These are required to close the superconformal algebra [K,Q] ~ S. In
addition the theory exhibits a further SL(2,Z) symmetry, i.e. it is invariant under S-
duality. This can be seen by using the two coupling constants of the theory gy, 07 to

define ,
0; 471

27 Q}ZfM .

The action of the theory is invariant under 7 — “T”’ with ad—bc =1 and a,b,c,d € Z. As

T

(4.23)

always this symmetry is very useful for studymg large—coupled theory known the pertur-
bative regime and as the other things will feature later in the AdS/CFT correspondence.

4.3 ANTI-DE SITTER SPACE

4.3.1 DEFINITION OF ANTI-DE SITTER SPACE

A maximally symmetric space of d- dimensions has the maximum number of Killing vectors,

d+1) ( —1)

namely d translations and < rotations). The Riemann curvature tensor for this

spaces can be written as

R/u/pa = C(gupgua - guogup)a (424)

for some constant C, and thus one finds by contracting that R,, = (d — 1)Cyg,, and

R =d(d—1)C, i.e. maximally symmetric spaces have constant curvature scalars.
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We define the anti-de Sitter (AdS) space as a space of Lorentzian signature and constant
negative curvature. In a similar fashion to other constant curvature spaces, AdS space
may be defined as an embedding in a higher-dimensional space. If we consider a flat

embedding space R%4~! with coordinates X, (a = 0, ..., d) and metric

d—1
ds® = —dX3 —dX3+ ) dX?, (4.25)
i=1
then we may define AdS, as the hyperboloid
d—1
Xg+X;-) X} =P (4.26)

=1

where R is known as the AdS radius. Fuclidean AdS may be defined in an analogous way,
but embedded in R and with the defining equation

d—1
Xg—X;-) X}=PR" (4.27)
=1

It is obvious from the defining equations that the isometry group of lorentzian AdSy is
O(2,d—1) (or O(1,d) for the Euclidean case); so for example the isometry group of AdSs is
O(2,4). Since the dimension of O(2,d—1) is @ we see that AdS, is indeed a maximally
symmetric space. By eliminating the final coordinate via (X%)? = R? 4+ 1, X* X", where
p=1(0,1,...,d — 1) and n,, is the d-dimensional Minkowski metric, we may provide a set

of coordinates for AdS; and write the metric as

Ny, X X7
ds® = ( nu, — == ) dX* dX". 4.2
i <"“ X X 1R (4.28)
Calculating the Riemann tensor with this metric we get C' = —%, therefore AdS,; has

constant negative curvature scalar.

4.3.2 COORDINATE SYSTEMS ON ADS

Let us for convenience now set R = 1. We may introduce a set of coordinates on AdSy

by writing:

Xo=Trcost
Xy =rsint (4.29)

X, =rx;
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where Zf;ll z? = 1, and the other coordinates range over 7,7 > 0 and ¢ € [0,27). The

defining equation (4.26) then clearly implies 7#* — 72 = 1. Using (4.25) we thus find
ds® = —di* — P2dt* + dr® + r2dQ7_,. (4.30)

Using the constraint 7% — 72 = 1 we find that di?* = ;—szQ and thus simple algebra gives

the metric )

dr
1472

We have thus eliminated 7 and now have a set of d coordinates for AdS;. We see that ¢

ds® = —(1+r?)dt* + + r2dQ5 . (4.31)

acts as a time coordinate, yet from it’s definition in (4.29) this coordinate appears to be
periodic. To avoid the existance of closed timelike curves and causal inconsistencies, we
thus unwrap the time coordinate (technically, we move to the universal cover) and simply
define the space AdS; by equation (4.31) (which is, after all, a solution to the Einstein
field equations with negative cosmological constant) for ¢ € R. Note that the this metric

has the same form as the Schwarzschild metric
dr?

f(r)

but here f(r) =1+ r? > 0, and thus we see that the anti-de Sitter space does not have

an event horizon.

ds® = —f(r)dt* + +r2dQ3 (4.32)

We now make a further coordinate transformation in (4.31) given by r = sinh p for p > 0.

Using 1 + 72 = cosh? p we easily find
ds? = — cosh? pdt* + dp* + sinh? pd3_,. (4.33)

These are known as global coordinates (so-called because they cover the entire AdS space)
and are the coordinates that we’ll use in the future. Finally, we can make instead a
different coordinates substitution in (4.31) given by r = tanf for 5 € [0,7/2). Using

1+ r? = sec? § we find the metric

ds® =

(—dt* + dB* +sin® BdQ3_,) = (—dt? +dQ7_,). (4.34)

cos? 3 cos? 3

These are known as conformal coordinates, so called because AdS, is conformally equiv-
alent to the cylinder R x S,
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4.3.3 THE CONFORMAL BOUNDARY OF ADS

In the conformal coordinates metric (4.34) the coordinate [ clearly plays the role of a
latitude; strangely, however, we saw from its definition that it ranges over the values
B € [0, %) rather than the usual [0, 7]. So the spatial part really only covers the northern
hemisphere and not the full sphere. Thus, after a conformal transformation and neglecting
t, we have a hemisphere of S?~! with boundary at the equator that of course is topolog-
ically equivalent to the ball B4~L. Since 9(B%1) = S%2 which we commonly associate
with R?2 with spatial infinity identified as a single point, we arrive at the important

result (taking the time coordinate into account)
O(AdSy) = RM2 (4.35)
or, if one includes the point at infinity
O(AdSy) = Ry x S92, (4.36)

So AdSy is bounded by Minkowski space R%¥~2. This result is of crucial importance in

the AdS/CFT correspondence since it is at the heart of its holographic nature.

4.3.4 POINCARE COORDINATES

We now introduce one further set of coordinates for AdS; which are particularly useful
in the AdS/CFT corrispondence. We will here restore the radius R. We introduce the
coordinates y > 0 and (¢,7) € RY! via:

1
Xo=—[1+y*(R*+ 2 —°)]

2y
X = Byt (4.37)

1 ;
Xo = @[1 — (R — 7+ 1%)]

X; = Ryx;

where (i = 1,...,d — 2) and 72 = 3,97 2. These coordinates satisfy (4.27) and give the

metric
R2 y2
ds? = ?dy2 + ﬁnwdx“dx”, (4.38)
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where z# = (¢, 7). Making the coordinate substitution u = %2 we find
., _ R,
ds® = ﬁ(du + nudatdx”), (4.39)

which is the metric in Poincaré coordinates. So we see that AdSy is conformally equivalent
to Minkowski space R»¥~!. The slices of constant v are copies of Minkowski space R4~2,
in particular the conformal boundary is given by the slice u = 0 (i.e. y — 00). Finally, in

these coordinates one can also see that the dilatations

U — A\u, 40
xt = Az, (4.40)

for any A € R form an isometry of AdS space.

4.4 THE LARGE N LiMmIT

QCD is a gauge theory based on the SU(3) group, where 3 is the number of colors. While
the gauge theory description is very useful for studying the high-energy behavior of the
strong interactions, it is very difficult to use it to study low-energy regime. The difficulty
stems from the lack of a small, dimensionless parameter which we can use as the basis
for a perturbative expansion. Soon after the advent of QCD, 't Hooft pointed out that
gauge theories based on the group SU(N) simplify in the limit N — oo (despite the
large number of degrees of freedom), and have a perturbation expansion in terms of the
parameters 1/N. First, we need to understand how to scale the coupling gy, as we take
N — oco. The confinement and the mass gap all occur at the strong coupling scale Agep,
so it is natural to scale gy so that Agep remains constant in the large /N limit. The

beta function equation for pure SU(N) YM theory is

dgyvm _ENggiM

= : 441

where p is the renormalisation scale. So the leading terms are of the same order for large
N if we take N — oo while keeping A\ = g%, N fixed (one can show that the higher terms

are also of the same order in this limit). We thus have the t’Hooft limit
N — oo, A=gi,N fixed. (4.42)

This ensures that the physical scale Agcp also remains fixed and this limit can also be
applied to theories with 8 = 0, like the A’ = 4 SYM theory introduced before. Let’s see
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more closely at the Feynman diagrams that arise from the Yang-Mills action

1 N
Sym = —= / d*zTr (F*"F,,) = —= [ d*aTr (F"F,,). (4.43)
29y m 2A
Each gluon field is an N x N matrix
(Au)'; 4j=1,.,N (4.44)
and the propagator has the index structure
Al (1) AR () = A 5isk — ~ gk 4.45
(A (@) A (y)) = Bl —y) | 0107 = 0307 |, (4.45)

where A, (x) is the usual photon propagator for a single gauge field and the 1/N term
arises because we're working with trace-less SU(N) gauge fields. At leading order in 1/N

we have

(AL (@) AL (1Y) = A (@ — )65 (4.46)

The fact that the gauge field has two indices 7, j suggests that we can represent it as two
lines in a Feynman diagram rather than one. Each line comes with an arrow, and the
arrows point in the opposite ways. This reflects the fact that the upper and lower lines

are associated to complex conjugate representations ([(Au)ij]T = (47) ).

Yy yy O — L~ %
Figure 4.1

The propagator scales as A/N as can be read off from the action (4.43). We have also
the cubic and the quartic coupling vertex; each vertex come with a factor N/A\.

The general scaling will be

)\ F#propagators N #vertices ) .
diagram ~ (N) (X) N#lndex contractions (447)

where the index contractions come from the loops in the diagram. It turns out that, among
all the possible Feynman diagrams, a subset dominate in the large N limit. The dominant
diagrams are those which can be drawn flat on a plane in the double line notation. These
are referred to as planar diagrams. The key idea is that the planar diagrams can all be

drawn on the surface of a sphere. In contrast, the non-planar diagrams must be drawn
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on higher genus surfaces, for example a torus. In general we have

E = # of edges = # of propagators
F = # of faces = # of index loops
V = # of vertices

and from (4.47) a given diagram scales as
diagram ~ NETV=ENEZV (4.48)
The following combination determines the topology of the Riemann surface
XX)=F+V -E, (4.49)

where x is called Fuler character and it only depends on the topology of . It is related

to the number of handles H of the Riemann surface, also called the genus, by
x(X)=2-2H. (4.50)

The sphere has H = 0, the torus has H = 1 and so on. In this way, the large N expansion

is a sum of Feynman diagrams, weighted by their topology
diagram ~ NX)\E~V, (4.51)

As an example of a planar diagram we can consider the vacuum bubbles

Figure 4.2: Vacuum bubbles: an example of a planar diagram

which using (4.47) scales as AN?2. Instead a non-planar diagram is
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Figure 4.3: A non planar diagram cannot be drawn on a surface with H = 0

which scales as A and therefore in the large N limit doesn’t contribute; more precisely
the relationship between the amplitudes is Apon-planar/Apanar = N —2. This is true in
general for all non planar diagrams.
The fact that in this limit the perturbation theory is based on the topology of the Riemann
surface on which the Feynman diagram rests was the first hint of some sort of link between
field theories and string theory. In fact also in string theory the perturbation theory is
based on the Riemann surface topology. In particular the sum over Riemann surfaces is

weighted by the string coupling constant; by analogy we have

. 4.52
95 = % (4.52)

We have thus seen that, in the t'Hooft limit of non-abelian gauge theories, perturbative
string theory seems to provide a dual description of the guage theory’s perturbation
expansion. This is just an idea: nothing tells us which gauge theory is associated with
which string theory. As we will see, the AdS/CFT correspondence realizes this idea.

