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Introduction

The study of the solutions to polynomial equations, or their zeros, within a given
field (typically Q or its completions) represents one of the oldest and most profound
pillars of number theory. While the problem of finding roots for a single polynomial
in one variable is elegantly addressed by the Fundamental Theorem of Algebra and
Galois theory, the complexity increases significantly when considering equations in
two or more variables. This transition marks the shift from elementary algebra to
the study of the arithmetic properties of algebraic curves.

Among these, elliptic curves occupy a central role. Defined by a cubic equation
of the form

y* = 2° + Az + B,

these objects are not merely geometric curves but possess a rich group structure on
their set of rational points. A fundamental result in this direction is the Mordell-Weil
Theorem, which describes the algebraic structure of an elliptic curve.

Theorem. Let E be an elliptic curve over a number field K. The group
E(K) of K-rational points is a finitely generated abelian group.

An immediate consequence of this result is that the group of K-rational points
of E admits a decomposition:

E(K)Z7Z" ® Eyos(K)

where Eios(K) is the finite subgroup consisting of the torsion points of E(K), and
r € N is the rank of E(K).

While the torsion subgroup is effectively computable and its structure is con-
strained by deep results such as Mazur’s Theorem, the rank r is a much more mys-
terious invariant; its determination remains one of the most challenging and central
problems in the arithmetic of elliptic curves. Although the Mordell-Weil Theorem
guarantees that r is a finite integer, it is essentially non-effective, as it does not
provide a general algorithm to compute the rank for a given curve E.

In this thesis, we focus on a major breakthrough in this direction: the results
obtained by Victor Kolyvagin. His work provides a powerful tool to bound the rank
of an elliptic curve and represents one of the most significant pieces of evidence for
the finiteness of the arithmetic invariants associated with F.



2 INTRODUCTION

Roughly speaking, Kolyvagin’s theorem establishes that, under certain condi-
tions, the existence of a single point yx € E(K) of infinite order is sufficient to
control the structure of the entire group of rational points. Here, K is not an arbi-
trary number field, but a quadratic imaginary field. Specifically, his results allow us
to prove that r = 1 in many cases where classical methods fail to provide an answer.
More precisely, we will prove the following result:

Theorem. Assume that the elliptic curve E/Q does not have complex
multiplication and that the point yx has infinite order in E(K). Then
the rank of E(K) is equal to 1.

We remark that the assumption that £ does not have complex multiplication
is hardly a loss of generality in the rational case. Indeed, there are only thirteen
possible j-invariants of elliptic curves over QQ with complex multiplication.

The proof of this theorem is far from elementary and requires a vast theoretical
framework that spans several areas of modern number theory. We will move from
the classical geometry of algebraic curves and the analytic properties of modular
forms to the sophisticated language of Galois cohomology and the theory of Com-
plex Multiplication. This interplay between different mathematical disciplines is
what makes Kolyvagin’s result one of the most elegant achievements in arithmetic
geometry.

The thesis is structured as follows:

Chapter 1 provides the necessary background on elliptic curves, covering their
arithmetic over local and global fields and their complex analytic description.

Chapter 2 introduces the theory of modular curves and their moduli interpreta-
tion, culminating in the Eichler-Shimura construction which relates modular
forms to elliptic curves.

Chapter 3 is devoted to the theory of Complex Multiplication. Here we define
Heegner points and study their field of definition, providing the geometric
“input” for Kolyvagin’s machinery.

Chapter 4 contains the core of the work: the construction of the Euler system of
cohomology classes and the complete proof of Kolyvagin’s Theorem regarding
the rank of E(K) and the finiteness of the Shafarevich-Tate group.



Chapter 1

Elliptic Curves

1.1 Background on algebraic curves
Let K be a field and denote by K a fixed algebraic closure of K.
Definition 1.1.1. The n-dimensional affine space over K is

A" = A"(K) :={(21,...,2,) : 2; € K for all i}.

Note that if we consider
Gg = Gal(K/K)=Autg(K)={0: K - K : o(x) =z for all x € K},
then we have an action of G on A" defined by the rule
P? = (o(x1),...,0(x,))

for all P = (21,...,2,) € A" and 0 € Gg. In this sense we define the set of
K-rational points of A" as

A"(K) := (A" .= {P € A"|P° = P for all 0 € G }.
Definition 1.1.2. Let K[X]:= K[x1,...,,] be the polynomial ring over K.
(a) If I C K[X] is an ideal we will call algebraic affine variety
V(I):={PeA": f(P)=0 forall f € I}.
Conversely, if V- C A™ is an algebraic set, we will consider

Z(V):={f € K[X]: f(P)=0 forall P € V}.

(b) An affine variety V is said to be defined over K if the ideal Z(V') can be
generated by polynomials over K. In this case we will write V).

3
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(c) If V is defined over K. Then, the set of K-rational points of V' is

V(K) =V NA"(K).

Note that if V is an affine variety and we consider with a slight abuse of notation

I(Vik) ={f € Klz1,...,x,] : f(P)=0forall P €V},
then V is defined over K if and only if Z(V) = Z(V/g) - K[X].
Definition 1.1.3. The The affine coordinate ring of Vyk is the quotient
KIV) = K[X]/Z(Vjx).

In particular, if Z(V') is a prime ideal of K[X], then K[V] is an integral domain
and we can define the field of rational functions on Vg as its fraction field:

K(V) :=Frac(K|[V]).

Analogously, one can define K[V] := K[X]/Z(V) and consider K(V) if Z(V) is a
prime ideal of K[X]NZ(V) = Z(V/K). Hence, we obtain an embedding
K[V] = K[V],

and if it is possible to consider the field of fractions, we also obtain an embedding
of the corresponding function fields

K(V) — K (V).

Using this notation, the absolute Galois group Gk acts on K[X] | via its action on the
coefficients, and consequently on K[V] and, where defined, on K (V). In particular

K[V] = K[V]%x.

Definition 1.1.4. Let Vi,V C P™ be two projective varieties. A rational map
between them is

p:Vi—V
with o = [fo : -+ : f,] where the functions fo, ..., fn € K(V1) have the property that
for every point P € Vi at which fy, ..., f, are all defined,
p(P) = [fo(P):--: fu(P)] € Va.

Moreover o is said to be defined over K if there exists \ € K™ such that
Moy A € K(V7).

Equivalently, ¢ is defined over K if and only if ©” = ¢ for all 0 € Gk where
=15 S
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Proposition 1.1.5. Let Cy, Cy be two curves (i.e. projective varieties of dimension
one) and let o : C1 — Cy be a morphism. Then ¢ is either constant or surjective.

Proof. See |Harl3, Chapter 2, Proposition 6.8]. O

Note that if C, Cy are two curves defined over K and ¢ : C; — (5 is a noncon-
stant rational map defined over K, then we have an induced fields immersion

" K(Cy) — K(CY), fr=fop
which fixes K, i.e. is a K-immersion.
Proposition 1.1.6. The field extension K(Cy)/¢*(K(Cy)) is finite.
Proof. See [Sil09, Chapter 1, Theorem 2.4]. O

Definition 1.1.7. Let ¢ : Cy — Cy be a rational maps between curves defined over
K. We define the degree of p to be

0 if @ is constant,

deg(y) = {[K(Cl) C e (K(Cy))]  otherwise.

In the following chapters, we will frequently make use of the theory of divisors
associated with a curve, as they provide a powerful framework for studying the
geometry and the arithmetic of algebraic curves.

Let C' be a curve.

Definition 1.1.8. The divisor group Div(C') of C' is defined as the free abelian group
generated by the points of C'. In other words, an element D € Div(C') is a formal

sSum
D= Z npP
PeC

where np € Z and np = 0 for all but finitely many points P.

Definition 1.1.9. The degree of D =3 ,.npP € Div(C) is
deg(D) := ZP € Cnp € Z.

We will denote the subgroup of the divisors of degree 0 by Div°’(C).

Note that if the curve C' is defined over K, then the absolute Galois group G
acts on Div(C) (or equivalently on Div’(C)) via

D7 = Z npP’

pPeC

where D =3, P € Div(C).
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Suppose now that C' is smooth and let f € K(C)\ {0}. The divisor associated
with f is
div(f) =) ordp(f)- P
where ordp(f) is the order of f at P. Moreover, a divisor D € Div(C) is said to be
principal if there exists f € K(C) \ {0}such that
div(f) = D.

We will denote by Princ(C') the subgroup of the principal divisors. Moreover, it
can be shown that for all f € K(C) \ {0}, the divisor div(f) has degree zero,
i.e., deg(div(f)) = 0. This fundamental property allows us to state the following
definition:

Definition 1.1.10. The Picard group of C' is the quotient
Pic(C') = Div(C') /Princ(C).

Similarly one defines
Pic’(C) := Div’(C) /Princ(C).

1.2 Elliptic curves

Definition 1.2.1. An elliptic curve is a couple (E,O) where E is a nonsingular
curve of genus 1 and O € E. Moreover, (E,O) is said to be defined over K if E is
defined over K as variety and O is rational, i.e. O € E(K).

The definition above provides the abstract geometric characterization of an ellip-
tic curve. In practice, every such curve can be embedded into the projective plane
P? and described by a specific cubic equation, known as a ”Weierstrass equation”.

Proposition 1.2.2. Let E be an elliptic curve defined over K.
(a) There exist functions x,y € K(E) such that the map

¢:E—>P27 (b:[x?yal]a
gives an isomorphism of E i onto a curve given by an equation
C:Y? 4+ XY +asY = X3+ a;X? + ay X + ag (1.1)

with coefficients ay,...,a6 € K and satisfying ¢(O) = [0,1,0]. The equation
is called Weierstrass equation for the elliptic curve E.

(b) Any two Weierstrass equations for E are as in (a) are related by a linear
change of variables of the form

X =u’X +r, Y =Y + su? X' +t,

with w € K* and r,s,t € K.
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(c) Conversely every smooth cubic curve C' given by a Weierstrass equation as in
(a) is an elliptic curve defined over K with base point O.

Proof. See [Sil09, Chapter 3, Proposition 3.1]. ]

Now let E be an elliptic curve over a field K described by the Weierstrass equa-
tion
Y2+ a1 XY +a3Y = X3 4 4 X? + ay X + ag.