4.5 THE OPEN/CLOSED STRING DUALITY

Now that we have introduced the fundamental elements, let us motivate the conjecture
that we will enunciate in the next section. One of the strongest motivations for believing
the AdS/CFT correspondence (and the original one, due to Maldacena [14]) is to consider
it as a realization of the open/closed string duality. We have seen that superstring theories
contain multidimensional objects: D-branes. On one hand, these objects are considered
to be dynamical hyperplanes upon which the endpoints of open strings are fixed (but are
free to move parallel to the brane). On the other hand, D-branes are massive objects
and therefore can be considered as sources for closed strings; one can then consider closed
string propagating in such a background. That these points of view are equivalent is of
great importance, since by considering a particular physical set-up from each in turn, we
shall see that (in certain limits) there are two decoupled theories in both interpretations;
by recognising a common theory present, we are then led to identify the two theories as

equivalent or dual descriptions, which is exactly the AdS/CFT correspondence mentioned
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above. We now discuss the important subject of how gauge theories arise on the worldvol-
umes of D-branes. Then we consider the set-up from the open and closed strings points

of view in turn.

4.5.1 GAUGE THEORIES ON THE WORLDVOLUMES OF D-BRANES

Let’s first consider D-branes from the open string prospective. As we have seen in Section
2.1.3, the quantization of the theory gives an open string spectrum that can be identified
with fluctuations of the brane. For a single D-brane, the massless spectrum consists in
scalar field ¢; describing fluctuations of the brane in the transverse direction and a U(1)
gauge field A, that lives on the brane. If we consider a stack of NV coincident branes then
we must further label the string states by indices which denote which brane the endpoints
lie on. Open strings that have both endpoints on the same brane form U(1) gauge fields as
before, so that we have an overall gauge group U(1)Y; we will denote the gauge fields with
(A,)?,, where the upper (lower) index labels the brane on which the string starts (ends).
We can also have strings that have endpoints on different branes (A4,)%, (with a # b) that
are mass-less gauge fields if the branes are coincident. In this case the resulting theory is
a non-Abelian gauge theory with gauge group U(N). The U(N) gauge group is equivalent
to U(1) x SU(N); the diagonal U(1) degree of freedom describes the motion of the branes’
center of mass (i.e. rigid motion of the entire system of branes); we are not interested in
this trivial type of motion and we will focus only on the SU(N) gauge group.

D-brane breaks one half of the 32 supersymmetries of the D = 10 N/ = 2 superstring
theory and so, in particular, for a stack of N D3-branes, the brane dynamics is described
by D =4 N =4 SYM theory with gauge group SU(N).

4.5.2 THE OPEN STRING POINT OF VIEW

From the open string point of view, the action describing the physical set-up has the form

S = Sbulk + Sbranes + Sbulk—branesa (453)

where Spuk is the ten-dimensional supergravity action, Spane is the brane action and
Shulk-branes describes the interaction between the branes and the bulk theory that scales
with Newton’s constant v/Gx ~ gso'2. In the low energy limit o/ — 0 and we thus see

that the interaction term drops out. We remain with two decoupled theories

(brane theory) & (bulk theory) (4.54)
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The particular brane and bulk theories depend on the D-brane. If we consider as before

a stack of N D3-branes we have
(D =4N =4SYM) & (Type IIB SUGRA) (4.55)

If we introduce the t’Hooft coupling A = g% ,,N, for A < 1 we recover the weakly coupled

Yang-Mills theory, where the perturbative expansion is reliable.

4.5.3 THE CLOSED STRING POINT OF VIEW

Now we consider the same system from a different point of view. D-branes are massive
charged objects which act as a source for the various supergravity fields. The D3-brane

supergravity solution as derived in chapter 3 is
ds® = H™2n,de'de” + Hz (dr® + r2dQ3), (4.56)

where x# are the coordinates parallel to the brane. We also have

4
H=1+ Zj—4, (4.57)
where if we consider IV branes the scale factor R is related to the string coupling costant
by R* = 4rgsa/2N. Note that the supergravity description is valid when the curvature
radius (which is set by the scale R) is large compared to the string length [ since otherwise
string effects are important and cannot be ignored. So the useful regime is given by
R~ \/E(QSN)% > I, ~ Vo and thus we require A = g, N > 1. We thus see that this is
the opposite regime to the one in which the gauge theory description is useful.
In the limit » > R the solution (4.54) becomes that of 10-dimensional flat Minkowski
space. Instead, in the near horizon limit r < R the metric becomes
2 R2

ds* — ﬁnﬂydx“dm” + T—er2 + R%d2. (4.58)
Using (4.38) we see that this is nothing but the metric for the product geometry AdSsx S°,
where the radius for both parts of the geometry is R.
Since (4.56) becomes flat at r — oo, the coordinate ¢ is the proper time for an observer
at infinity. In contrast, the proper time for an observer at some other point is given
by At = \/—gsAt, and correspondingly the energies are related by £ = ——=FE,,. In

Vit
particular, close to the brane we have (4.58) E., = % and thus the energy as observed

at infinity goes to zero as r — 0. For an observer at infinity there are two decoupled low
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energy regimes:

o 10-dimensional supergravity close to the observer, since gravity becomes free at low
energies/large distances.

 Full Type IIB string theory close to the branes (i.e. in the geometry AdSs x S%);
due to the large red-shift, everything (i.e. all strings) becomes a low energy effect
close to the branes for an observer at infinity, and thus there is no need to restrict
to low energy massless modes.

We thus have two decoupled theories:

(Type IIB String theory on AdSs x S°) @ (Type IIB Supergravity in 10D) (4.59)

4.6 STATEMENT OF THE CORRESPONDENCE

We finally reach the celebrated AdS/CFT correspondence; by looking at (4.55) and (4.59)
we see that both from the point of view of a field theory of open strings living on the brane,
and from the point of view of the supergravity description, we have two decoupled theories
in the low energy limit. In both case one of the decoupled systems is supergravity in flat

space. So, it natural to identify the second system which appears in both descriptions:
(Type IIB String theory on AdSs x S°) = (D = 4N =4 SYM) (4.60)

The fact that D-branes have a dual interpretation has led us to identify these two theories
as dual descriptions of each other. Although not generally regarded as a proof, the
decoupling argument provides strong motivation for the above correspondence.

The parameters g;, R of the superstring theory are related to the parameters gy, N of

the flat theory on the brane by
gs = G¥p, R =4dmg,Na, (4.61)

The second equation as we have seen is related to the fact that we consider the geomtry
of a stack of N branes, while the first comes from the fact that the closed string coupling
constant is the square of the open string coupling constant. So we have the following

relations
R4 R*

_ 9
A= GyarlV =g N = Ara?  Axlt

(4.62)

We see that the supergravity regime R*/l# > 1 and the perturbative field theory regime

A < 1 are perfectly incompatible. This is the reason that this correspondence is called a
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"duality”. The two theories are conjectured to be exactly the same, but when one side is
weakly coupled the other is strongly coupled and vice versa.

Let’s now consider the holographic nature of the correspondence. We saw in Section 4.3.3
that AdSs has a boundary given by conformally invariant Minkowski space RY3. So, it is
in fact possible to identify the branes as being in some sense on the boundary of AdSs,
and thus the gauge theory (which lives on the branes) can be said to live on the boundary
of AdSs. This is the sense in which the correspondence is a holographic principle, since
the 5-dimensional dynamics of Type IIB theory (after compactification on S°) can be
encoded in a gauge theory living on the 4-dimensional boundary.

This is the strong form of the correspondence as it is supposed to hold for all values of
the coupling constant. However this strong form is difficult to check due to the need of
defining the string theory on curved manifolds such as AdSs x S°. We can state some
slightly less general forms. First we can note that it’s not possible to get into the gravity
regime by taking N small and g, very large because this would give a very quantum gravity
theory. So, it is always necessary, but not sufficient, to have large N in order to have a
weakly coupled supergravity description. We have the t’Hooft form of the correspondence,

by going to the t’Hooft limit
N — o0, gym — 0, X fixed. (4.63)

In the gauge theory side this corresponds to the perturbation theory topological expansion
in 1/N. On the string theory side one has a classical Type IIB string theory with small
coupling gs = A/N. Finally we have the weak form of the correspondence which, after
taking the t’"Hooft limit, involves taking the large A limit. This corresponds to the strong
coupling (i.e. non perturbative) regime on the gauge theory, whereas on the string theory
side we have a classical Type IIB supergravity, with an expansion in small o’. This final
form turns out to be extremely powerful, since one may use classical gravity to perform

calculations in the non-perturbative gauge theory.

4.7 'THE SYMMETRY MAP

As a first check of the correspondence we can show that there is a one to one map between
the symmetries of the two theories. In fact the bosonic part of D = 4 N' = 4 SYM is
invariant under the conformal transformations in the conformal group SO(4,2) and the
SU(4)g ~ SO(6)gr R-symmetry group. On the other hand the isometry group of AdSs is
S0O(4,2) and for S° it is SO(6). Furthermore SYM theory has also the S-duality simmetry
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group SL(2,7), the same of Type IIB string theory. Finally, the N' = 4 theory has 16
supersymmetries (Q) + 16 conformal symmetries (S) and the D3-brane breaks precisely
half of the Poincaré supersymmetries (i.e. 16 of the 32). On the other hand in AdSs x S°
near-horizon limit we have as usual 32 supersymmetries. We can therefore conclude that
the whole supergroup SU(2,2|4) is the same for the A = 4 field theory and the AdS5 x S°

geometry.

| N =4 SYM \ IIB on AdSs x S° |
Conformal group O(4,2) Isometry group O(4,2) of AdS;
R-symmetry SU(4)g Isometry group SO(6) ~ SU(4) of S°
Supersymmetries = 16Q + 16S 32 supersymmetries

Table 4.2: Symmetry map between the two theories
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Chiral Operators and the Holographic

Dictionary

As described in the previous chapter, the AdS/CFT correspondence is a strong/weak
coupling duality. Since that correspondence is a conjecture without a formal proof, one
must test it by computing physical quantities such as correlation functions. This task is
generally not possible to do since we can only compute physical quantities perturbatively
in A on the field theory side and perturbatively in % on the string theory side. It turns
out that there are several properties of some supersymmetric theories (such as the N' = 4
SYM theory itself) which do not depend on the coupling A, so they can be compared
to test the duality. In this chapter we’ll look at some of these quantities, namely the
chiral primary operators (CPOs) of the N/ = 4 SYM theory. These special operators
form a short (or chiral) multiplet of SU(2,2[4) whose dimension is “protected” from the
quantum corrections. Later we will see how to associate a field in AdS to each of these

kind operator, i.e. we’ll give the holographic dictionary.

5.1 CHIRAL OPERATORS

The operator spectrum of the N/ =4 SYM theory consists of all possible gauge invariant
combinations of the elementary fields. Since the theory is (super)conformal we can limit
our analysis to the primaries. The descendants will be obtained by acting on the primaries
with the appropriate operators.

In a superconformal algebra the special conformal transformations K, do not commute
with the supercharges (). Since both are symmetries, their commutator must also be a
symmetry, and these are the special supersymmetry transformations S with their complex
conjugates gi. The dimensions of the generators of the full superconformal algebra are
the following:

Dl =[Jw] =0, [P"]=+1, [K']=-1, [Q]=+1/2, [S]=-1/2 (5.1)
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A superconformal primary operator generalizes the idea of a conformal primary operator

given in section 4.1.3. It is defined by
[S,0]+ =0, (5.2)

and it’s the lowest dimension operator in a given superconformal multiplet. It is important
to distinguish a superconformal primary operator from a conformal primary operator.
Since K* reduce the dimension by 1 and S by 1/2, the (5.2) is a stronger condition than
(4.18). Note also that since {S, S} ~ K, the condition (5.2) implies (4.18). In addition, a

superconformal descendant operator O can be written as
0=1Q,0].. (5.3)

Again, since P* raises the dimension by 1 and @ by 1/2, this condition is stronger than
that for the conformal descendant operators defined in section 4.1.3. We can observe that
O can never be a primary operator since the dimensions are related by Ap = Ao + 1/2.
So, a superconformal primary operator is not the ()-commutator of another operator.

Since the actions of the supercharges on the canonical fields are:

[Q4, "] ~ Ao

{Q4, Xap} ~ (0" )apFlu + €apld’, ¢”]
{QA N5} ~ (0"),5Dpd’

Q2 Al ~ (0u)ac X e

(5.4)

a superconformal primary operator can involve neither the gauginos A\ nor the gauge
field A. Moreover it can involve neither derivatives nor commutators of ¢. As a result,
superconformal primary operators are gauge invariant scalars involving only traces of ¢’s.

The simplest are the single trace operators, which are of the form
OftIn = Te(ptg™). (5.5)

Since in (5.4) the commutators of ¢’s appear on the right side, if some of the indices are
antysimmetric the field will be a descendant (because we can write him in term of com-
mutators). Thus, only symmetric combinations of the indices (I, ..., I,,) will be primary
operators. In the AdS/CFT correspondence one is interested in the operators whose di-
mension does not depend on the scale \. These are the chiral primary operators, which are
in short representation of the superconformal algebra (this happens if they are annihilated

by some of the supercharges ()). In analogy to what happens in standard extended super-

62



CHAPTER 5. CHIRAL OPERATORS AND THE HOLOGRAPHIC DICTIONARY

symmetry, where the mass of the short or BPS multiplets is determined by their quantum
numbers, chiral primary operators are also called BPS states. In general, using the su-
perconformal algebra, one can show that the simplest class of %BPS states is formed by
the operators (5.5) for symmetric and traceless combinations of the indices (I3, ..., I,) [15].
They form a representation of weight (0,7,0) of SU(4)g and their conformal dimension
is simply

A =n. (5.6)

In the case n = 2 we have

Z Tr(¢'¢’') — Konishi multiplet, (5.7)
I

that is the lowest component of a long (unprotected) multiplet, called the Konishi multi-
plet, and
1
Tr(¢'¢”) — géutr(gblgb‘]) — supergravity multiplet, (5.8)

that is the CPO of a short (protected) multiplet, called supergravity multiplet.

One can find the form of all fields in such a multiplet by using the algebra (5.4) starting
from this primary. Short multiplets have an important status in the AdS/CFT correspon-
dence which we have already mentioned: they have a “protected” conformal dimension.

In fact, given a CPO O, we have
0=[Q,0,] =[K,0,] = 0=[50,]~ [[K,Q],O4]. (5.9)
So, using the superconformal algebra [, S] = J + D + R we obtain
0=1[Q,5],0,] ~[J+D+R,0,]=(E~A+RO,, (5.10)

where ¥ = 0 is the spin of the chiral primary operator and R it’'s SU(4)r quantum num-
ber. So A can only take discrete values and therefore does not depend on the parameter
A of the theory. For this reason CPO’s remain in the spectrum at A — co and so they are
dual to supergravity fields. Therefore these operators allow a reliable comparison between

quantities computed in the bulk versus quantities derived in the CFT.

5.2 THE FIELD-OPERATOR MAP

As we just explained, there must be a map between individual fields on AdSs and (chiral)

operators in the CFT. We now construct this map. For simplicity we only consider scalar
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fields on AdS but the argument can be generalised.
A basic point of the correspondence due to Witten [16] is the following statement: a scalar
field ¢y in AdS5 is associated with an operator O in the CFT via the following boundary

/ $00. (5.11)
boundary

We can think of the source ¢g as the boundary value of a five dimensional field ¢ in AdS5.

coupling

Let’s now consider the equation of motion for the field ¢ in AdS;

(Opas, — m*)p(z) =0, (5.12)

for some mass m on AdSs. Using Poincaré coordinates of AdSs; (4.37) with R = 1 we

have ]
[u?02¢ + u58u($8u¢) —m?¢ = 0. (5.13)

In Fourier space x — ip this becomes
1
[—u?p® + u56u($8u¢) —m?)¢ = 0. (5.14)

Let us see the asymptotic behavior at the boundary, © ~ 0. The term with momentum

can be neglected, and the solutions are power-law
Oo~utt,  ar=2+V4+m? (5.15)

The solution with o dominates as u — 0, and the solution with a always decays. Since

the one with a_ could diverge we then impose

¢(I7u>u:e =€ Sen(x)' (516)

In such a way when we send ¢ — 0 the solution in the bulk has finite limit: ¢j™(x)
is a renormalized boundary condition. If we perform a rescaling of coordinates in the

boundary theory, which is the AdS isometry
T = Ar,  u— \u, (5.17)

the bulk field ¢ remains invariant but ¢{"(x) has to rescale with dimension a_. Since
we identify it with the source, from the Witten ansatz (5.11) we conclude that the corre-

sponding boundary operator O has dimension
A=4d—a_=a;=2+V4+mi (5.18)
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So we have found that a scalar field of mass m? in AdSs is associated to an operator O

with conformal dimension A according to the relation
m? = A(A —4). (5.19)

Although the above discussion has been for scalars, similar correspondences exist for
higher spin fields. In table 5.1 there are all the relations between the dimensions and the

masses for different fields.

H Field \ Relation H
Scalars m* = A(A —4)
Spin 1/2,3/2 m| =A—2
p-form m? = (A —p)(A+p—4)
Massive spin 2 m? = A(A —4)
Massless spin 2 m?=0if A =4
Rank s symmetric traceless tensor | m? = (A + s —2)(A — s — 2)

Table 5.1: The field-operator map

5.3 MAPPING THE REPRESENTATIONS

Since the two theories of the correspondence have the same superconformal symmetry
group SU(2,2/4), not only are the individual fields related to the individual operators
according to the relationship m(A) seen in the previous section, but so are all the entire
representations of the group. Since it is not known how to compute the full spectrum
of type IIB string theory on AdSs x S°, one considers only the supergravity spectrum
obtained by compacting the theory on S5. This was done, for example, in [17] expand-
ing the ten dimensional fields in appropriate spherical harmonics on S°, plugging them
into the supergravity equations of motion, linearized around the AdSs x S° background,
and diagonalizing the equations to give equations of motion for free (massless or mas-
sive) fields on AdSs. In doing so, each field of the 10-dimensional SUGRA theory gives
rise to an infinite tower of fields one for each S° spherical harmonic (the Kaluza-Klein
spectrum) that collectively organize into chiral multiplets of SU(2,2|4). So there is a
complete correspondence between the Kaluza-Klein spectrum and the single-trace short
multiplets of N' = 4 SYM theory: in each case we have precisely one short multiplet of the
superconformal algebra for every A > 2. In particular the multiplet A’y on the gravity
side built on a lowest dimension scalar field in the (0, A, 0) representation of SU(4)g with
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mass m? = A(A — 4), corresponds to the multiplet Ax on the gauge theory side built
on the chiral primary operator O with dimension A. The lowest dimension scalar field
in each representation related to the CPO turns out to arise from a linear combination
of spherical harmonics modes on S° which are components of the graviton h? (expanded
around the AdSs x S° vacuum) and the 4-form Df;éld, where a, b, ¢, d are indices on S°.
This will be described in detail in section 8.

We conclude the section by mentioning the fact that string theory on AdSs x S° is ex-
pected to have many additional states, with masses of the order of the string scale 1/[.
Such state would correspond (using the mass/dimension relation described above) to sin-
gle trace operators in the field theory with dimensions of order A ~ (g,N)¥/* ~ N'/4
for large N, g;IN. Presumably none of these single particle states are in short multiplets
of the superconformal algebra (at least, this would be the prediction of the AdS/CFT
correspondence).

The CPQO’s described in this section are single-trace operators whose conformal dimen-
sion does not scale with N. In the next sections we will consider multi-trace CPO’s with
a large number of traces, s.t. A ~ N2. We call this operators heavy and we’ll look for

their gravity description.
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Before obtaining the dual gravitational description for the heavy states of the N' = 4
SYM CFT, let us consider the case of the D1-D5 CFT where the holographic dictionary
between heavy states and geometries has been extensively worked out in the literature.
This case will serve as a useful guide for the study of N' = 4 heavy states.

In the first section we will describe some of the main aspects of the D1-D5 theory that
will be useful for our purposes (for a more exhaustive treatment see, for example, [18]).
Then we will use holography in order to obtain some informations about some specific

chiral operators of the theory from the corresponding gravitational description.

6.1 DI1-D5 CFT AND THE DUAL DESCRIPTION

In section 3.8 we have seen that starting from a 10-dimensional spacetime with topology
RY x ST x T* (the St direction is distinguished from the T* because we’ll consider the
St to be much larger than the T), the bound state of D5-branes wrapping the whole
compact space and D1-branes wrapping the circle S!, in the decoupling (or near horizon)
limit becomes AdS;x S?xT*. Just as for the D3-brane system, according to the AdS/CFT
correspondence there is dual description and, in particular, we expect the dual theory to
be a 141-dimensional conformal field theory with 8 supercharges (as the D1-D5 breaks }1
supersymmetries) living on the conformal boundary of AdSs; this is the so called D1-D5
CFT. While the low energy field theory living on the D3 branes is simple to describe, as
there is a unique maximally supersymmetric SU(N) gauge theory, the D1-D5 brane system
is more complicated, and there are several methods to obtain the CF'T. One method is to
consider only N5 D5-branes wrapping T x S which give rise to a 5+1-dimensional U (N5)
gauge theory with 16 supercharges. Embedded in this theory we can consider the N; D1
branes as istantonic solutions, that is dynamical strings wrapping S* that are localized
in T*. These solutions break half of the 5-brane worldvolume theory’s supersymmetries.
From this point of view we therefore obtain a 2-dimensional sigma model on the D1-branes
worldsheet with target space the moduli space of Ny U(N5) istantons on 7. In general

this space is complicated but one can show that in a particular configuration it reduces
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to
(T~
Sy

where Sy is the symmetric group of degree N permuting the N copies of 7. This is the

N = N, Ns, (6.1)

so-called orbifold point of the CFT moduli space!. We will always work in this configu-
ration where we can visualize the CFT as a collection of N strings wrapping the circle
with target space T%; the Sy identification is required as there is no physical distinction
between permutations of the strings.