If we suppose Char(K) # 2, we can reconstruct the squares and simplify the equa-
tion. More explicitly, doing the substitution y = %(y — a1x — az) we obtain

y* = ax® + byx® 4 2byx + bg,

where

o by :=a? + 4ay,

e by :=2ay + ayas,

o b := aZ + 4ag.
If we moreover define

o g := alag + 4asag — ajazay + asai — a3,

o ¢y := b3 — 24by,

o 5 := —b3 + 36byby — 216D,

o A := —b3bg — 8b3 — 27b% + 9bybab,

Cy

oj::K(ifA:Oweputj:oo),

we obtain the relations
4bg = bybs — b7 and 1728A = cf — ci.
Definition 1.2.3. With notation above:
(a) the quantity A is called the discriminant of the Weierstrass equation;

(b) the quantity j is the j-invariant of the Weierstrass equation.

Actually the j-invariant does not depend on the Weierstrass equation. More
precisely, we have the following proposition.

Proposition 1.2.4. The following properties hold.

(a) Two elliptic curves are isomorphic over K if and only if they have the same
j-invariant.
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(b) Let jo € K. Then, there exists an elliptic curve defined over K(jo) with j-
mvariant jo.

Proof. See [Sil09, Chapter 3, Proposition 1.4]. O

If we now suppose Char(K) # 2,3, we can eliminate the z? term with the
substitutions

r — 352 Yy
€r = s y = —
36 108
and we obtain the equation
v =2+ Ar+ B
where A := —27¢4 and B := —b54c¢g. In this case we have

(44)°

N
Proposition 1.2.5. Let E be a curve described by a Weierstrass equation. Then
the discriminant A with respect to it has the following geometric interpretation:

(a) E is nonsingular if and only if A # 0.

A = —16(4A% —27B%) and j:= —1728

(b) E has a node if and only if A =0 and ¢4 # 0.
(¢c) E has a cusp if and only if A = ¢4 = 0.
Proof. See [Sil09, Chapter 3, Proposition 1.4]. n

Now we briefly recall the definition of the group law on an elliptic curve (E, O).
Let P and @ be two points on E, and let L denote the line passing through P and
Q (if P = @, L is the tangent line to £ at P). By Bezout’s Theorem, L intersects
E at a third point R. Let L’ be the line passing through R and the point at infinity
O. The sum P + @ is defined as the third point of intersection of L’ with E. In
other words, P + @) is the point such that L' E = {R,0, P + Q}.

Proposition 1.2.6. The composition law described above makes E into an abelian
group with identity element O. Further, if E is defined over K, then

E(K)={(z,y) € K*: y* + ayxy + azy = 2° + aya® + ayx + ag = 0}
s a subgroup of E.
Proof. See [Sil09, Chapter 3, Proposition 2.2]. O
Furthermore, the group operations induce two morphisms of varieties:
+:ExE—E (PQ+—P+Q

and
—F—FE, P~ —P

If E is defined over K, then these morphisms are also defined over K (for more
details see [Sil09, Chapter 3, Proposition 3.6]).
Now let (E,O),(E',0") be two elliptic curves.



1.2. ELLIPTIC CURVES 9

/

Definition 1.2.7. An isogeny ¢ : E — E’ is a morphism such that ¢(O) = O'.

Example 1.2.8. Let (E,O) be an elliptic curve. For each m € 7Z, we define the
multiplication-by-m map
m]: E— F

inductively as follows. If m > 0, then

[(m]P=P+P+---+P.

m times

For m < 0, we define [m|P = [-m|(—P). Finally, for m =0, we set [0]P = O for
all P € E. Since the group law is a morphism, it follows by induction that [m] is a
morphism of varieties. Moreover, since [m|O = O, it is an isogeny.

Note that, given an isogeny ¢ : F — E’, then by Proposition we have only
two possibilities:

e (P)=0"forall PeFE, or
e (p is surjective.

Thus, except for the isogeny [0]P = O’ for all P € E, every other isogeny ¢
induces the usual injection of function fields

¢* K(E') — K(E)

and we can consider the degree of ¢ defined as the degree of the finite extension
K(E)/¢"(K(E)).

Definition 1.2.9. Let ¢ : E — £’ be a nonzero isogeny. We will say that ¢ is
separable if the induced field extension K(E)/¢*(K(E')) has this property.

Moreover, every isogeny is a group homomorphism. To see this we need a lemma.

Lemma 1.2.10. Let (E,O) be an elliptic curve. Then the map
E — Pi®(E), P~ [(P)-(0)]
1S a group isomorphism.
Proof. See [Sil09, Chapter 3, Proposition 3.4]. ]
Proposition 1.2.11. Let ¢ : (E1,01) — (Ey, O2) be an isogeny. Then
p(P+@Q) = ¢(P)+¢(Q)

.e. Y 1S a group homomorphism.

Note that the converse is immediate, provided that ¢ is a morphism.
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Proof. Note that if p(P) = O, for all P € E; the statement is trivial. Thus,
suppose ¢ # 0 or equivalently that ¢ is surjective and consider the following group
homomorphism:

¢, : Pic°(Ey) — Pic®(E,), [Z np(P)

PeE

= [Z np(p(P))

PeFEn

On the other hand by Lemma |1.2.10| we have an isomorphism of groups
Kki: B — Pic®(E;), P~ [(P)—(0)]
for i = 1,2 and since ¢(O;) = O, the diagram

B, — 2 Pic%(E))

wl |+

By ——— Pic’(E,)

is commutative. Hence, doing the calculation, for all P, ) € E; we have:

]

Putting together Proposition [1.2.11] and Example we give the following
definition.

Definition 1.2.12. Let (E,O) be an elliptic curve and let m € Z with m > 1. The
m-torsion subgroup of E, denoted by E|m)], is the set of points of E of order m, i.e.

Elm] = {P € E: [m|(P) = O}.

The torsion subgroup of E, denoted by Fio.s, is the set of points of finite order, i.e.
Eis = | J E[m].
m=1

Moreover, if E is defined over K, then Fiws(K) denotes the points of finite order in
E(K).

Proposition 1.2.13. Let E be an elliptic curve defined over a field K and let m € Z
with m # 0. Then
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(a) deg([m]) =m?;
(b) if Char(K) = 0 or Char(K) {m then

Proof. See [Sil09, Chapter 3, Corollary 6.4]. O

We conclude this section by stating a Proposition whose corollary will be useful
in the subsequent chapters.

Proposition 1.2.14. Let E be an elliptic curve and let ® C E be a finite subgroup
of E. Then, there exists up to isomorphism an elliptic curve E' and a separable
isogeny ¢ : B — E' such that Ker(p) = ®.

Proof. See [Sil09, Chapter 3, Proposition 4.12]. O]

Corollary 1.2.15. Let K C C be a number field and Ey, Ey be two elliptic curves
defined over K. An isogeny ¢ : Ey — Ey is defined over K if and only if its kernel
Ker(p) is invariant under the action of Gx = Gal(K/K).

Proof. Note that if ¢ is defined over K the statement is trivial since for all o € Gi
and P € Ker(y) one has

P(P7) = ¢(P)" = 07 = 0.

Conversely, assume that Ker(y) is invariant under Gg, i.e., o(Ker(y)) = Ker(y)
for all 0 € Gk. Given such a o, consider the isogeny ¢? : EY — EJ obtained by
applying o to the coefficients of p. Since E; and Ej are defined over K then EY = E;
for ¢« = 1,2. Moreover using the hypothesis

Ker(¢?) = Ker(p)? = Ker(p).

Therefore ¢ and ¢ are two isogenies from E; to E, with the same kernel and so,
since K has characteristic 0, by Proposition [1.2.14] one has

=

and by the generality of ¢ we conclude. O]

1.3 Reduction of an elliptic curve
Definition 1.3.1. Let K be a field. A discrete valuation on K is a map
v: K — RU{oco}

such that for all x,y € K
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(a) v(xz) = oo if and only if v =0;
(b) v(zy) = v(z) +v(y)
(¢) o

(

(d) v(K)* is a discrete subgroup of R, that is v(K*) = aZ for some a € Z.

v +y) = minfo(z), v(y)};

Fixed a real number ¢ € (0,1), we may associate to each valuation v on K an
absolute value
‘ . |v K — RZO

xi_){c if x #£0,

0 otherwise .

defined by

that has the following property:
(a) |z|, = 0 if and only if x = 0;
(b) |zylo = |zlo|ylo for all z,y € K;
(©) [z +ylo < max{|zl, [y[.}(< zlo + [ylo).
Finally v induces a metric on K given by
dy: K x K — R, (z,y) = |x — Y|y

Two absolute values on K v, w are said to be equivalent if the two induced metrics
d,, d,, define the same topology on K and an equivalence class of equivalent absolute
values on K is called place of K.

Definition 1.3.2. Let v be a discrete valuation on field K. We say that K s a local
field with respect to v if it is complete with respect to the metric d,, that is, every
Cauchy sequence with respect to d, converges in K. Moreover, if K is not complete,
we will denote by K, the completion of K with respect to v and we have a natural
mnclusion K — K.

Definition 1.3.3. Let K be a local field with respect to a valuation v.

(a) We will call the valuation ring (or ring of integers) of K,
O, ={re K:v(x) >0}
(b) We will call the units of O, (or of K ),
O ={xe K:v(x)=0}
Note that O, is a local PID with unique maximal ideal

my = {z € K :v(z) > 0}.
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Definition 1.3.4. We will call 7 € O, such that m, = (7) = 7O, the uniformizer
and we will denote by k, = O,/m,, the residue field of O,.

In what follows we will suppose that v is normalized,that is v(7) = 1.

Example 1.3.5. Let F' be a number field and consider its ring of integers Op. Since
Or is a Dedekind domain, for each x € F we can write

(x) = 20p = [ [ o>
p

In particular we obtain a discrete valuation v, on Op that can be extended to F
putting
a
vy 1 F' = frac(Op) — Z U {o0}, 7 vy(a) — vy (D).

We call the valuation v, on F' the p-adic valuation on the number field F' and we
denote by F, the completion of ' with respect to the p-adic metric.

Moreover, we have an explicit characterization of absolute values on a number

field K.

Theorem 1.3.6 (Ostrowski). Any nontrivial absolute value on K is equivalent to
a p-adic absolute value with p a nonzero prime ideal of K or to an absolute value
induced by an embedding of K in C. In the first case we will call the absolute value
nonarchimedean and in the second archimedean.

We will use the following notation:

o Mg :={| |, : pisaprime number}. This is a complete set of inequivalent
nonarchimedean places for Q.

o M = {| - |}, Where |- | is the absolute value on Q given by |7, =
max z, —z. This is the unique archimedean absolute value on Q up to equiva-
lence.

o Mg = MyUMg.

Let K be a local field with respect to a discrete valuation v and let E be an
elliptic curve defined over K defined by the Weierstrass equation

y2 + a1y + asy = 3+ a2x2 + asx + ag

for some aq, a9, a3, a4, a6 € K. Let u € K*. Applying the change of variables

we obtain

(V)? + ayu(2'y) + asu®y’ = (27)? + apu®(2')? + agu*a’ + agu®.
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Thus the new coefficients are a; = u'a; with valuation

v(a)) = v(u'a;) = iv(u) + v(as)

for i = 1,2,3,4,6. In particular, by choosing u sufficiently large such that iv(u) +
v(a;) > 0 (for example an appropriate power of the uniformizer 7), we obtain an
equation of E with coefficients in O,.

Definition 1.3.7. Let E be an elliptic curve defined over a local field K with respect
to a valuation v. A Weierstrass equation for E

y2 + a2y + asy = 3+ a2x2 + asx + ag

with discriminant A is said to be minimal for E (at v), if v(A) is minimized subject
to the condition that ay,as, as,as,as € O,. This minimal value v(A) is called the
valuation of the minimal discriminant of E at v.

Proposition 1.3.8. Let E be an elliptic curve defined over a local field (K, v).
(a) E admits a minimal Weierstrass equation.
(b) A minimal Weierstrass equation is unique up to a change of coordinates
r=u’r"+r, y=udy +ulss’ +t,
with w € O and r,s,t € O,.

(c) Conversely, if one starts with any Weierstrass equation whose coefficients are
i O,, then any change of coordinates

r=u’r"+r, y=udy +uist’ +1t,
used to produce a minimal Weierstrass equation satisfies u,r,s,t € O,.
Proof. See [Sil09, Chapter 7, Proposition 1.3]. ]

Let E be an elliptic curve defined over a local field (K,v) and fix a minimal
Weierstrass equation for E at v. We may reduce its coefficients modulo m, (or
equivalently modulo the uniformizer 7) and we obtain a new equation

y? + @y + azy = 2° + @pr’ + ayr + ag
with @; € O, /(7) = k, for all i. Note that this new curve could have singularities.

Definition 1.3.9. With notations above, we denote by E the new curve obtained
from E reducing the coefficients of any weierstrass modulo © and we call it the
reduction of E modulo .

Note that if A is the minimal discriminant of E at v and A is the discriminant
of the curve obtained from F by reduction modulo m,,, then

v(A) =0 < A#0 <= FE is an elliptic curve over k.



1.3. REDUCTION OF AN ELLIPTIC CURVE 15

Remark 1.3.10. Let P € E(K). We can find homogeneous coordinates for P =
[0 : Yo : 20] with xg,yo, 20 € OF. In this sense we have a reduction map

red : E(K) — E(’£U)? ['TOvyOa ZO] = [:L‘_(b%; Z_O]

~ Note that the set of nonsingular points of E(k,) form a group that we denote by
FEps(ky). Moreover, consider

e Fy(K):= {P CE(K):Pc Ens(/@v)} = red ! (Ens(/ﬁlv))
e Ei(K):={PeEK):P=0}=Ker(red) =red”" (O)
Proposition 1.3.11. The short sequence of abelian groups
0= Ey(K) = Eo(K) ™% Ep(k,) = 0
18 exact.
Proof. See [Sil09, Chapter 7, Proposition 2.1]. O

Proposition 1.3.12. Let E be an elliptic curve defined over a local field K with
residue field k and let m > 1 be an integer such that gcd(Char(k), m) = 1.

(a) The subgroup E1(K) has no nontrivial points of order m.

(b) Assume further that the reduced curve E over s is nonsingular. Then the
reduction map

E(K)[m] — E(k)
18 1njective.
Proof. For part (a), see [Sil09, Chapter 7, Proposition 3.1]. Suppose now that E

is nonsingular over ; that is, Eo(K) = E(K) and E.(k) = E(x). Then, by
Proposition [1.3.11] we have a short exact sequence

res

0— E(K) — E(K) — E(k) = 0
which induces the left-exact sequence

res| g (k) [m] B(x)

0 — Ey(K)NE[m] — E(K)[m] ———— E(k
By part (a), E1(K) N E[m] = {O}, and thus res|p(x)pm, is injective. O

We now focus on the case where the local field K has characteristic 0 and its
residue field & is finite.

Proposition 1.3.13. Let K be a local field with respect to an absolute value | - | i
and let L/ K be a finite field extension. Then there exists a unique absolute value on
L |-|p that extends | - |-
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Proof. See [Ser13, Chapter 2, Section 2 Corollary 2]. n

In particular L inherits naturally the structure of local field. For example, let p
be a prime of Q and let L = Q(«) be a finite extension of Q. Fix a prime p of L
such that p N Q = p. In this case, one can check that the completion L, of L in p
coincides with Q;(«).

Definition 1.3.14. Let L/ K be a finite extension of local fields of degree [L : K] =n
with ring of integers Ry and Ryp. Denote by my and Kk (resp. my and k1) the
mazximal ideal and the residue field of K (resp. L). We write

TTLKRL = mi, f = [KZL . RK]
for certain integers e, f greater then 1. We call:

(a) ramification index of L over K the integer e,

(b) residue degree of L over K the integer f.
Moreover, we say that the extension L/K is unramified if e = 1.

Note that if L/K and L'/K are two unramified extension of the local field K,
then the compositum L - L'/K is unramified. Thus we can give the following.

Definition 1.3.15. The mazimal unramified extension K" of the local field K is
the compositum of all (finite) unramified extension of K in a fized algebraic closure

K.

Remark 1.3.16. The mazimal unramified extension K" of K has the following
properties:

e [or every finite extension L/K such that K C L C K", L/K is unramified.

e The extension K" /K is Galois and we have an isomorphism of topological

group
Gal(K™ /K) = Gal(F/k) =: G,

where K is an algebraic closure of the residue field k of K.
Definition 1.3.17. We call the subgroup of Gk = Gal(K/K)
I = Gal(K/K"™)
the inertia subgroup of Gk .
In particular we have a short exact sequence of groups
0— Ix » Gxg — Gal(K™/K) = 0

or equivalently
0 — Ix — Gk — Gal(k/k) — 0.

In other words, the inertia group Ik is the set of elements of G that act trivially
on the residue field k. Consider now a set X on which G acts.
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Definition 1.3.18. The set X is said to be unramified if I acts trivially on it, i.e.
o(x)=x
forallz € X and o € Ig.

Proposition 1.3.19. Let (K,v) be a local field with a finite residue field k. Let E
be an elliptic curve defined over K and suppose that its reduction E is nonsingular
over k. Then, if m > 1 is an integer such that gcd(m,Char(k)) = 1, then the set
E[m] is unramified.

Proof. First of all the statement is consistent: recall that G acts on E through its
action on the coordinates of the points and since the isogeny [m] is defined over K
the action restricts to E[m] = Ker([m]). Let K'/K be a finite extension such that
E[m] C E(K') and fix the following notation:

e R’ := ring of integers of K’;

e m’ := maximal ideal of R/,

e ' := R'/m/ the residue field of K’;

e v := the unique absolute value on K’ which extends v.

Denoting by A the minimal discriminant of E, by the fact that F is non singular
over k, we have that

v'(A) =v(A) =0.

In particular the minimal Weierstrass equation for F over K is a minimal equation
of £ over K’ and F is nonsingular over «’. Hence by Proposition|1.3.12|the reduction
map

E(K")[m] ™% E(x)
is injective. Let now P € E[m] and o € Ix. From the characterization of inertia
group, the element o acts trivially on E(x") C E(R), so

red(P? — P) = red(P°) — red(P) = red(P)’ — red(P) = red(P) — red(P) = O.

Summing up, since P7 — P € Ker (E(K’)[m] ed, E(/@’)) we obtain P? = P.
[

1.4 The case over C

The goal of this section is to study elliptic curves over the complex numbers. We
will outline the construction of elliptic curves over C and aim to classify them up to
isomorphism. To begin with, we introduce a key group that will be used extensively
in the subsequent chapters.
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Definition 1.4.1. The modular group is the multiplicative group of matrices

SLy(Z) = HZ Z] :a,b,c,deZ,ad—bc:l}

under matriz multiplication.
Now we introduce the concept of lattice in C.

Definition 1.4.2. A lattice A in C is a free Z-submodule of C of rank 2, denoted
by
A= wlZ D (,UQZ,

where {wy,wa} forms a basis for C over R.

Lemma 1.4.3. let A = w1 Z @ wiZ and N = wiZ & whZ two lattices in C with
wyfwe € H and wi/why € H. Then A = A if and only if

Wil e bl [w
Wyl e df |we
fi A RIS
or some | . 2(Z).
Definition 1.4.4. Given a lattice A of C, a complex torus is the quotient

C/A={z+A:2z€eC}.

Note that every complex torus is a compact Riemann surface. More generally,
we have the following proposition to study the morphisms between them:

Proposition 1.4.5. Any holomorphic map between complex tori ¢ : C/A — C/N
1s of the form
e(z+A)=mz+b+ A

for m,b € C with mA C A'.Moreover, the map is invertible if and only if mA = A'.
In other words, any holomorphic map between complex tori is the composition of a
translation with a rotation.

Proof. See |DS05| Proposition 1.3.2]. ]

Corollary 1.4.6. Let
¢:C/A — C/N, z4+A—mz+b+ N

be an holomorphic map between complex tori with mA C A'. Then, the following
facts are equivalent:

(a) ¢ is an homomorphism of groups,

(b) be N,
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(¢c) ¢(0) = 0.

Proof. The equivalence (b) <= (c) is immediate from the definition of ¢, since
©(04+ A) = b+ A’, which coincides with the identity element of C/A’ if and only if
be N

Now, suppose that (a) holds; if ¢ is a group homomorphism, it must map the
identity to the identity. Thus, p(04+A) = b+ A’ = A/, which implies b € A’, proving
(@) = (b).