To summarize, we consider the correspondence between type IIB superstring theory de-
fined on an asympototically AdSs; x S® x T* space and the D1-D5 CFT at the orbifold
point, i.e. a 141-dimensional sigma-model with target space given by (6.1). As always,
as a first check of the correspondence, we can see if the global symmetries of the two
theories are in agreement between each others. On the gravity side we have the SO(2,2)
isometry group of AdSs, an SO(4)p ~ SU(2) x SU(2)g isometry group of S® and another
SO(4); ~ SU(2); x SU(2), isometry group of T* broken by the compactification. On the
CFT side, the conformal algebra in 2 dimensions is infinite-dimensional, with Virasoro
generators Ly, L, (n = —00, -+ ,4+00). The vacuum state of the theory is invariant under
the subalgebra spanned by Lg, L+, which one can identify with the AdS3 isometry group.
The CFT has also an SO(4) R-symmetry group which we identify with the isometry group
of S% and another SO(4) symmetry group which we identify with the isometry group of
T

6.1.1 FIELD CONTENT

We can parameterize the 2-dimensional worldsheet of the sigma model with a timelike
coordinate 7 and a spacelike coordinate o on S'. We find it more convenient to Wick
rotate to Euclidean time and map the cylinder to a complex plane, breaking the theory
into left and right-movers

TE+io
;

z=e Z=eE, (6.2)

Functions of z are the “left-movers” while functions of z are the “right-movers”.
At the free orbifold point the CFT can be visualized as a collection of N strands, i.e.
maps from (7,0) to T4, each one with 4 bosons and four doublets of fermions that we can

organise in the previous two sectors

0X{(2), DX((2), VEL(2), Yoy (2) (6.3)

'Moduli are the CFT deformations that preserve the superconformal symmetry. While the A" = 4 SYM
CFT has only one complex modulus, parametrized by gy s and 6y, the D1-D5 has a more complicated
20-dimensional space. The orbifold point correspond to a submanifold in this moduli space.
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where r = 1,--- N is a “copy’” index. Since the target space is the symmetric product
of N T%s, we have N copies of a sigma model with target space T¢. Moreover indices

correspond to the following representations

a, 8 fundamental of SU(2), &, B fundamental of SU((2)r
A, B fundamental of SU(2);, A, B fundamental of SU(2),
i,j fundamenta of SO(4);

Each of the N copies of the CFT contribute with ¢(,) = 4 4+ 2 = 6 to the central charge
(corresponding to 4 free bosons and 4 free fermions). Overall we have ¢ = 6NV.

The untwisted sector is composed of singly wound strand, i.e. by a collection of N inde-
pendent strands with winding one. In this case we have the following periodic boundary

condition for the scalars
8X(Zr)(eﬁ”z) = 0X(,(2), (6.4)

while for fermions we can have either Ramond (R) or Neveu-Schwartz (NS) boundary
conditions, which correspond, respectively, to periodic and antiperiodic boundary condi-
tions on the cylinder. Using complex coordinates z,z there is a —1 factor coming from
the Jacobian of the transformation from (7,0) to (z,z) that switches the periodicity. So

in the R sector we have
Vi3 (e%72) = —¢g5 (2), (6.5)
while in the NS sector
YA (ez) = YRi(z). (6.6)

The R sector can be related to the NS sector via spectral flow (see later). If we have
a global AdSs; x S® space, then the CFT is in the NS sector since global AdS; has a
contractible cycle and going around S at the boundary looks like a 27 rotation at a point
in AdS space. So, since fermions are invariant under a 47 rotation, a 27 rotation gives a
minus sign and this identifies the NS sector. However, more complicated geometries such
as the one we’ll see are instead dual to the CF'T in the R sector since the geometries have
non-trivial gauge fields that mix AdSs; and S3. So in order to obtain the NS sector we’ll
apply spectral flow after using the holographic dictionary.

6.1.2 VACUUM STATES AND CHIRAL PRIMARIES

Each state is labelled by the quantum numbers of SU(2);, x SU(2)r (43, 7%) = (J,j) and
also by the conformal dimension A = h + h. The NS vacuum state |0, 0) v is the “real”

vacuum of the theory: it is in the completely untwisted sector and the gravity dual is
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global AdS. For this state jys = jys = hns = hnys = 0. The NS sector states can be
mapped to R sector states by spectral flow transformation, that is an automorphism of

the superconformal algebra acting on the charges and dimensions as

_ c
hR:hNS_]NS‘i‘ﬂa
o 67
]R—]NS_E-

In the R sector there are many vacua. The NS vacuum maps under spectral flow to the R

vacuum with jp = jp = —%, denoted as |—%, —%% which correspond to N copy of the
state |—3, —3) = |—, —). Note also that CPO states with jys = hys map under spectral

flow to R vacua with hr = 57 (and —N/2 < jr < N/2).

It turns out that the region of moduli space of the CFT dual to the low-energy supergravity
regime in the bulk is distant from the solvable free orbifold point. In order to compute
quantities free from any radiative corrections at the free orbifold point we need to focus
on chiral operators of the CF'T. From the CFT algebra one obtains that the chiral primary
operators satisfy

hns = jns. (6.8)

In the singly twisted sector there are four CPOs and the one that we’ll consider in the

future is

S1=ean Y V(0 (6.9

with jns = jyg = hns = hng = % One can also make heavy operators with hyg ~
hys ~ N? by taking ~ N? copies of S;.

6.2 HOLOGRAPHIC DICTIONARY

In this section we describe a specific class of geometries dual to heavy states of the D1-D5
CFT and then we motivate the holographic map looking at the asymptotic regime. In
particular we consider the i—BPS geometries which are the simplest one for a system with
two charges.

The general solution of type IIB supergravity compactified on 7% x S* preserving the same
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supersymmetries as the D1-D5 system is [19]

2 Z
dsfig) = — \/%(dv + B)ldu + w] + /21 Zyds] + 4| 7;d§?1, (6.10)

e* = az (6.11)
O£Z4
B 7.7 (du +w) A (dv + B), (6.12)
Zy

_ % 1
Co 7, (6.13)
Cy = —Zg(du—irw)/\(dv—l—ﬁ), (6.14)

1

. Z4 OéZ4

Cy = Z2V014 - 212272 A (du + w) A (dv + ), (6.15)
— T

where o = Here ds? is a (generically non trivial) Euclidean metric in the 4

= 717,22
spatial non compact directions that reduces asymptotically to flat R* and déi denotes the

flat metric on 7. We have also introduced light-cone coordinates

t—y _tty

vz T

where t is the time coordinate and y is the coordinate on S', whose radius will be denoted
by R.

The simplest 2-charge solution is the naive superposition of D1 and D5 branes, which

(6.16)

u =

corresponds to setting all functions to zero, except Z; and Z;. In section 3.8 we have
derived this naive solution by applying boost and dualities to a simple neutral seed solu-
tion. It is easy to see that this naive solution fits with the ansatz above. We have also
anticipated that this solution is not dual to any proper D1-D5 microstates, but that the
microstate solutions can be obtained by giving a non-trivial transverse vibration profile
to the F1 string in the F1-P duality frame. From a geometrical point of view, to discuss
the most general F1-P state, we should start giving 8 functions ga(v) transverse to the
fundamental string in order to describe its profile; these functions can be split into four R*
components (A = 1,---4) and four T* components (A = 5,---,8). When the latter are
non-vanishing, invariance under rotation in the 7 directions is broken. However, when
one applies the chain of dualities from the F1P frame to the D1D5 frame, it turns out
that in the latter frame geometries that have non trivial values of the profile g4(v) for

A =1,---,5 preserve rotational symmetry in the 7% directions. This class of 2-charge
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solutions can be written in terms of the ansatz (6.10)-(6.15) by choosing

dsi = dz'dx’, (6.17)
Qs /L 1 / Qs /L g(') /
Zy=1+2 | = af, z,=-22f N gy 6.18
T ma@E AT T e alP (19
L. |2 s (o) |2
21_1%-9i/1“”@)|+W“””(wx Ay = %4dZ, A6y = %47, (6.19)
L Jo |z — gi(v")]?
Qs/ﬁ g,()dz’
A=—-—= | —————d dB = — %4 dA 2
L J, |$z _gi(U/)|2 o i ’ (6 0)
-A+B —-A-B
_£2 =22 6.21
Y- vz (6.2)
Here g(v) is the extra component of g4(v) = g5(v) in the particular direction of T

necessary in order to preserve invariance under 7 rotations. Furthermore the dot on the
profiles denote a derivative with respect to v and x4 is the hodge dual with respect to the
flat metric ds?.

We are interested in the following profile

2 21 2’
g1(v') = acos ( 7;} > . g2(v)) = asin ( 7;} > . g(v') = —bsin ( 7;) ) (6.22)

with all other components trivial. This choice yields a geometry that can be embedded in

the ansatz (6.10)-(6.15) with appropriate choice of coordinates (7,6, ¢, 1) in R* as follows
[19]

d 2
dsi = (r* + a* cos® 9)<7’2 _: = + d6?) + (r* + a*) sin”® d¢* + r? cos® Ody)?, (6.23)
b= Ba® (sin? @d¢ — cos? Odr)) (6.24)
V2(r2 4 a2 cos? ) ’ '
2 2 b2 2 272 2
5 2
Z1:1+£ a®+ 3 +Rab cos 2¢ sin” 6 | (6.25)
Q512 + a®cos? 0 2Q5 (r2 4 a?cos?0)(r? + a?)
Qs (r? + a®) cos? 0
Jo=14+——""— =0 = — do Nd 6.26
? T T @ r? 4 a? cos? 0 Ny, (6.26)
cos ¢ sin 6
Z4 = Rab ,  ag =0, 6.27
! V12 +a2(r2 4 a2 cos? 0) ! (6.27)
—Rabsin®  r*+a? 9 cos 6
= d d inp——df A d 2
’: V2 +a? [Tz—l—a%osz@cos 6 cos pdg A ¢+Sm¢sin0 O A dy), (6.28)
Ra? )
W= sin? 0d¢ + cos? 8di), 6.29
V2(r? + a2 cos? f) ( ¢ v) (6.29)
F =0 (6.30)
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As we said in the previous section, our geometries are dual to the R sector of the CF'T.

If one set b = 0 the 10-dimensional metric becomes simply that of the vacuum AdS; x

S3 x T* after the coordinate shift ¢ — ¢ +t/R, 1 — 9 + y/R which implements the

spectral flow from R to NS sector. In this case from (6.11)-(6.15) follows that the fields

Co, B> and (4 are zero and the dilaton is constant
20 Zy _ R%a}

QlQE)
Zy Q3 '

R2

(6.31)

The 2-form C5 is also non vanishing and the associated field strength can be written as

F3 = —vol(AdSs3) + vol(Ss), (6.32)

where in our coordinates
vol(AdSs) = 17" dr Adi Ady, - vol(S%) = sinf cos6df A do A do. (6.33)
Thus at b = 0, the geometry is dual to the R sector vacuum |—, —)N. If we take the limit

b — 0, at linear order in b, we have a deformation of the vacuum geometry caused by
the fields B and C4 and it turns out that the operator dual to this linear deformations
is the chiral primary operator (6.9). The dual state at this slightly excited geometry is
obtained by acting once with this CPO on the N copies of the vacuum in the R sector,
schematically this state is

10,0) (=, =)™ (6.34)

As we increase b, the geometry gets deformed further away from the vacuum |—, —>N and
this, intuitively, corresponds to the heavy state of the CFT obtained by acting not once,
but a number of times p ~ N? with the CPO (6.9) on the N copies of the vacuum state
in the R sector. To be more precise, since on the gravitational side we are working in the
classical regime, the dual state is a coherent superposition of the CPO, so the schematic

form of the dual state at the geometry with b # 0 is

N

> N®)(0,00)7 (1= =)V = (10,07 (| =, =)V P, (6.35)

p=0

where N (p) is a normalization factor and p is the value on which, in a good approximation,
the sum over p which defines the coherent state is peaked. Superficially it seems that there
is a mismatch of parameters, since the CF'T state depends on the single parameter p, while

the geometry contains the two parameters a and b. However the analysis of the regularity
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of the supergravity solution shows that absence of unphysical singularities requires the
constraint [19]
b2

a® + 3= ag, (6.36)
and thus only one parameter, which we could take to be b, can be freely varied. The
simplest way to find the relationship between the microscopic and the supergravity pa-
rameters p and b, is to match the conserved quantities, like angular momenta. The
holographic recipe to extract the angular momenta (jg, j5) and the conformal dimension
(hg,hg) in the R sector from an asymptotically AdS geometry is given for example in
[20],[21]. Without considering the T* part, our six dimensional metric for the profile