Conversely, if b € A/, then for any z1, 2z, € C we have:

o(z1+20+A) =m(z1+22) + N = (mzy + N)+ (mza+ N) = p(21 + A) + (22 + A),
which shows that ¢ is a group homomorphism, hence (b)) = (a). O

Remark 1.4.7. Consider a complez lattice A = w1 Z&wrZ with T = wy/wy € H, and
let A, = TZ © 7 be the lattice generated by {r,1}. Since wy'A = A, by Corollary

the map
o C/A — C/A,, 24+ A= z/ws + A,

is an isomorphism of groups. In particular, every complex torus is isomorphic to a
torus generated by a basis of the form {r,1}.

Moreover, while T is not unique, it possesses a fundamental transformation prop-
erty. Let A be a lattice and let T = wy/wy and 7' = Wi /wh be elements of H such
that

C/A, =2C/A=C/A,.

Then C/A, and C/A. are isomorphic via the map z + Ay — (wo/wh)z + Ao This
implies that (we/wh)A; = A, which can be rewritten as

A =wZ @ wZ = wZ B wyZ.

b
d

Hence, by Lemmall.4.5, there exists a matrix v = (CCL ) € SLy(Z) such that

(@) o)

Explicitly solving for ', we obtain

, W] awy+bwy ar+b
T = — = = =
wh cwy +dwy et +d i

(7).

Thus, every complex torus determines a point of the upper half-plane up to the action
of the modular group SLy(Z). This association will be explored in greater detail in

Section [2.3.

Definition 1.4.8. For reasons that will become clear shortly, a non-zero holomor-
phic homomorphism between complex tori is called an isogeny.
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Remark 1.4.9. Let N be any positive integer, let A be a lattice in C, and consider
the map
[N]: C/A — C/A, z+A— Nz+A.

Since NN C A, this map is clearly an isogeny. Letting E denote the torus C/A
(again, for reasons that will be clear soon), the N-torsion subgroup is defined as the
set

E[N] =ker([N]) ={z+ A € C/A:[N](z+ A) =0}.

Writing A = wZ @ woZ., we have
EIN|={2+A€C/A:Nze A} ={z€C:Nze A}/A.

If Nz € A, then Nz = mw; + nws for some m,n € Z, which implies

m +TL
Z = —W —W9.
NPT NT?

By taking this modulo A, we can restrict m and n to the range {0,1,..., N — 1}.
Thus, we deduce that E[N] is a free Z/NZ-module of rank 2, i.e.,

E[N] = Z/NZ x Z/NZ.

We now proceed to establish the connection between complex tori and elliptic
curves over C.

Definition 1.4.10. Let A be a lattice. The weierstrass o-function with respect to A
is p(2) == p(z;A) : C — C given by

1 1 1
plz) =5+ (—2__2)‘
2 = (z—w)? w
The Eisenstein series of weight 2k (for A) is the series
GQk = ng(A) = Zw_zk.

wEA

w#0
Theorem 1.4.11. Let A C C be a lattice.

(a) The Eisenstein series Gar(A) is absolutely convergent for all k > 1.

(b) The series defining the Weierstrass p-function converges absolutely and uni-
formly on every compact subset of C\ A. The series defines a meromorphic
function on C having a double pole with residue 0 at each lattice point and no
other poles.

(c) The Weierstrass p-function is even and A-periodic.

Proof. See [Sil09, Chapter 6, Theorem 3.2]. ]
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Remark 1.4.12. In particular, it follows from Theorem that the deriwative
@ is analytic and can be obtained by term-by-term differentiation. Thus, for all
z € C\ A, we have

oh(z) =—2) ﬁ

Moreover, since ¢ is also A-periodic, @ and @' induce two meromorphic functions
on the complex torus C/A.

Proposition 1.4.13. Let p be the Weierstrass function with respect to a lattice A.
Then for all z € C\ A, p and its derivative satisfy the relation

0 (2)* = 4p(2)* — 60G40(2) — 140G.
Proof. See [Sil09, Chapter 6, Theorem 3.5]. ]

Let 7 be an element of the upper half plane. We will denote by E, the elliptic
curve associated to the complex torus C via the last proposition.
It is standard notation, to set

g2 = g2(A), and g3 = g3(A) = 140G¢(A)
and next result says that the complex torus C/A is always isomorphic to an elliptic
curve.

Proposition 1.4.14. Let go = g2(A) and g3 = g3(A\) be the quantities associated to
a lattice A C C.

(a) The polynomial
f(z) = 42° — gow — g3
has distinct roots; thus, the discriminant
A(A) = g3 — 27g;

18 MON-zero.

(b) Let E be the curve defined over C by
E:y* =4a° — gox — g,
which, by part (a) and Proposz'tion 18 an elliptic curve. Then the map
¢:C/A — E(C) C P*(C), 2+ A [p(2): @' (2) 1 1]
is an tsomorphism of Riemann surfaces that is also a group isomorphism.

Proof. See [Sil09, Chapter VI, Proposition 3.6]. O

According to the previous Proposition, every complex torus is biholomorphic to
an elliptic curve. Conversely, since every elliptic curve has genus 1 by definition,
it can be realized as a complex torus. Consequently, we find that complex tori
(analytic objects) and elliptic curves (algebraic objects defined as the solution sets
of cubic polynomials) are essentially interchangeable. Given this deep connection,
from this point forward, we shall treat elliptic curves over C and complex tori as
equivalent objects.






Chapter 2

Modular curves

2.1 Modular forms

To begin with, we want to study more closely the modular group SLs(Z) introduced
in the previous chapter (cf. Definition [1.4.1]).

Proposition 2.1.1. The modular group SLy(Z) is generated by the two matrices
0 —1 11
S—L 0} and T_{O J.

Proof. Let G = (S, T) be the subgroup of SLy(Z) generated by S and T". We observe
that for any integer n,
n |1 n
= [O 1] .

The effects of left-multiplication by S and 7™ on an arbitrary matrix are given by:

R A P A

a b

d
the entries using the Euclidean algorithm. By multiplying by S if necessary, we
may assume |a| > |c¢|. By the division algorithm, we can write a = ¢q + r with
0 < r < |c|. Then, as shown in (2.1]), the matrix 779y has r as its upper-left
entry. Applying S subsequently moves this r (with a sign change) to the lower-left
position. By repeating this process, we can strictly decrease the absolute value of
the lower-left entry at each step. Since these are non-negative integers, the process
must terminate, meaning we can find an element g € G such that gy has a lower-left
entry of 0. Since gy € SLy(Z), it must be of the form:

Now, let v = € SLy(Z). If ¢ # 0, we can reduce the absolute value of

_ilm
97= 10 +1|°

23
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Such a matrix can be written as £7™. Noting that S? = —I and S* = I, we have
—I € G, and thus £7™ € G. Tt follows that v = ¢~ *(£7T™) € G, which completes
the proof. n

A central role in our study will be played by the upper half-plane, defined as:

H={reC:Im(r) > 0}.

Let 7 € H. For each v = [CCL Z] € SLy(Z), we consider the linear fractional
transformation:
(7) at +0b
T) = :
7 cT +d

From the identity

Im(5(r)) = Im ( - b) Tm(r)

cr+d)  Jer+d?

it follows that Im(y(7)) > 0 for all v € SLy(Z), ensuring that the action is well-
defined on H. Furthermore, this mapping satisfies the axioms of a group action:

e [(17) =1 for all 7 € H, where I is the identity matrix;

o (1)(7) =7('(7)) for all 7,7 € SLy(Z).
Thus, we obtain a group action of SLy(Z) on H:
pSLQ(Z)XH—)H
(v, 7) = (1)

In particular, this group of transformations is generated by the maps

1
T—T174+1 and T+ ——,
-

which correspond to the generators T and S of SLy(Z), respectively.
Another class of objects that will be extensively used throughout this chapter is
that of modular forms.

Definition 2.1.2. Let k be an integer. A meromorphic function f : H — C is
weakly modular of weight k if

fv() = (et +d)* f(r) for ally = {‘CL Z} € SLy(Z) and T € H.

Remark 2.1.3. (a) Weak modularity of weight 0 corresponds to SLy(Z)-invariance,
as the condition above reduces to f(v(1)) = f(7).
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(b) As we will see in Remark it suffices to verify the weak modularity
condition on the generators S and T of SLo(Z). Thus, f is weakly modular of
weight k if and only if

flr+1)=f(r) and f(=1/7)=7"f(7).

The periodicity condition f(t + 1) = f(7) implies that f admits a Fourier
expansion (or q-expansion) in terms of q = e*™7.

(c) Let f be a weakly modular function of weight k that is holomorphic on H.
With notation above, let D* = {q € C : 0 < |q| < 1} be the punctured unit
disk. We define the function g : D* — C such that:

log q
g(q)—f(Qm.)-
Since f is holomorphic on H, g is well-defined and holomorphic on D*. This
allows us to represent f via its q-expansion:

Since ¢ — 0 as Im(7) — oo, we can characterize the behavior of f “at the
cusp” oo as follows:

e f is holomorphic at infinity if g extends holomorphically to ¢ = 0. In
terms of the q-expansion, this means a, = 0 for all n < 0.

e f is meromorphic at infinity if g has at most a pole at ¢ = 0. This means
a, = 0 for all but finitely many n < 0.

Definition 2.1.4. Let k be an integer. A function f : H — C is a modular form
of weight k if

(a) is holomorphic on H,
(b) is weakly modular of weight k,

(c) is holomorphic at co.

We will denote the set of modular forms of weight k with My(SLa(Z)) and the set
of all modular forms with M(SLy(Z)).

Proposition 2.1.5. (a) For all k € Z, the set My (SLa(Z)) is a C-vector space.

(b) The decomposition

M(SLy(Z)) = @D Mi(SLy(Z))

keZ

gives M(SLo(Z)) the structure of a graded ring.
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Proof. (a) Letk € Zand f,g € My (SLa(Z)). The sum f+g is clearly holomorphic
on H and at oo, as these properties are preserved under linear combinations.

Furthermore, for all v = (Z Z) € SLy(Z) and 7 € H, we have:

(f+9)(v(7) = f(v(7)) + g(v(7))
= (et +d)*f(7) + (er + d)Fg(T)
= (er + d)*(f + g)(7).

Similarly, for any a € C, the function a/f satisfies the weight k transformation
law and remains holomorphic, thus af € My(SL2(Z)).

(b) From the previous part, it follows that My(SLy(Z)) is an abelian group for
each k. The sum is direct because a non-zero modular form cannot satisfy
the transformation law for two distinct weights simultaneously. Finally, if

f € My(SLy(Z)) and g € M;(SLy(Z)), their product fg is holomorphic on H

and at co. For any v = b) € SLy(Z), we have:

d

(f9)(v(7)) = f(2(7)) - g(7(7))
= (cr +d)" f(r) - (e1 +d)'g(7)
= (7 + ) (fg)(r).

Thus, fg € My4(SLa(Z)), confirming the graded ring structure.
O

A special type of modular forms are the cusp forms. These are modular forms
that vanish at infinity, meaning that the constant term in their g-expansion is zero.
More precisely, we give the following definition:

Definition 2.1.6. A cusp form of weight k is a modular form of weight k whose

Fourier expansion
o0

f(T) — Zanqn7 q= 627rz'7'

n=0

has constant term ag = 0. In other words, a modular form is a cusp form if

li _ . —2mnlm(r) | 2minRe(T) _ =0.
1= S

The set of cusp forms of weight k is denoted by Si(SL2(Z)), and the space of all
cusp forms is denoted by S(SLa(Z)).

Proposition 2.1.7. The following facts hold:

(a) For all k € Z, Sk(SLa(Z)) is a C-vector space.
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(b) The decomposition

S(SLy(Z)) = P Sk(SL2(Z))

kez
gives S(SLy(Z)) the structure of a graded ring.

(¢c) S(SLy(Z)) is an ideal of the modular forms ring M(SLy(Z)).

Proof. Parts (a) and (b) follow by the same arguments presented in the proof of
Proposition [2.1.5 as the properties of holomorphy and the modular transformation

law are preserved under linear combinations and grading.
To prove (c), let f € My (SLy(Z)) and g € §/(SL2(Z)), with g-expansions given

by
f(r) = Z anq" and g(T) = Z bnq".

By the definition of cusp forms, we have by = 0. The product fg is a modular form of
weight k41, and its constant term in the g-expansion is agby. Since by = 0, it follows
that agby = 0, which implies that fg vanishes at infinity. Thus, fg € Sk.i(SL2(Z)),
confirming that S(SLy(Z)) is an ideal of M(SLy(Z)). O

Example 2.1.8. We now introduce the fundamental exzamples of modular forms and
functions. Similarly to the definitions associated with the Weierstrass o-function,
for any even integer k > 2, let

1
Gi(r) = Z CETIa

(c,d)eZ?\{(0,0)}

One can show that these sums converge absolutely and uniformly on compact subsets
of H. In particular, we consider the normalized quantities:

92(7) = 60G4(7), 93(7) = 140Gs(7).
We then define the modular discriminant as:
A(T) = (g2(7))* = 27(gs(7))*.

It can be shown that A is a cusp form of weight 12 (i.e., A € S15(SLa(Z))) and
satisfies A(1) # 0 for all T € H. Thus, its only zero is at infinity.
The modularity of Gy, follows from the fact that for any v = (2Y) € SLy(Z), the

transformation

is a bijection of Z*\ {(0,0)}. This ensures Gi(y(7)) = (cT + d)*Gr(7).
Finally, we define the modular j-invariant as:

g2(7)°
A(r)

() = 1728
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The function j is holomorphic on H and weakly modular of weight 0, making it
SLo(Z)-invariant. Its q-expansion is given by:

1
J(r) = -4 T4+ 196884g + 21493760¢° + . ..

Since j has a simple pole at ¢ = 0, it is a modular function but not a modular form.

The j-function introduced above is closely related to an important polynomial
that will be fundamental in the following chapters. Let N be a positive integer and
consider

M*(N) = {[CCL Z} € My(Z) : ged(a, b, c,d) = 1, det ({Z ZD = N}.

One can prove that there is a decomposition of the form

M Ny =TT ] SL:(z) [g Z}

a,d>0 0<b<d
ad=N

or equivalently, defining ¢)(N) = N le N1+ %),

N 0

M) = SLa(2) [

$(N)
] SLy(Z) = | SLa(Z)as.

With notation as above we can give the following.
Definition 2.1.9. The classical modular polynomial s

Y(N)
oy(Y) = [[(V-joa)

i=1

where j : H — C s the j-invariant introduced in example and if a; = [ &
forallTeH

als

: . (aT+b
Goar) =i (54D =3 (5 ).
Proposition 2.1.10. ®5(Y) is a polynomial in Z[j][Y].
Proof. See |Lan87, Chapter 5, Section 2. ]

Thanks to proposition [2.1.10} replacing j, with another variable X we can con-
sider
ON(X,Y) € ZIX,Y].

This new polynomial yields a key characterization of j-invariants.
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Proposition 2.1.11. Let ji, jo € C. We have ®n(j1,72) = 0 if and only if there
ezist two elliptic curves Ey, Ey and an isogeny ¢ : Ey — Es such that j; and jo are
respectively the j-invariants of Ey and Ey and Ker(p) = Z/NZ.

Proof. We will only prove the case when N is prime since in this case the formulas
become simpler. By Proposition [I.2.4]and the next section [2.2.2] we have a bijection

and hence each j € C is of the form j(7) for some 7 € H, and this association is
well-defined up to the action of SLy(Z). Then, doing the calculation, one can check
that in our case:

On(j(r).Y) = (Y —j(N7)) [] (¥ —j(NST*7))

0<k<N

—o—iv T (v-3(7%5)).

0<k<N

where S and T are the usual matrices. Let now j; = j(7) and js = j(7) be the
j-invariants of two elliptic curves over C. Then:

B o) =0 = (i(m)—i(N7) I (j(a)—j(“’f)):o

N
0<k<N

k
— ngg-(NTl)orngg-<ﬁ; )

for some g € SLy(Z) and integer 0 < k < N
< C/A, =C/AN, or C/A,, ZC/Ar+x.
N

where the last equivalence follows from Remark and if 7 € ‘H, then A, = Z®Zr.
To conclude, the lattices Ay, and Ar+r are exactly all the sublattices of A,

N
of index N. Since N is prime, the quotient group A, /A for any such sublattice
is necessarily cyclic of order N. Thus, the inclusion A — A, induces an isogeny
¢ : By — Ey with Ker(p) = Z/N7Z, which completes the proof. O

Until now, we have considered functions that are modular with respect to the full
group SLs(Z). However, for many arithmetic applications, it is essential to study
functions that satisfy the modularity condition only for certain subgroups of finite
index. For this reasons we give the following definition.

Definition 2.1.12. Let N be a positive integer. The principal congruence subgroups

of level N is
(N = Hi 2} € SLy(Z) - {Z Z] = B ﬂ (mod N)}

where the matriz congruence is interpreted term by term.
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Remark 2.1.13. (a) SLy(Z) =T(1).

(b) Since the map w : SLo(Z) — SLo(Z/NZ) is a surjective group homomorphism
with kernel T'(N), it follows that T'(N) is a normal subgroup of SLa(7Z) and that
the index is finite:

[SLy(Z) : T(N)] = [SLy(Z/NZ)| < oc.

Definition 2.1.14. A subgroup I" of SLy(Z) is a congruence subgroup if '(N) C T’
for some N € Z~q, in which case I' is a congruence subgroup of level N.

In particular, every congruence subgroup I' has finite index in SLy(Z). Besides
the principal congruence subgroups, the most important congruence subgroups are:

To(N) = {(Z Z) € SLa(Z) (‘C‘ Z) _ (g i) (mod N)}
T (N) = {(‘CL Z) € SLy(Z) : (Z Z) = ((1) ’1‘) (mod N)}

where “x” means “unspecified”.

Remark 2.1.15. Let N be a positive integer. The chain of inclusions
[(N) CTy(N) CTo(N) C SLy(Z)

leads to the following considerations:

(a) The map

I'(N) — Z/NZ, (‘cl Z) b (mod N)

is a surjective homomorphism with kernel T'(N). Thus, T'(N)<1T'1(N) and the
index [['1(N) : T'(N)] = N s finite.

(b) The map

T'o(N) — (Z/NZ)*, (CC‘ Z) —d  (mod N)

is a surjective homomorphism with kernel T'1(N). Thus, I'1(N) <To(N) and
the index [Lo(N) : T1(N)] = ¢(N) is finite where

d(N)=#{aecZ:1<a<N and ged(a, N) = 1}.

We now introduce two important notations.

e For any matrix v = [¢ Y] € SLy(Z) the factor of automorphy 6(y,7) € C for
T € His
(v, 7) = cr +d.
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e For v € SLy(Z) and any integer k, the weight-k operator [y]; on functions
f:H—Cis
k() =i, ) Ff(y(r), TEH

The notion of weak modularity can be naturally extended to the case of con-
gruence subgroups. Since a congruence subgroup I' C SIy(Z) acts on the upper
half-plane H in the same way as the full modular group, we can generalize the
transformation law by restricting the set of matrices for which it must hold. More
precisely, we give the following definition.

Definition 2.1.16. Let I' C SLy(Z) be a congruence subgroup and let k be an
integer. A meromorphic function f : H — C is said to be weakly modular of
weight k with respect to T if it is invariant under the weight-k action of T', that is,
using the notation introduced above:

Me(f)=1f,  Vyel.
Lemma 2.1.17. For all v,y € SLy(Z) and T € H,
(a) j(v',7) =577 (7)i(Y, 7).
(b) (3 () =v(v'(7)),
(¢) 7'l = eIk (this is an equalty of operators),
(d) Im(y(r)) = 2o,

Proof. See [DS05|, Chapter 1, Section 2, Lemma 1.2.2] ]

Remark 2.1.18. A consequence of Lemma is that if a function f:H — C
1s weakly modular of weight k with respect to a set of matrices, then f 1is weakly
modular of weight k with respect to the group generated by that set. In particular,

- (3 )0 3))

the condition of weak modularity for the full modular group can be verified by checking
it only for the generators

11 0 —1
T:(O 1) and S:(l 0>'
With the notion of weak modularity for congruence subgroups established, we

can now define the corresponding spaces of modular and cusp forms.