(6.22) is
ds? = —2\/%(0[@ + B)(du + w) + VPads*, (6.37)

where P = Z,Z, — Z3. Using the data (6.23)-(6.30) it is possible to write it as

,  det(GY)

56 = ~1ei(@)

Gudatdz” + Gop(da® + A%dat)(dx® + ASdat), (6.38)

where G(© is the background S metric, equal to G for b = 0. The dzte(tc(:g))) factor is needed

so that g,, is the 3D Einstein frame metric. Here z# denote the AdSs; coordinates, ¢

denote the S? coordinates and A5y are SO(4) gauge fields. For this 2-charge geometry

both g,, and G, are diagonal, we have

at + agr? r? R? a
ds? = g, detds’ = — O dt? + dy? + —Ad5__(p2 4 Z Y qp? 6.39
2O agR% s Rius Y (r* + GQ)Q( G(QJ) ( )
2 24+a? 1
A =0, A°=-—"—dt, AV=-2—" 4 6.40
’ aiR "’ “ atr?+a* R Y (6.40)
R4 RY,¢ air? +a?
Goo = VPY, Gyp = 2L sin’0, Gy = 40 20 6.41
00 \/7_3 ’ olo] \/52 s v, P \/52 a(z) (7“2 T ag) cos U, ( )
with ¥ = 7? 4+ a? cos? §. In order to obtain the angular momenta one defines [20]
A=A+ A¥, r=L o=Y 4
= 5 T = E, g = E (6 2)
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and, according to the holographic dictionary [20], in the R sector we have

N N a? - N N a?
At pan =2 A A 6.43
JR 4( T+ a) 2@(2)7 JR 4( T o‘) 2@(2) ( )

This gives the gravity prediction for jg, jr, which should be compared to the CFT one,
that can be easily derived from (6.35)

. = N - Z_)

JR=JRrR = T (6.44)
since each |—, —) carries jr = jp = 1/2. Comparing the gravity (6.43) and CFT (6.44)
predictions, and using the regularity constraint (6.36), one obtains the map between p

and b ~ .
p
— = . (6.45)
N 243

As a further check of the holographic map, one can compute hp and hg. In order to

compute the conformal dimension is convenient to define dimensionless quantities

a
= 6.46
) n a07 ( )

S
Il
S

in terms of which the 3D metric in the Einstein frame (6.39) becomes

}%’S = —n*(p* + n?)dr? + n*pPdo’ + % 2, (6.47)
We want to define a coordinate z in terms of which, for z — 0
ggi = dZ—Z; + %(gg,),) + 22955,)) + o(2?). (6.48)
By defining z such that
p= %(1 + cz?) (6.49)

the equation (6.48) is satisfied if ¢ = 1(—2n* 4+ n*). In particular we have

1
gl(g,)dx“dx” = do? — dr?, gl(fy)dx“dx” = 5772[(2 —3nH)dr* + (=2 +1*)do?.  (6.50)
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According to the holographic dictionary the conformal dimension in the R sector [20]

N o

1 N
hR = Z[gTT + gc(r%f) + Z(A:'r + A:er>2] + Z (651)
_ N 1 N
hr =70 + 950 + (A7 — ADP)+ (6.52)

which gives, using (6.43) and (6.50), hg = hg = § = 5. This is the expected dimension
for a Ramond sector vacuum like the one in (6.35). By spectrally flowing to the NS sector,
this translates to jys = hyg as follows from (6.7).

So, starting from a particular geometry, using the holographic dictionary we were able to
map the geometry to a CFT state by matching some of the simplest conserved charges
associated with the corresponding CF'T operator. This chapter is meant to be an example
of how to proceed in the future. In particular, we will now return to consider the theory
of gravity on AdSs x S° and we’ll try to analyse the dual geometries of the CFT states

that interest us. We will describe these type of geometries in general in the next chapter.

76



LLM Geometries

In this chapter we’ll discuss some special geometries constructed by Lin, Lunin, and
Maldacena in 2004 [22], which are called LLM geometries. These are all the %—BPS
excitations of AdS5; x S° and are associated to the %—BPS operators in the dual CFT
following the AdS/CFT prescription. When the dimension of these operators is large,
of the order of ¢ ~ N2, the dual gravitational configuration is a large deformation of
AdSs x 8% and LLM ansatz describes this most general geometry consistent with the
supersymmetries preserved by the state. Here we will briefly look at the general LLM
solution following [22] and we explicitly write the AdSs x S° background geometry from
the general ansatz. In the next chapter we will study some of these geometries in detail

by perturbing this background.

7.1 THE LLM SOLUTIONS

The construction is based on the assumption that the geometries we are looking for have to
preserve the same amount of symmetries that the states in the CFT do. Being interested

in %—BPS states, we are looking for a type IIB geometry that is invariant under
SO(4) x SO(4) x R. (7.1)

BPS operators are built out of a complex combination of two of the six scalars: Z = ¢! +
i¢?®. The first SO(4) is the rotation symmetry acting on the remaining four scalars. Since
BPS operators have the lowest dimension for their charge, they do not depend on the space
directions, which we can take to form a compact S®. The second SO(4) acts on this S3. A
%BPS operator thus depends on time ¢ and one of the S5 coordinates, ¢, corresponding to
the R charge carried by the operator. However, the condition that the dimension is equal
to the charge implies that the operator only depends on the combination 9?5 + t, and this
leaves an extra U(1) Killing vector, which is the third factor in (7.1). Hence we can single

out two 3-spheres, €23 and Qs, and a Killing vector, t. Assuming that only the five-form
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field strength is excited, the most general geometry with this symmetry is

ds* = g, datdz’ 4 " TCd02 + eH*Geré, (7.2)
F(5) - Fw,dx” /\ d:UV /\ dQS + F;u/daju /\ dxl/ /\ dQ37 (73)

where p,v = 0,...,3. The complete solutions of the supersymmetric equations which
impose the $-BPS condition have the following form [22]:

ds? = —h~2(dt + Vida')? + h2(dy?® + da'da’) + yeCdQ2 + ye~CdQ (7.4)
h™% = 2ycosh G (7.5)
Yo,V = €,;0;z,  y(0;V; — 0;Vi) = €;;0,2 (7.6)
z = %tanhG (7.7)
F=dB; A (dt+ V) + BdV + dB (7.8)
F=dB, A(dt +V)+ B,dV +dB (7.9)
B, = —}lgf@%’ B, = —iy% 26 (7.10)
B =y a2 = Lyt (711)

where 7 = 1,2 and x5 is the flat space epsilon symbol in the three dimensions parametrized
by vy, x1, 2. The full solution is determined in terms of a single function z = z(x1, 2, y)

that obeys the linear equation
0
00z + y0, <L’Z> = 0. (7.12)
Y
This is a Laplace equation in the 6D space made by (y, x1, x2) plus three extra coordinates

on which z does not depend. Hence a solution of this equation is uniquely determined by

giving a boundary condition, which can be imposed on the plane y = 0. From (7.5),(7.7)

we see that in order to ensure the regularity of (7.4), we must have that h™2 = \/b
remains finite as y approaches zero. This implies z = :l:% when y = 0 and therefore a
generic LLM solution can be specified by black(white) color-coding “droplets’ attributed

to the regions in which z takes the values —3(+3) on the {z, 22,y = 0} plane.
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(a) (b) (©

Figure 7.1: This figure is taken from [22]. In (a) we have the droplet corresponding to
the AdSs x S° ground state geometry as we’ll see in the next section while in (b) and (c)
we have droplets which correspond to more complicated geometries.

The equation (7.12) is a 6D laplacian equation for the function z/y* with y the radial

Ag <%> = 0. (7.13)

Y

Using the spherical symmetry in four of the dimensions and the fact that the values of z

coordinate

on the y = 0 plane play the role of sources for this laplacian equation, the solution can
be written as an integral over the droplet D and, integrating by parts, over the boundary
of the droplet 9D

Y2 / z(2), b, 0)day daf 1 T — 1 fo. (T14)
D

2\T1, T2, = = — = dl TLI

RN A (P RN T Al (PR LT
where n; is the unit normal vector to the droplet and o is the contribution from infinity
such that o = :t% when z = :I:% asymptotically. Using the first of (7.6) we can also write

the integral form for V'

Vi(z1, 22,y) = l/ Ao, Oy — 2;)ddoy = ij{ &, ; (7.15)
™ Jp [(z —2")* + 3?2 21 Jop |(z — ) + y?]

and it is immediate to see that the second of (7.6) is also satisfied.

7.2 AdSs; x S° GEOMETRY FROM THE LLM ANSATZ

The familiar ground state geometry AdSs x S® corresponds to a circular droplet of radius
ro = R%4s, = R%s on the (z1,x5) plane as shown in the figure 7.1 (a). In order to show
this it is convenient to introduce a function z = z — % and choose polar coordinates (7, ¢)
in the (z1,x2) plane. Integrating on the disk one obtain the following solution of (7.12)
[22]
Z(r,y;ro) = ooty L (7.16)
24/ (r2 + 12 + y2)2 — 4r2r2 2
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CHAPTER 7. LLM GEOMETRIES

So, from (7.6) we read off that the 1-form V' = V,dr + V,d¢ has only the ¢ component

1 2 2 2
V@(r,y;ro):—§ (\/( - d ;Fy ;27’0 yi —i—l). (7.17)
r“+ryt+y —4drrg

Performing the change of coordinates:

y = rosinh psin 6 (7.18)
r = rocosh pcosd (7.19)
o=¢—t (7.20)

from (7.7) we get

1+2z sinhp
G _ = 21
‘ V1-22z sing’ (7.21)
and from (7.5)

h=% = y(e® 4 e7%) = ry(sin? § + sinh? p). (7.22)

Putting it all together in the ansatz (7.4) we get the standard AdSs x S® metric
ds? = ro(— cosh? pdt? + dp® + sinh? pdQ2 + df? + cos®0d~ + sin? 0dC%3),  (7.23)

with ro = R% ;5. = R%s. In the future we will place 79 = 1. Finally, using (7.3),(7.8)-(7.11)
we get the 5-form

F(5) = Vol(AdS5)+Vol(S?) = cosh psinh® pdt AdpAdSz+cos 0 sin® 0dO Adp N dQy. (7.24)

This is the background LLM solution associated to the vacuum state of the CFT. All
the others geometries are obtained by perturbing this background and for a droplet of
finite size, the geometry asymptotically approaches AdSs x S°. In the next chapter we
will consider small fluctuations around this background whose dual CF'T states are well

known.
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In this chapter we’ll discuss some special LLM deformations of the AdSs x S® background
corresponding to small ripples of the circular droplet already treated in [23]. The geome-
tries solve the supergravity equations at first order in the deformation parameter. Since
all the LLM solutions asymptotically approaches AdSs x S° one can use AdS/CFT meth-
ods to extract holographic data from the geometries as we did in Chapter 6 and it turns
out that they all describe the CFT in a non-trivial state. In the case that we will study
in this chapter of small excitations the dual description is well known; in particular these
geometries are dual to %—BPS chiral primary operators O = Tr(Z*) with Z = ¢ + i
described in chapter 5 whose conformal dimension £ is small compared to the central
charge of the CFT ¢ = NTz. Since the conformal dimension of an operator is dual to the
energy of the corresponding geometry, when the dimension grow to become comparable
to N? we expect that the backreaction on the geometry is no longer negligible and we
get new geometries that represent exact, fully non-linear solutions of the supergravity
equations. In principle, since the LLM ansatz describes all the %BPS solutions, these ge-
ometries should correspond to some complicated droplet configuration, which reduces to
the small ripple in the small deformation limit. The dual description of these geometries
is not yet fully known and it is given by the heavy states of the CFT, i.e. by the states
whose conformal dimension is of the order of the central charge. Some of these states can
be constructed for example by taking p times the previous CPOs [T'r(Z*)P with pk ~ N2
We will try to address the problem of finding the dual geometries of these heavy states in
the next chapter.

In [23] the deformations that we are going to study in this chapter were be found directly
by doing the LLM integrals of the previous chapter for z and V' for small ripples of the
circular droplet. Instead, we’ll find them by using the deformations associated to the
CPOs OF introduced in [17] and after that we’ll match the solution with the LLM ansatz
by calculating the integrals.
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8.1 BACKGROUND GEOMETRY AND DEFORMATIONS

The background geometry seen in the previous chapter is AdSs x S°. We'll use the
following coordinates

ds?, = — cosh® pdt? + dp?® + sinh? pdQ2 + df? + cos® ed{ﬁ + sin® delg. (8.1)
Apart from the metric, in this background only the 5-form is excited
F(5) = vol(AdSs) +vol(S®) = cosh psinh® pdt A dp A dQ + cos 0 sin® 0dO A dp A dSQs, (8.2)

which is self-dual since *19vol(AdSs) = vol(S®) and %;ovol(S®) = vol(AdS?).

In the following we’ll use the bar to indicate quantities in this background, u, v, ... indices
for the AdSs geometry and «, 3, ... indices for the S° geometry.

Following [17] the metric deformations of this background associated to our BPS chiral

primary operators are

_ _ -

Guv = v + h,ul/ = 9w + h;Lu - ggyuh’ o) (83)
_ _ -

JaB = Jap + hocﬁf = Y9ap + gh aYap> (84)

where the deformations are expanded in terms of scalar spherical harmonics on S®

b = H) (0, )Y (6, 9), (8:5)
h, = W(k) (pa t)Y(k) (97 QE) (86)

Here a sum over k is understood. Similarly, the deformation of the 5-form is given by

0(4) = 0(4) + cég&a + Cif), Fs) = dC’(4)7 (8.7)

where
(i = b (p. )Y (0, ), (8.8)
e = bB(p,t) % dY®)(6, ). (8.9)

Excitation modes on AdS; will only depend on p and ¢ requiring the SO(4) symmetry of
the LLM geometries. For the same reason, the spherical scalar harmonics on S® will only
depend on 0 and ¢. The extra U (1) symmetry requires that the solution only depends on

qzﬁ +t, as we will see later.
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8.2 THE EXCITATION MODES

The scalar spherical harmonics on S° satisfy the following eigenvalue equation

Ogs YR dxgs dY®) = —k(k +4)Y®), (8.10)

1
~ vol(S°)
where Ogs = §*? D, Dg. In the S° coordinates

ds%s = df? + cos?0dd’ + sin2 0d€Y;, (8.11)

requiring SO(4) symmetry, the highest degree general solution is given by

Y =Y®(9,6) = Y® (0, $) = cos® gei*?. (8.12)

The 4-form excitation mode bglz)) is related to the scalar mode b*) by the self-duality

condition F(s5) = x19F(5). It is immediate to see that this implies

bls) = — *aas, db®). (8.13)

The scalar excitation modes 7% and b*) are also linked by the equations of motion. In
particular they satisfy [17]

(k)
T
Ulaas, [b(k)] _

where Uags, = ¢V D, D,. The matrix is diagonalisable. The eigenvalue and the corre-

k(k+4)+32  80k(k+4)

4 k(k+4)

k
: p(k)

(k)
: ] =0, (8.14)

sponding eigenvector we are interested in are

(k) —10k
—_ (k)
b<k>] = b [ ] . (8.15)

This is the eigenvector related to our CPOs since M? = A(A —4) implies A = k. In this

one-dimensional eigenspace, we have the following conditions for the scalar modes

M? = k(k —4),

1
Do) — L ®) — 1k — 4)r®) ® — _10pp® 1
AdSsT Vol(AdS5)d*Ad55 dm k(k—4)m'%(p,t), 0kb"™,  (8.16)

which are therefore harmonic functions on AdSs. Using the following coordinates for AdSs

ds’ s, = — cosh® pdt* + dp® + sinh? pdQ3, (8.17)
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CHAPTER 8. LLM EXCITATIONS AROUND THE BACKGROUND

the previous equation is solved in a similar manner to that for the spherical harmonics.
The highest degree solution is given by

r=a®8(p 1) =70 (p,t) = cosh ™ petk. (8.18)

The last excitation mode that we have to write is the two index symmetric tensor H ij
that appears in (8.5). The explicit form of H, ;(Llf,) is not given in [17], but the only natural
ansatz is

H,, =ag,, 7+ BD,D,m, (8.19)

where the covariant derivatives are made with the background metric of AdSs (8.17). We
can derive the constants «, # using the 10-dimensional equations of motion. In particular

we have the following equations [17]

16
Hyy = 15

8
DyHyy = Du( 5 +16b) = 0. (8.21)

M, (8.20)

By contracting (8.19) with the background AdS; metric g", using (8.20) one obtain the
following relation

1
1—(5377 = bam + p0uxas, ™ = bar + Bk(k — 4), (8.22)

which is the first equation for the coefficients. The second one is given by (8.21) which

using our ansatz becomes
8
aD,m + 0445, D, m — D“(Bﬂ' + 16b) = 0. (8.23)
We have

Oaass Dyt = G,, D’ DDy = §,,D° D, D7 = D,Oaas,m + §,,[D”, D, ) D
= D,Ounas, ™ + G, 1?7\ D1 = k(k — 4) D, — 4D,

where in the last equality we have used the explicit form of the Riemann tensor on AdSs

R/uxpa - _@upgwf - gpggup)' (824)
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So D, is an eigenvector of the laplacian on AdSs with eigenvalue k(k —4) — 4. Using
this fact, from (8.22) and (8.23) we obtain

2 k+4 2 1
_ -2 - 8.25
= Hrrr P T RRGT D) (8:25)
and the two index symmetric tensor becomes
H 2 D,D +k(k+4)’ (8.26)
v — o LT _— T . .
W Bk + 1) " 3w

We have therefore explicitly written down all the excitation modes. In particular, using
(8.12) and (8.18), the deformations will be defined in terms of the function

k
enY = en® (p, )Y W (0, d) = —10k6W (p, )Y (0, §) = ee’*® (&19) . (8.27)
cosh p

Here we introduced ¢ = ¢ + ¢ so that we confirm that BPS geometries depend on ¢, but
are independent of . Furthermore, we have introduced a small factor € that quantifies
the deformation. Since we are interested in small deformations in the following we will

always work at the first order in this parameter.

8.3 THE EXCITED GEOMETRY

Using (8.7)-(8.9) and (8.13) we can explicitly write the perturbed 5-form. The 4-form is
Ciay = Cay + bxgs dY =Y Haus; db, (8.28)

and thus the 5-form is

F(5) = dC(4) = F(5) + db A\ *gsdY + bd *xg5s dY — dY A *Adssdb —-Yd *AdSs db =
Fis) + db A xgsdY — bY k(k + 4)vol(S%) — dY A xaqs,db — bY k(k — 4)vol(AdSs).
(8.29)

Similarly, using (8.3)-(8.6) with our ansatz (8.26), the perturbed metric is

k-1 4 )
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We have

(DD, b)dz"dx” =(9;b — cosh psinh pd,b)dt® + 82b dp* + cosh psinh pd,b Q3+
(0:0,b — tanh po,b)dtdp,

and using the explicit form of the excitation mode (8.27) the 10-dimensional perturbed

metric becomes

ds2, =dO2(1 + 2kbY ) sinh? p + di(1 — 2kbY ) sin2 0 + dp*[1 — 2k(—1 + 2 tanh? p)bY ]+
dt?[— cosh? p — k(=3 + cosh 2p)bY]| 4 d#*(1 — 2kbY’) + dq~b2(1 — 2kbY) cos? O+
dpdt 4kitanh pbY. (8.31)

The self-duality condition of the 5-form at the first orderd in € is
F5) = *10F5) = *10F(5) + 0 %10 F(3), (8.32)

where %1 is performed with the background geometry (8.1) and %o with the perturbated
10-dimensional metric. To verify this condition, since F (5) is a volume form in both AdSs
and S°, one can compute d%o by using only the diagonal part of the deformed metric.

This metric is obtained by placing 5 = 0 in the ansatz (8.19) and using again (8.3)-(8.6);

we have
2 3 2 1 2
ds® = (1 — 2—57TY)d8AdS5 +(1+ gWY)dsss < %0, (8.33)
3 1
(Sd32 = —2—57TYd8?4dS5 -+ gﬂ'YdS%ﬁ < 5*10, (834)
d§2 = dS,zAdss + dsgs < K10 (835)

Using the 10 dimensional orientation vol;y = vol(AdSs) A vol(S®) we have

4 4
*10 Vol(AdSs) = (1 + g7rY)vol(S5), *10v0l(S%) = (1 — ng)vol(Ang,), (8.36)

~k_10(db A *S5dY) = — % AdSs db N (*55)2dY = — *AdSs db N d}/, (837)
‘)(710(dY VAN *Ad5'5db) = — %g5 dY N (*Ad55)2db = *SBdY AN db, (838)
where we have used (%a45.)? = —1 and (xg5)?> = 1. So the self-duality condition (8.32)
becomes
4
—ET bk(k +4) = —bk(k — 4), (8.39)
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which confirms the relationship between the scalar modes that we have already obtained

from the equations of motion 7% = —10kb*.

8.4 MAaTtcH WITH THE LLM ANSATZ

The perturbed geometry we obtained in (8.29), (8.31) must be an LLM solution. In this

section we will make this explicit by comparing our solution with the LLM ansatz
ds® = —h2(dt’ + Vida')? + h2(dy? + dr? + r2dg?) + yeCd2 + ye CdQ;, (8.40)

where we are using coordinates ¢’ and ¢, instead of ¢ and ¢, to distinguish them from
the coordinates of (8.29), (8.31). We will determine the proper coordinate transformation
below. By comparing the spherical terms at the first order in the perturbation parameter

we can immediately derive

y = sinh psind, (8.41)
and . h . -
o sinhp sinh p
= 1——-7Y)= 1+ 2kbY). 8.42
‘ sin 0 ( 5" ) sin 0 (1+ ) (842)
So, using (7.7) we get
1ef —e @ 1 1 Ak sin® 0
2p0d)=c e~ 5+t ——Z=y T ——bY. (8.43)
2eCG 4 e G 2 1+ —Sin;fp sinh® p(1 + —Sin}ffp)
Similarly, using (7.5) we get
h=2(p,0,¢) = y(e + %) ~ sin? § + sinh? p — 2k(sin? § — sinh? p)bY, (8.44)
1 sin?@ — sinh? p

h*(p,0, ¢) ~ (8.45)

+
sin® § + sinh? p (sin? 6 + sinh? p)2
To complete the matching, we must write the change of coordinates from the LLM coor-
dinates (y,r,t',¢) to those of our perturbed geometry (p,0,t, ¢ = o+ t). To this end, we

make the following ansatz

y = sinh psin 6 (8.46)
r = cosh pcos@ + €™ f(p, 0) (8.47)
t' =t +ee®g(p,0) (8.48)
© = ¢+ ec™I(p,0) (8.49)
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so that at the zero order we recover the change of cooordinates (7.15)-(7.17). Furthermore,
since the 1-form V' has only a non zero ¢ component at the zero order (7.14), we also

make the following ansatz

- 2cos? 6
ik
Vo= Vi +ee®uy(p.0), V¥ = o

V. = ee*v,(p,0). (8.51)

(8.50)

We have a total of five unknown functions to derive by performing the coordinate change
and comparing the result with our perturbed geometry (8.31).