Definition 2.1.19. Let T" be a congruence subgroup of SLa(Z) and k be an integer.
A function f:H — C is a modular form of weight k with respect to I" if:

e f is holomorphic on H;



32 CHAPTER 2. MODULAR CURVES

o f is weakly modular of weight k with respect to I';

e [a]i(f) is holomorphic at 0o for all a € SLy(Z).
The set of modular forms of weight k with respect to I" is denoted by My (T).

As in the case of the full modular group, we can distinguish a specific subspace
of modular forms that vanish at the boundaries of the upper half-plane. This leads
to the following definition of cusp forms for a congruence subgroup:

Definition 2.1.20. A modular form f € My(T') is a cusp form of weight k with
respect to T if the constant term aqg in the Fourier expansion of [alx(f) is zero for
all « € SLy(Z). The space of such forms is denoted by Si(T).

It is important to notice that for a general congruence subgroup I', a modular
form f may not have a period of 1 at every cusp. For any a € SLy(Z), the function
[a]k(f) is periodic with some minimal period A > 0 (called the width of the cusp).

Consequently, its Fourier expansion (or g-expansion) is given in terms of ¢, = e2mir/h,
o0
(flke)(r) = 3 ang
n=0

The condition for f to be a cusp form is then ag = 0 for every such expansion. Since
the index [SLy(Z) : I'] is finite, there are only finitely many non-equivalent cusps to
check.

2.2 Modular curves

The study of modular forms and congruence subgroups is not merely an analyti-
cal endeavor; it possesses a profound geometric interpretation. Until now, we have
viewed the upper half-plane H primarily as the domain for modular functions. How-
ever, the quotient of ‘H by the action of a congruence subgroup I' can be endowed
with the structure of a Riemann surface. These quotient spaces, known as modular
curves, are of fundamental importance in arithmetic geometry for two main reasons:

(a) Moduli Spaces: They serve as moduli spaces, where each point of the curve
corresponds to an isomorphism class of elliptic curves equipped with a specific
level-N structure (such as a torsion point of order N or a cyclic subgroup).

(b) Compactification: By adding the finite set of cusps to the quotient I'\'H, we
obtain a compact Riemann surface, denoted by X (I'). This compactification
is crucial as it allows us to employ the tools of algebraic geometry..

Definition 2.2.1. Let I' C SLy(Z) be any congruence subgroup. The modular curve
Y (') is defined as the quotient space of orbit of the action of T' on H, that is

YI)=T\H={I'r:7eH}
The modular curves for T'g(N),I'1(N) and I'(N) are denoted
Yo(N) =To(N)\H Yi(N)=Ty(N)\H and Y(N)=T(N)\H.
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In the following, we will specifically focus on the modular curve Xy(N), associ-
ated with the congruence subgroup I'g(N). As we shall see, this curve plays a key
role in arithmetic geometry as it parametrizes isomorphism classes of elliptic curves
together with a cyclic subgroup of order N.

2.2.1 The Riemann surface X(V)

The goal of this subsection is to show that Yy(/N) can be made into a Riemann
surface that can be compactified.

Definition 2.2.2. A Riemann surface is a 1-dimensional connected complex mani-
fold.

First of all, the upper half plane H inherits the euclidean topology as a subspace
of R%2. The natural surjection

T H — Yo(IN) =To(N)\H, (1) =To(N)T

gives Yy(IV) the quotient topology, meaning a subset of Yy(V) is open if its inverse
image under 7 in ‘H is open. In order to show that Yy(N) is Hausdorff, we need a
lemma.

Lemma 2.2.3. Let 71,5 € H be given. Then there exist neighborhoods Uy of 11 and
Uy of 7o in H with the property

for all v € SLy(Z), if v(Uy) N Uy # O then (1) = To.
Proof. See |DS05|, Chapter 2, Section 1, Proposition 2.1.1]. n
Corollary 2.2.4. The modular curve Yo(N) is Hausdorff.

Proof. See |DS05|, Chapter 2, Section 1, Proposition 2.1.2]. O

We now put local coordinates on Yy(N). This means finding for each point
7(1) € Yy(N) a neighborhood U and a homeomorphism ¢ : U — V C C such that
the transition maps between the local coordinate systems are holomorphic. We have
to distinguish two cases, depending on the so-called isotropy subgroup.

Definition 2.2.5. Let 7 be an element of H. The isotropy group of T is the T-fizing
subgroup of To(N)
Lo(N)r :={y € Lo(N) : 7(r) =7}

A point 7 € H is called elliptic if its isotropy group is nontrivial.

By Lemma [2.2.3] if 7 is a point of ‘H with trivial isotropy group, we can choose
an open neighborhood U of 7 that does not contain elliptic points. Moreover, one
can show that the open neighborhood 7 (U) equipped with the homeomorphism

po:m(U) —U
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gives a local chart. In contrast, for an elliptic point, the situation is more patholog-
ical. As a consequence of lemma [2.2.3] we can choose a neighborhood U of 7 which
has no elliptic points except possibly 7. For this reason, we can construct a chart
for the elliptic point 7 as follows: consider

0= E :;} € GLy(C) and p:T T

where h € N* is the period of the elliptic point 7 (see [DS05, Chapter 2, Section 2]
for more details). One can show that the composition

v:U—C, ()= p(d(7))
induces a homeomorphism

Y:mw(U) — V :=Im(y).

For a complete proof that these families of open sets define an atlas and endow
Yo(N) with the structure of a Riemann surface, see [DS05, Chapter 2, Section 2].
The goal is now to compactify Yy(N). First of all, define

H* =HUQU{co} = HUP(Q).
One can check that a fundamental domain for the action of SLy(Z) is
D={reH:Re(r) e [-1/2,1/2], |r|>1}
(see [DSO05, Chapter 2, Section 2]). This means that, as sets, we can write
SLy(Z)\H = D/ ~

where ~ denotes the identifications induced by the action of SLy(Z) on the boundary
of the fundamental domain D. Moreover, since by Remark [2.1.15

[SLa(Z) : To(N)] =1 < o0,
we can write

SLy(Z) = H BiTo(N)

and one can check that

Dy = JB8(D)
j=1

is a fundamental domain for I'y(N). Hence we have at most r noncompact ends of
Yo(N). For each j =1,...,7 we define

Bil(eo) = lim B7H(r)

Im(7)—o0
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and we say that, for each j, ﬁj_l(oo) is a representative for a cusp. For example, if
-1 __ a b
B = [c d]’ then

at +b , a+b/7——g€@.

m = =
Im(ﬂl')ﬂoo ct+d Im(ggoo c+d/T ¢

Bt (00) =

This is the reason why we introduce Q U {oo} and consider H*: we can consider
cusps as the equivalence classes of P!(Q) under the action of T'y(N). More precisely,
for all ® € Q and vy = [2 )] € To(N) we define

a b m__am+bn
c dl n-

- em+dn

where this means to take oo to a/c and —d/c to oo if ¢ # 0 and to take oo to oo if
¢ = 0. Note that the number of cusps of Yy(V) is in general less than or equal to r,
and it may be strictly smaller, since some of the 3 !(00) may be equivalent under
the action of T'o(N).

Definition 2.2.6. In order to construct a Riemann surface, we topologize H* by
defining a neighborhood system U for each point T € H*:

e iftreH thenU ={D=D(r,r):r>0, DCH};
o Ifr=2€Q wesetUd ={D(x+iy,y)U{z}:y>0};
e for 7 =00 we defineld = {{w € C:Im(w) >r}:r>0}.
With this topology, the following facts hold:
e {* is Hausdorff;
e 7 is open in H*;
e the action of ['((/V) is continuous;
Definition 2.2.7. We define Xo(N) := To(N)\H*

Note that, by definition, Xo(/N) is a compact Hausdorff topological space. One
can prove that X((/V) is the compactification of Y5(N).

Definition 2.2.8. Finally, we define the atlas {(Uy, ©.)} on Xo(N). As we did for
Yo(N), let
7 H" — Xo(N)

be the quotient map, that is open. We distinguish the cases for T € H*.

o [fT € H, the construction of local charts around T has already been discussed.
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o If 7 € PY(Q), choose B € SLy(Z) with 3(1) = co. Then

BLo(N), 5! = {i B ”ﬂ € z} |

where h is a fized integer that depends on 7 and T'o(N), is the isotropy group
of 7. Let U, := 7 *({Im(r) > 2}). One can prove that v(U,) N U, =
for all v € To(N)/To(N),. We define U, := n(U,) and ¢, : U, — C with
0 (m(2)) = ¥ BE/R,

One can finally prove that these are compatible complex charts and thus with
this atlas, X (V) is a compact Riemann surface (for more details see [DS05, Chapter
2, Section 4]).

2.2.2 A moduli interpretation for Yy(N)

Let N be a positive integer. In this section we will discuss how the points of the
modular curve Yy(/N) represent, in some sense, certain elliptic curves together with
a fixed cyclic subgroup of order N. To begin with we will need some basic scheme-
theoretic notions, which will be briefly summarized. We will call a scheme over
Spec(Z[1/N]) a Z[1/N]-scheme and we will denote by

Homz[l/]v} (S, T)

the set of arrows in the category Schy /y; from S to T for all Z[1/N]-schemes S and
T.

Definition 2.2.9. Let S be an arbitrary scheme. An elliptic curve over S is a proper

smooth curve

f
E r S

~_ 7

e

with geometrically connected fibers all of genus one, given with a section e. We will
denote it by (E,e) or simply by E.

We now define a functor. For each Z[1/N]-scheme S, let
Fo(N)(S) :={(E = 5,C)}/ =s,
where
e [/ — S is an elliptic curve over S;

e (' C F is a cyclic subgroup of order N, defined over S;
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e two pairs ((E,e),C) and ((E',€'),C") are isomorphic, written
((Ev 6), C) =5 ((E/7 6/), C/)v

if there exists an isomorphism of S-schemes f : E — E’ sending e to ¢’ and C

to C'.
Note that in particular, if K C C is a field, then Fy(N) coincides with the set

FE is an elliptic curve defined over K, -

C C F is a cyclic subgroup of order N defined over K

where the equivalence relation = is defined as follows: we write
(B, C) =k (E',C)

if there exists an isomorphism of elliptic curves

p: E— F

defined over K such that ¢(C) = C".
Moreover, let f : T'— S be a morphism of Z[1/N]-schemes. We want to define
a map

Fo(N)(f) = Fo(N)(S) — Fo(N)(T).