With the coordinate change ¢ = (}5—1— t, the perturbed metric becomes

ds2, =dQ2(1 + 2kbY ) sinh? p + dQa(1 — 2kbY ) sin2 0 + dp*[1 — 2k(—1 + 2 tanh? p)bY ]+
dt*[— cosh? p + cos? § — k(—3 + cosh 2p)bY — 2k cos? ObY'] + d6?(1 — 2kbY )+
d¢*(1 — 2kbY') cos® § — dpdt2 cos® O(1 — 2kbY') + dpdt 4kitanh pbY. (8.52)

By writing the LLM metric (8.40) using the previous ansatz and comparing the result

with this perturbed metric, at the first order in € we obtain:

F(0.0) =~ 2 (;ﬁep)m (8.53)
9(p,0) = 1p.6) = coshi)i(kl + k) (c?sii)k (8.54)
00 = gt () 59
i Wbl i) (0

So our perturbed geometry is an LLM solution that corresponds to a certain boundary
condition on the (z1,x9) plane with y = 0. The droplet is a small perturbation of the
disk that correspond to the background geometry AdSs x S° as shown in figure 8.1.
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CHAPTER 8. LLM EXCITATIONS AROUND THE BACKGROUND

Figure 8.1: This figure is taken from [24]. This is the droplet associated to our small
deformations of AdSs x S°. The boundary of the droplet is the wave r = 1 + € cos ko.

To see this, we can for example calculate the 1-form V'

1 dx!
Vi(z1, 22, y) = %fgp o)+ (8.57)

integrating on the boundary of a disk of radius » = 1 + € cos k¢ and then comparing the

result with our solution (8.55),(8.56). Using polar coordinates r, ¢ on the (z1,z5) plane

we have
T1 = T COSQ, T9 = 7Sin
1 6 ) ¢ 559
i = (14 ecoskd’)cos¢’, x5 =(1+ecoskd)sin¢’
and the one-form components are
V. = cos ¢V + sin ¢Vs,
oW1 Vs (8.50)

Vi, = —rsin ¢V + rcos ¢Vs.

It is convenient to define A = W and B = 1+ 72 + y2. The zero order terms are

/ ¢ sin ¢’ 0,
— 2rcos ¢’

VO _ ,cos¢’ 1
¢ 21 Jo B—2rcos¢/ 2\y1-42 )’

(8.60)

which are the ones discussed in section 7.2. The terms of order one are

v — 1 /27T dqb'Bk cos ¢/ (—1 + Acos @) sin[k(¢' + ¢)] — (B — 2) cos[k(¢' + ¢)] sin ¢’
" B%(—1+ Acos¢’)? ’
v do' Bk sin ¢'(—1 + Acos ¢') sin[k(¢' + ¢)] + (B — 2) cos[k(¢' + ¢)] cos ¢/
¢ " or '

B2(—1+ Acos¢')?
(8.61)

These integrals can be calculated using the residue method. We pass in the complex plane

89



CHAPTER 8. LLM EXCITATIONS AROUND THE BACKGROUND

by working in terms of complex exponentials. Defining z = €', dz = izd¢’ the poles are

1++v1-— A2

A =224+ A=0 = 2= " : (8.62)

and since z; 2z = 1 only z_ is contained in the unit circle over which we integrate. By
calculating the residual in the pole z_ and multiplying it by 27 one obtain
4ik?
v = 2" sin(ko),
(1+k)B2Av1—A (ko) (8.63)

2k I pp—
V.= (1+/<:)B2(I—A2)3/2 (7= )+ b = AT)YT= 2] 2 sin(lg),

and using our change of coordinates (8.46)-(8.49) one obtain (8.55),(8.56) up to a normal-
ization factor as expected (for qul) one has to include also the terms of order one which
come from the change of coordinates on th(o)). Note that since we are integrating over a
real profile, instead of complex exponentials we have the trigonometric factors. Since we
are working at linear order, it is of course immediate to switch between complex exponen-
tials and trigonometric functions.

In this chapter we have therefore understood which are the deformations of AdSs x S°
dual to the chiral primary operators %—BPS OF = Tr{Z*} with A = k < N2. In this sec-
tion we have also shown that these deformations correspond to LLM solutions defined by
small ripples of the disk associated to the background solution. In the next chapter we’ll
generalize this and we’ll try to say something about the solution at higher perturbative
orders in the parameter €. These geometries are dual to the heavy states construced by
taking p times the previous light operators O = [Tr{Z*}]P with A = pk ~ eN2.
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Beyond the Linear Order

In the previous chapter we have studied linear deformations of AdSs; x S° which are
dual to the light states of the N' = 4 SU(N) CFT, namely the single-trace operators
Okp = (TrZF)P with p ~ 1, k = 2,3,4,... finite and Z = ¢' +i¢? a complex combination
of the adjoint scalars ¢! with I = 1,...,6. Now we would like to say something about
heavy operators, namely those with a conformal dimension that grows as the central
charge of the CFT: p ~ ¢ ~ N2 On the CFT side these multi-trace operators are
products of the single-trace light operators and it is therefore intuitive to think of the dual
geometry as a large perturbation of the background in the heavy-classical supergravity
limit, defined by taking

2

N
c=>1 p>1, % fixed. (9.1)

While the behavior of the geometry is the same as the one of the D1-D5 theory at the linear
order (in fact, as we have seen in chapter 6 and in chapter 8, in this limit both geometries
are small perturbations of the corresponding background) the situation is different for
great value of the perturbative parameter. In the D1-D5 theory the “stringy exclusion
principle” [25], put an upper bound on the possible values of p. The situation is different
in the case of AdS5; where the dual CFT is in D = 4 and such a limit on the possible
values of p does not exist. Furthermore, by studying the asymptotic limit of the linear
order geometry, it was shown in [24], that p ~ ¢* and consequently we can deduce that
there is not an upper bound on € either. From this discussion, it is natural to think
that for large values of € one can in principle obtain arbitrarily complicated geometries
contrary to what happens with the theory on AdS3. In the LLM picture this is due to the
existence of infinitely many ways to choose the droplet that reduces to r = 1 + € cos(k¢)
at linear order in e. We can also deduce that the profile on the LLM droplet must receive
corrections at orders higher than the first since for € > 1 it becomes singular and thus
does not provide a well-defined LLM geometry (this is hard to verify explicitly because
the LLM integrals are difficult to compute in closed form for finite values of €).

The problem of finding the geometry at all perturbative orders in the heavy classical limit
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and determining the corresponding LLM droplet is left to future developments and one
possible way to approach this problem is better explained in the conclusive chapter. Here
we limit ourselves to borrow the solution up to the second perturbative order obtained in
a parallel development that will not be described in this thesis, and we prove that it falls
into the class of LLM solutions related to a specific droplet.

9.1 THE SECOND PERTURBATIVE ORDER

As we just said in the introduction to the chapter, determining the solution at the second
perturbative order is beyond the scope of this work and hence we limit ourself to describe
it. This result comes from the consistent truncation of the equations of motion [26] which,
combined with the supersymmetry conditions, greatly simplifies the problem of solving
explicitly the equations of motion. The fundamental point is that the solution of these
equations is unique and consequently it is absolutely not trivial that it is dual to our
heavy states Oy, instead that to some other more complicated heavy multi-traces. At
this stage this is just a conjecture motivated by the analogy with the case on AdS3 and
by the fact that the consistent truncation eliminates all of the d.o.f. apart from those
associated with the lightest CPOs O,. Consequently we assume that the following result
is dual to the heavy states O ,. This assumption can however be confirmed through the
AdS/CFT correspondence by calculating the appropriate correlation functions as better
explained in the conclusions of this work. As we have seen in the previous chapters the
solution must have the SO(4) x SO(4) x R X Zy symmetry (this symmetry must remain

at all perturbative orders). The 10-dimensional metric can be written as
ds?y = AY?ds? + A_1/2T51D,uiDuj, (9.2)

where
A =Ty, Dy =du'+ A% (i,j=1,...,6). (9:3)

The coordinates p' are a parametrization of S°

pt 4 ip® = cos 961&7

(9.4)
pl =sinfi’ for I=3,...,6 with z'2! =1.
The five dimensional metric is the asymptotically AdSs Einstein metric given by
2 2 2 272 12 2 . cosh’ P
ds; = dp* — (1 + 2€°w) cosh p“d7” + sinh® pdQ; with w = — 5 (9.5)
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while the symmetric unimodular tensor 7;; = T};, det(T) =1 is

L+ed—E(2u—2) 0 0
T = 0 1—ed—e@2u—2%) , (9.6)
0 ‘ (1+ )iy

with A = cosh™ p and p = § cosh™ p. Finally, the gauge fields A% = —AJ" that appear

in the covariant derivative are given by
1
AP = (1 + E®)dr with & = -3 cosh™? p, (9.7)

with the other components null.
As a first check of this solution we note that the background geometry AdSs x S° is recov-
ered at the zero order. Moreover, at first order this solution is the linearised metric (8.30)

of the previous chapter with & = 2 if we apply to the latter the following diffeomorphism
2
(€ &a) = g(vub@)y(z)’ —b(Q)VaY(z)), (9.8)
under which the perturbative terms of (8.30) transform as

hf;U/ = h/u/ + Vugu + vl/flh

(9.9)
hocﬂ - hocﬁ + vagﬂ + vﬂgoc-

Note that now we have to take only the real part of the harmonic functions, i.e. we
have Y? = cos?f cos(2¢) and b = cosh™? p. We can therefore conclude that this is
a solution only for the lighest CPO Oj—;. As we have done for the first order we can
demonstrate that this geometry is an LLM solution. Note that this check is highly non-
trivial since the comparison between the two metrics provides a system of 10 first-order
differential equations. Since we don’t know the second order correction of the LLM profile
used in the previous section we do the match with a generic LLM solution by finding the
appropriate change of coordinates instead of calculating the LLM integrals. By comparing
the spherical terms of (9.2) with those of the LLM solution (7.4) we find the second order

correction for y

€2 sinhp

————sinéd 1
12(:osh2pSln ’ (5.10)

y = sinfsinh p —
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from which we can calculate also the second order correction for e and h~2 using (7.5).