Let [(E,C)] be an element of Fy(N)(S), then we can apply the base change to E
and C

Er: Ex¢gT — F Cr:CxgT — C

T ; s S T 7 s S

and we put Fo(N)(f)([(E,C)]) := [(E7,Cr)]. Note that this association is well
defined thanks to the categorical definition of the fiber product:

/

O S

XsT
T/
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Summing up, we obtain a functor

Fo(N) :(Schyp jny)™ > Set
S s Fy(N)(S)
il LF(N)(f)
T » Fy(N)(T)

Recall that a functor F : C? — Set is represented by A € Ob(C) if there exists
a natural isomorphism « : F — Home(-, A). If C = Schy ,y we will call the
representing object (if it exists) of F a fine moduli space for the moduli problem F.
If we assume that Fy(N) is representable, then there exists a scheme Y over Z[1/N]
such that, for every Z[1/N]-scheme S, there is a natural bijection

Fy(N)(S) = Homgp w (S, Y). (2.2)

For example, if K is a number field, then Spec(K) is a Z[1/N]-scheme thanks to the
inclusions

Z[1/N] - Q —= K
and yields a bijection
Fo(N)(Spec(K)) = Homg(Spec(K),Y),

so that each isomorphism class of objects parametrized by Fy(V) over K corresponds
to an arrow Spec(K) — Y, i.e. a K-rational point of Y.

Unfortunately, in general the functor Fy(/N) does not satisfy the representability
property. Indeed, one can easily see that a necessary condition for the existence of a
fine moduli space Y for Fy(N) is that, if f : S — T is a monomorphism in Schy; /xj,
then Fy(N)(f) has to be injective. But consider the inclusion Q < Q: it induces a
map

Fo(N)(Spec(Q)) — Fo(NV)(Spec(Q))
that is not injective, because two elliptic curves over Q with the same j-invariant
are isomorphic over @, but in general not over Q. For this reason, we must weaken
the hypotheses.

Definition 2.2.10. Let F : (Schyp,n)” — Set be a functor. A coarse moduli
space s an object Y of Schyy Ny together with a natural transformation o @ F —
Homgzp ni(-,Y) such that:

(a) For all algebraically closed fields K equipped with a morphism Spec(K) —
Spec(Z[1/N)), the induced map

Qspec(k) : F (Spec(K)) — Homygp /nj(Spec(K),Y)

15 a bijection.
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(b) If S € Ob(Schy ;) and if B+ F — Homgp n(+, S) is a natural transforma-
tion, there exists a unique arrow f :Y — S in Schyy ny such that

.F = > Homz[l/N](., Y)

3 Homgzy /3 (-, f)

|
|
|
|
I
|
I
|
|
|
|
|
|
|
|
N2

HOIHZ[1/N] ('7 S)

18 commutative.

One can check that the modular curve Yy(N) is a coarse moduli space for the
moduli functor Fy(N). In particular Y(V) admits a model over Q by the base
change

Yo(V) Xspec(zii/ng) Spec(Q) > Yo(IN)
Spec(Q) > Spec(Z[1/N]).

Moreover, if K is a number field, then

aspec(rc) ([(E, C)]) € Homgz /) (Spec(K), Yo(IN))

for each [(E,C)] € {(E — S,C)}/ Zspec(k)- In conclusion, an elliptic curve £ over
K together with a fixed cyclic subgroup C' C E of order N corresponds via tigpec(k)
to a K-rational point of Y(V).

Without proving the universal property, we examine the isomorphism

Qspec(c) : Fo(IN)(Spec(C)) — Homgzp /n(Spec(C), Yo(IV))

appearing in the definition of a coarse moduli space. Note that an element of
Fy(N)(Spec(QC)) is of the form [(E., (1/N + A.))], for some 7 € H, where

AN, =Z®Zr, and E,=C/A,.
Indeed, for each pair (F,C) where E is an elliptic curve over C and C' C F a fixed

cyclic subgroup of order N, there exists 7 € H such that

(B,0) ¢ (C/Ar, (5 +A2)).

To see this, write

c+dr’

E=C/As, and C=/{ + AL
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for some ¢, d € Z. Note that ged(e,d, N) = 1 since P := (¢+d7’)/N has exact order
N and we can write

ad —bc—kEN =1
b

for some a, b, k € Z. Consider now vy := (Ccl d

modulo N

) € M5(Z) and note that its reduction

5 = ( 2) € My(Z/NTZ)

is an element of SLy(Z/NZ). Since the projection map

ol 8l

SLy(Z) —» SLy(Z/NZ)

is surjective, and since modifying entries modulo N does not affect P, we may
assume that v € SLy(Z). Finally, put 7 := v(7') and m = ¢7’ + d. Thus

m-A,=m-(Z&ZLr)
= Zm &b ZmTt
=Z(ct' +d) ® Z(at' +b)
=7 @ LT
— Ar,

where in the fourth equality we used |1.4.3] Moreover,

ct’ +d

m'(i—i—AT):T—i—mJ\T: + A =P

N N

In conclusion, the isomorphism given by multiplication by m
[m]: C/A;, — C/A-
sends (1/N + A;) to C.

We can give the following theorem:

Theorem 2.2.11. Two points of Fo(N)(Spec(C)), [Er, (1/N+A;)] and [E, (1/N+
A, are equal if and only if To(N)T = To(N)7'. Thus there is a bijection

o = gpec(c) : Fo(N)(Spec(C)) — Yo(N)(C), [E-, (1/N +A;)] = To(N)T.

Proof. Let T,7" € H such that I'o(N)7 = I'o(/V)7’. This means that there exists v =

(CCL Z) € I'g(V) such that v(7') = 7. As we did above, if we consider m := ¢7’ + d,

then

1 "+d
m-A,=A. and m-<N+A7):CT]\;_ + A

Since ¢ = kN for some k£ € Z and since

1 = det(y) = ad — bc = ad — Nkb,
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we have that ged(d, N) = 1, and so

e +d d 1
AY={(—+A))=(—=+A).
( Nt ) <N+ ) <N+ )

In conclusion, the isomorphism [m] : C/A; — C/A, sends (1/N+A;) to (1/N+A,).
Conversely, let m € C such that

m 1
A :A/ —— A/ — 7= A/.
m-Ar=Ap and (5 +Ar) = (5 + Av)

From the first condition and from Lemma(l.4.3| we can choose v = (Z Z) € SLy(Z)

() (1)

Moreover, from the second condition, there exists k € Z with ged(k, N) = 1 such
that

such that

e’ +d m k
A=—+A,=—+A.
A A

Hence (¢’ +d—k)/N € Z@® Z7', which implies ¢ =0 (mod N), i.e., v € To(N). In
conclusion, from ([2.3)):

, at’ +b ,
mv(T):m-CT/_’_d:aT +b=mr,

that is y(7') = 7. O

2.3 Eichler—Shimura theory

In this section we briefly introduce the Eichler—Shimura theory, which will be crucial
in the next chapters. The aim is to construct a morphism defined over Q

v: Xo(N) — E,

where F is an elliptic curve defined over Q. We call ¢ the modular parametrization
of the elliptic curve E; it will be a fundamental tool for mapping points from X, (V)
to E while preserving the field of definition of these points. Before stating the main
theorem of this section, due to Eichler and Shimura, we need some preliminary
results and definitions.

2.3.1 Preliminaries

The first important object that we want to define is the Jacobian variety associated
to a compact Riemann surface.
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Definition 2.3.1. Let X be a compact Riemann surface and let {(U;, ;)icr} be an

atlas. A system {w; }ier of scalar-valued functions w; on U; is called a meromorphic
differential if

wiop; = (wjop; ) (pjopi!) on @i(Uinl;) CC (24)
whenever U; N U; # 0.

We will denote the C-vector space of meromorphic differentials by ©Q(X). The
derivative factor in ensures that meromorphic differentials can be integrated,
since the value of the integral does not depend on the choice of the chart U;. For this
reason, the classical notation that is used for w; o ¢; ! is w;(¢; '(2))dz, where z is a
local parameter. If w = {w; }ses is a meromorphic differential and w; is holomorphic
on U; for all ©+ € I we will call w a holomorphic differential and we will denote by
Qo (X) the corresponding vector space.

Examples 2.3.2. Let E be an elliptic curve over C described by the weierstrass
equation
f(z,y) =9 + a1wy + asy — (2° + axx® + ayz + ag) = 0.
Since by definition E is smooth, we have
of ., of
—(P),=—(P 0,0
(5h.50e) # 00

for all points P € E. Since the two variables x,y can be viewed as meromorphic
functions E — C, then also 95 9L gre meromorphic. Moreover, fle =0, then

oz’ Oy
of of
df = —d —dy =0
! oz’ + dy Y
on E. In other words we obtain the equality
dx dy

2y + a1 + as T 32 + 2a01 + ay — a1y’

At points of E(C) where 8% # 0, x is a local coordinate of E(C) and the left side

defines locally a holomorphic differential. At points where a% # 0, y is a local
coordinate and the right side defines locally a holomorphic differential. By a suitable
change of coordinates, one can check that the holomorphy can be extended at the

point co.
With the notations of the example [2.3.2] we give the following definition.

Definition 2.3.3. Let f, := % and fy, = g—g. By the previous argument, it makes

sense to define the holomorphic differential on E
dx dy

Wwi=—=——

Ty Jo

and we will call it the invariant differential for E.



2.3. EICHLER—SHIMURA THEORY 43

Let X be a compact Riemann surface of genus g = ¢g(X). Since X is in particular
a closed orientable surface, the ordinary homology group H'(X,Z) is a free abelian
group with 2¢g generators. Moreover, a consequence of the Riemann—Roch theorem
is that Qu01(X) has dimension g as C-vector space. For this reasons we give the
following.