The most general change of coordinates up to the second order is

€2 sinhp
=sinfsinhp — — in 6 9.11
y=sinfsinhp— 15— 5 ; sin 6, (9.11)
e cost 9
r = cosfcoshp — = cos2¢ + € (fr1(p,0) cosdo + fra(p,0)), (9.12)
cosh p
=7+ e f(p,0)sin 4, (9.13)
o=+ g cosh™2 psin2¢ + €2 f,(p, 0) sin 4¢, (9.14)

while the ansatz for the 1-form V is

2cos? 0 4 cos* f tanh? p
V, = — 20 + € 0) cos 4 9
¥ cosh2p — cos 20 6(cos 20 — cosh 2p)? €052 + € (va1(p, 6) cos 4+ vza(p, 0)).
2 cos fsech®p

V,=— sin 2¢ + €2v,(p, 0) sin 4¢,

€05 20 — cosh 2p
(9.15)

where we have chosen the terms of the first order to match the LLM solution with (9.2)
(i.e. we have applied the diffeomorphism (9.9) to the coordinates (8.46)-(8.49)) and we are
using again the notation ¢ = ¢ + 7. By writing the LLM metric (7.4) under the previous
change of coordinates and comparing the result with (9.2) at the second order we obtain

1
fri(p, 0) = —1g 08 fsech®p, (9.16)
1 .
fr2(p,0) = 15 ¢ 0(5 + 4 cosh 2p)sech®p, (9.17)
1
fo(p,0) = gsech4p, (9.19)
cos? f]cosh? p(—2 + cos 20 4 cosh 2p) + 8 cos* f tanh* ]
0) = — 2
Va1 (p,6) 2(cos 20 — cosh 2p)3 ’ (9:20)
cos? 0[3 4 cosh 2p — cos 20(1 + 3 cosh 2p)] tanh? p
0) = 21
vz2(p:6) 3(cos 26 — cosh 2p)3 ’ (9:21)
or(p. 0) = — [—2cos 0 + (cos 0 + cos 30) cosh 2p]sech5p' (9.22)

4(cos 20 — cosh 2p)?

The existence of a well-defined solution demonstrate that our second order geometry (9.2)
falls into the class of the LLM solutions and it is therefore associated to a certain droplet
in the LLM plane. As we have mentioned in the introductory part of the chapter, the
absence of a stringy exclusion principle for the NV = 4 SU(N) theory, implies that the
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LLM profile we have used in the previous chapter for the linear solution must receive a

correction beyond the first order
7(¢) = 1+ ecos(2¢) + o(€?), (9.23)

where here we are using £ = 2. We may ask whether such a correction is already present
at the second order. For this purpose, similarly to what we did in the previous chapter, we
can calculate the one form V' with (8.57) by using the usual linear profile and compare the
result with (9.15) after applying the change of coordinates (9.11)-(9.14). By doing this we
find a result for the components of V' that do not agree with (9.15) and consequently the
LLM profile must receive corrections also to this order. It is intuitive to think that this
correction is proportional to cos4¢; in particular we have found that the correct profile

that reproduces the results (9.15) up to second order is

2

€ 3¢
r(p)=1-— 5 cos(2¢) + 16 cos(4¢), (9.24)

where we have also inserted the correct normalization factor in the first order term.

To conclude, in this chapter we have found the geometry related to the heavy states up
to the second perturbative order and we have demonstrated that this solution falls into
the class of LLM solutions by finding the corresponding droplet on the LLM plane. The
second order correction of the LLM droplet (9.24) is the most important original result
of this thesis since in some works such as that of Skenderis et al. [24] it was not taken
into consideration. As we will explain better in the conclusive chapter, a possible future
development is to solve the %—BPS supersymmetry constraints starting from this solution

to find the exact one at all perturbative orders.
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summary and Future Developments

In this work we have studied an important aspect of the relationship between the N’ = 4
SU(N) SYM theory and the supergravity theory on AdSs x S°. In particular we have
used the AdS/CFT correspondence to find the geometries in the gravitational theory dual
to %—BPS operators of the CFT. We have started by studying geometries dual to such
operators with a small conformal dimension (light operators) and then we have done a
step forward in studying the geometries dual to operators with a conformal dimension of

the order of the central charge in the classical limit (heavy operators).

In order to find these geometries we have introduced some basic ingredients of the Ad-
S/CFT correspondence. Initially we have described the fundamental aspects of super-
symmetric field theories, then we have presented the first part of the correspondence
starting from string theory and arriving at its low-energy limit, i.e. supergravity, which
is the gravitational theory we worked with. In this context we have given more impor-
tance to the type IIB supergravity theory since it is the relevant one for the purposes of
our application; we have described its fields and their coupling with branes and then we
have provided some solutions that carry charges associated to these branes. Afterwards,
we have presented the latter side of the duality, introducing the basic principles of any
conformal field theory paying more attention to the theory of our interest, namely the
N =4 SU(N) SYM theory. The motivation of the AdS/CFT correspondence was given
following the historical developments: we first showed the link between SU(N) gauge
theories in the large N limit and string theories, and then we have given a more concrete
justification through the argument of the open/closed string duality. After that we have
described the chiral primary operators, i.e. some special operators of the CFT whose
conformal dimension does not depend on the coupling. For this reason such operators can
be studied quantitavely on both sides of the duality and are used to test the AdS/CFT
correspondence on a practical level; for our application we have focussed on the %—BPS
operators. As an example of the application of the correspondence we have made a short
digression on the D1-D5/AdS3 duality and we have considered a particular well-known
geometry dual to a specific state of the D1-D5 CFT. Before considering the main problem
we have described the LLM geometries which are all the %—BPS excitations of AdSs x S°
dual to the %—BPS operators of the CFT following the AdS/CFT correspondence. These
geometries are all uniquely specified by black and white color coding droplets on a 2-
dimensional plane and all the geometries we are interested in falls into this class. Finally,
we have explained the main problem that was approached in this work. We first wanted
to find the supergravity dual to the single-trace %—BPS light operators of the CF'T

Op=Tr(Z%), k=2,34,... (10.1)
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where Z = ¢! + i¢? is a complex combination of the adjoint scalars ¢! with I =1,...,6.
We have written explicitly the dual geometry as a small deformation of the background
AdSs x S° working at the linear order in the perturbative parameter e. Subsequently we
have proved that our linearised geometry falls within the class of the LLM solutions: at
first order in € it coincides with the LLM geometry associated with a deformed circular

droplet with boundary
r(¢)=1— %cos(kqb), (10.2)

where ¢ is the angle in polar coordinates on the LLM plane and e the parameter that
quantifies the fluctuations around the background geometry. After that, we have con-
sidered more complex operators constructed by taking products of these light operators

obtaining multi-traces heavy operators
Oy = [Tr(Z")]7, (10.3)

with k finite and p ~ N? and we set ourselves the problem of finding the classical dual ge-
ometry (to be more precise the states that admit a classical supergravity dual are actually
coherent state superpositions of the states Oy, centered over some average value of p but
with a non-vanishing spread over a finite range of p’s). At this end in principle one must
start with the linear solution related to the light operators defined by the limit ¢ — 0 and
explicitly solve the equations of motion of the supergravity theory to obtain the exact so-
lution at all perturbative orders. However, this approach encounters two difficulties: first
solving directly the equations of motion is complicated and second, the solution is not
unique, since at each order one can add an arbitrary solution of the homogeneous equa-
tions. To circumvent these problems, one can work in a consistent truncation (such that
any solution of the truncated theory also solves the full equations) and further simplify
the equations by using the supersymmetry constraints. This development will be carried
out elsewhere and it was not be described in this thesis. We have borrowed the second
order result obtained via the consistent truncation for the lightest heavy state with k = 2
and we have shown that this result is reproduced by an LLM geometry where the droplet
(10.2) is modified at second order

2

P(6) =1~ & cos(20) + S cos(ds). (10.4)

This represent the most important and new result of this thesis since in some recent works
such as [24] this correction was not taken into consideration. Furthermore it provides a
link between the LLM droplet and multi-traces operators like the one in (10.3).

Future developments concern determining the exact geometry at all perturbative orders

97



CHAPTER 9. BEYOND THE LINEAR ORDER

by imposing supersymmetry constraints. As we were able to see in Chapter 6, when we
have considered the case of the D1-D5 theory dual to the supergravity theory on AdSs,
for very small values of the fluctuation parameter € the problem on AdSs is analogous to
that on AdSs in the sense that both geometries result to be small perturbations of the
corresponding background. However, one difference between the two theories is given by
the “stringy exclusion principle’” of the D1-D5 CFT [25]. According to this principle in
2D CFT there is a maximum value for the parameter p in (10.3) related to the existence

of an upper limit on the U(1) charge of chiral primaries
Q< g with ¢ ~ N, (10.5)

The validity of the bound follows from general simmetry considerations of the CFT in
D = 2. As we have seen a chiral primary of the conformal field theory will be a single-
particle state on AdSs; and a second chiral primary can be constructed by squaring this
chiral primary. In general p-th power of the chiral primary corresponds to p particles
in the same mode. An upper bound on p translates into an exclusion principle limiting
the occupation numbers of bosonic BPS particle modes: for values of p of the order of
the central charge the chiral primary will vanish. From the geometrical point of view,
this principle means that for large values of the parameter ¢ ~ p, we have pathological
geometries with closed time-like curves, as is well known (see, for example [19],[20] and
[21]). The situation is different in the case of AdS; where such a limit does not exist
and consequently in the limits of large € one expects to obtain arbitrarily complicated
geometries. In the LLM picture this complication is related to the existence of infinitely
many ways to choose the droplet that reduces to (10.2) at the linear order in e. We can
also deduce that the profile on the LLM droplet (10.2) must receive corrections at orders
higher than the first; in fact for € > 1 the profile becomes singular and thus cannot pro-
vide a well-defined LLM geometry (however, this is hard to verify explicitly because the
integrals needed to write down the LLM metric are difficult to compute in closed form
for finite values of €). Here we have found the correction up to the second order and in
the future it will be necessary to find the exact profile at all perturbative orders.

As usual, once we have obtained the exact geometry, which we symbolically denote by
ds? < |H) where |H) is the dual (coherent superposition) heavy state, the correspon-
dence must be tested by calculating protected quantities, i.e. quantities that match in
the CFT and gravity sides. Such quantities are, for example, the correlation functions of

some CPO O, between two heavy states

(H(00)|Or(1)|H(0)) . (10.6)
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Such correlation functions can be calculated in both CFT and gravity theory by consider-
ing the asymptotic limit of ds? [24]. After that one can calculate unprotected quantities

such as

(H(00)|OL(21) O (22)|H(0)) , (10.7)

where z; and 2, are two different points in the CFT theory in which we evaluate the
CPOs. Such quantities are unprotected since one can insert in the intermediate channel a
resolution of the identity, >, |Of) (Of|, which is a sum over all possible CFT states, BPS
and non-BPS. In general such correlation functions have never been calculated; since it’s
complicate to calculate them in the CFT one must use the AdS/CFT correspondence by
solving a wave equation for the metric ds®> and then by applying the holographic principle.
As we have already mentioned in the introduction of this work, one of the major appli-
cations of the holographic principle concerns also the study of black holes. Black holes
are singular solutions of Einstein’s equations that have an event horizon, i.e. a one-way
membrane that causally divides spacetime into the external universe and the black hole
interior. The quantum theory of black holes presents many paradoxes and the AdS/CFT
duality offers a useful guide towards their solution. One of the biggest problems is ob-
viously the information paradox that originates from the process of evaporation of black
holes into thermal radiation, which is a violation of the unitarity of quantum mechan-
ics. According to the fuzzball proposal [27], the microstates of a black hole manifest
themselves as regular and horizonless solutions of the supergravity theory. In our work,
however, black holes were never mentioned since in the gravity theory on AdSs they are
%—BPS solutions. This is a complication compared to the D1-D5 theory where black holes
are %—BPS solutions and for this reason, despite the CF'T being more complicated than
our N = 4 SYM theory, it lends itself well to the study of these objects. However, since
the N' =4 SYM theory has a lagrangian formulation, it would be nice to explicitly write
the %—BPS solutions of this theory to be able to study black holes through it. A possible
future development therefore concerns using our %—BPS solutions to obtain the 1—16—BPS
one by breaking the correct number of supersymmetries in a similar way to what is done
in the D1-D5 theory to go from %—BPS to i-BPS solutions. Once this is done, one can
use the holographic principle to describe the microstates of the black hole in terms of the

1 . L
dual {5-BPS heavy operators in the dual CF'T description.
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