Definition 2.3.4. With notation above, let wy, ..., w, be a basis of Qe (X) over C
and let ¢, ..., coy be a Z—basis for Hi(X,Z). We define the Jacobian variety of X
as the g-dimensional complez torus J(X) := C9/A(X) where

fclwl f@gwl
A= : |ze e : |z
fclwg fc

One can check that the 2g vectors

fck w1
fck Wg

in CY are linearly independent over R. Moreover, the lattice A(X) is unchanged if
{ck} is replaced by a different Z—basis and one can show that if {w;} is replaced by
another basis of (y,,(X), the effect is to transform A(X) by an element of Gl,(C).
The Jacobian variety is the first step for the construction of the modular parametriza-
tion since we will define ¢ by a composition that passes through Jo(N) = J(Xo(N)).

W
29 9

, k=1...2¢g

Definition 2.3.5. Let X be a compact Riemann surface of genus g and fix a point
xg € X. The Abel-Jacobi map with base point xq is

X — J(X)

T x
.’13'—></ wl,...,/ wg).
xo o

The Abel-Jacobi map with base point zo € X has the following universal prop-
erty.

given by

Proposition 2.3.6. If F' : X — T is a holomorphic mapping of a compact Riemann
surface of genus g > 1 into a complex torus, then F factors through the Jacobian
variety: F = fo® for some holomorphic mapping f : J(X) — T that is the sum of
a translation and a holomorphic homomorphism. In other words the diagram

X o7
® f
J(X)

18 commutative.



44 CHAPTER 2. MODULAR CURVES

Proof. See |Kna92, Theorem 11.19]. ]

Recall that an abelian variety A is a nonsingular projective variety over C with a
distinguished point O and with an abelian group structure such that O is the identity
and the operations of addition and negative are morphisms. A morphism F': A — B
of abelian varieties is a morphism of varieties that is also a homomorphism of groups.
Moreover, the abelian variety is said to be defined over Q if A is defined over Q as
projective variety, O is in A(Q) and addition and negative are defined over Q.

The following theorem says that the Riemann surface X and the complex torus
J(X) can be actually viewed as nonsingular projective varieties, so it makes sense
the name ” Jacobian variety”.

Theorem 2.3.7. Let C be a nonsingular projective curve and consider J(C) as the
Jacobian variety of its underlying Riemann surface. Then J(C) is an abelian variety,
¢ : C — J(C) is a morphism of abelian varieties and we can rewrite the universal
property in Proposition in the following form:

each morphism of varieties F' : C — A into an abelian variety, factors through J(C)
as F'= fo®+ F(xg), where ® is the Abel-Jacobi mapping with basis point xy € C.
Moreover, if C is defined over Q, then J(C) can be defined over Q and the universal
properties holds with all the structures defined over Q.

Another concept that we need to develop for the Eichler—Shimura theory is that
of so-called newforms. First of all we define the Hecke operators T (n) on the vector
space M (I'o(N)). To begin with consider

M(n) = {A = lcc‘ Z] € My(Z) : det(A) = N}

and let
M(n,N) = {[Z Z} €M(n):c=0 (mod N) and ged(a, N) = 1}.

One can check that the matrices of the form

b

with ad = n, d > 0, ged(a, N) = 1 and 0 < b < d are a complete set of coset
representatives for the right cosets of I'o(N) on M (n, N). In particular we have a
finite disjoint union

M(n,N) = HFO(N)OQ

where «; satisfies the above condition for all i. Moreover, for all f € Mg (I'o(V))
and for all i, we define

(f o[ei]k)(T) := (e, )" oy - 7)det(oy)

where 7 € ‘H. Now we are ready for the definition of Hecke operator.

k
2
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Definition 2.3.8. With notation above, the Hecke operator is the map
Ti(n) : Mi(To(N)) — M(To(N))

given by

Te(n)f ==n="" Y fofails

Proposition 2.3.9. The Hecke operator Tr(n) is well defined, i.e.
Ti(n)(Mp(T'o(N))) € M(Lo(N)).

Moreover, it carries S,(Lo(N)) to itself.

Proof. See |Kna92, Proposition 9.13].

Moreover, the following propetries holds.

Proposition 2.3.10. On the space My(I'o(N)), the Hecke operators satisfy:

(a) for a prime power p" with r > 1 such that p{ N,
Tw(p") T(p) = Te(@™) + " T’
(b) for a prime power p" with r > 1 such that p | N,

Te(p") = Tr(p)";

(¢) Tr(m)Tx(n) = Tr(mn) if m and n are relatively prime;

(d) The algebra generated by the Ty(n) forn =1,2,3,... is generated by the Ty (p)

with p prime and is commutative.

Proof. See |Kna92, Theorem 9.17].

]

Now we introduce the Petersson inner product on cusp forms that that will be

a crucial ingredient in the definition of the newforms.
Definition 2.3.11. The Patersson inner product on Sp(I'o(N)) is
—— dpdo
(f.hy= [ fD)h(r)o" =5

RN g

for all f,h € Sp(I'o(N)), where Ry is a fundamental domain for T'o(N).

Theorem 2.3.12 (Petersson). The Hecke operators Ty(n) with ged(n, N) =1, on
the space of cusp forms Si(I'o(N)), are self adjoint relative to the Petersson inner

product. In other words, if ged(n, N) = 1, then

(Te(n)f, h) = (f, Tr(n)h)
for all f,h € S(Ty(N)).
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Proof. See |Kna92, Theorem 9.18]. ]
Before we continue, we need the following definition.

Definition 2.3.13. An eigenvector cusp form under the Ty(n) with gcd(N,n) =1
1s called an eigenform.

Since the Hecke operators Ty (n) commute and are self adjoint relative to the
Petersson product whenever ged(N,n) = 1, we can conclude that Si(I'o(V)) splits
into the orthogonal sum of simultaneous eigenspaces for the operators Ty(n) with
ged(N,n) = 1. However, the dimension of these simultaneous eigenspaces is, in
general, greater than 1. This degeneracy is due to some modular forms that arise
from lower levels M (where M is a proper divisor of N) and are naturally embedded
into S,(Fo(N)). More precisely we have two types of these cusp forms.

(a) Consider f(1) € Sg(I'o(N/r)), where r | N. Then, since
Fo(N) € To(N/r),

f is a cusp form of weight k also for I'y(N). Moreover, if in addition f is an
eigenform for

where ged(N, n) = 1, then the formula for Ty (n) f is the same relative to T'g(V)
as relative to I'o(N/r). Summing up, an eigenform for I'o(/NV/r) becomes an
eigenform for I'y(N) with the same eigenvalues.

(b) Consider f(7) € Sk(I'o(IN/r)), where r | N. Then one can easily check that

f(rr) € Sk(T'o(N))

and letting Ax(r) be the operator
r 0
Ak(r)f:fo |:0 1:|k7
it carries S(I'o(IN/7)) to Sk(Fo(N)) and satisfies

Ap(r)Tg(n) = Tr(n)Ag(r) if ged(N,n) = 1.

Consequently, if f(7) is an eigenform for I'o(N/r), then f(r7) is an eigenform
for ['o(N) with the same eigenvalues.

Definition 2.3.14. We call olforms the two types of eigenforms described above and
we denote their spanned vector space

SPMTo(N)) := Span{oldforms in Sp(Io(N))}.



2.3. EICHLER—SHIMURA THEORY 47

Thanks to the Petersson inner product we can consider the orthogonal comple-
ment of SP4(To(N)) in Si(To(N))

S (Lo(N)) = S (To(IV))
Definition 2.3.15. We call newforms the eigenforms in Sp(Io(N)).

A deep result by Atkin and Lehner shows that newforms are eigenvector for
Tx(n) for all n. The following result explains why newforms are so important in our
discussion.

Proposition 2.3.16. Suppose f € Sp(I'o(N)) is an eigenform that is an eigenvector
for all T.(n), say with Tx(n)f = X(n)f. If the q expansion of f is f(1) = :;z cnq™,
then

cn = An)ey. (2.5)

Consequently

(a) f #0 implies c; # 0;

(b) the system of eigenvalues {\(n)} determines f up to scalar.
Proof. See |Kna92, Proposition 9.20]. O

Under the assumption of Proposition [2.3.16], we can normalize f so that the ¢
expansion f(7) = :{2 c,q" has ¢y = 1. In particular equation says that ¢, is
the eigenvalue of T (n).

Now we restrict our attention on cusp forms of weight 2 and on the compact
Riemann surface X = Xy(N) of genus g = g(X((V)). Recall that we defined, at the
beginning of this section, the Jacobian variety Jo(N) associated to Xo(N): fixed a
point zyp € Xo(N) (for example one can take xo = m(c0), where 7 : H* — Xo(N)

is the projection map), this two objects were moreover related by the Abel-Jacobi

map
O Xo(N) — Jo(N), xl—>(/ wl,...,/ wg)
o 0

where wy, . .., w, is a C-basis for (,,1(X(NV)). The goal is to associate to each Hecke
operator Ty(n), an element ¢, € End(Jo(N)). To do this, we will use the universal
property of the couple (Jo(N), @) and the following proposition.

Proposition 2.3.17. Let w = {w;}icr be a holomorphic differential on Xo(N),
where by definition, each w; is defined on the chart (U;, ;). Define the map f,, :
H — C by

fo(T) == wi(m (7)) (pi o) (), where T € Uj.

Then the association w +— f,, defines an isomorphism
Mot (Xo(N)) = Sa(I'o(N)).

Proof. See |Kna92, Proposition 11.6]. O
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In order to define an element of End(Jy(N)) from each Hecke operator Ty(n), we
will use the following other operator. As we did for the definition of Hecke operators,

write
k

M(n,N) =[] To(N)ay

and define !
T(n) : Xo(N) — Div(Xo(N)),  7(7) = > m(our).

=1

One can easily check that T(n) is well defined, i.e. that, if 7 = 7/ € H* are such
that w(7) = (1), then

Now let
®* : Div(Xo(N)) — Jo(N)

be the linear extension of the Abel-Jacobi map ® to the group of divisors on Xy (V)
and consider the composition

T(n)* := &% o T(n) : Xo(N) — Jo(N).

We want to check that T(n)# is holomorphic and to do this we must understand
how it acts. Recall that by Proposition , we have an isomorphism (X)) =
S2(F(N)). Thus, fixed a basis {wy,...,w,}, one have that {fi,..., f,} is a basis of
Sa2(ITg(N)) where f; satisfies

7'('>k (LL)Z) = fl(T)dT

for all 7. Hence, if ® has basis point 2y and 79 € 7~ *(zg), we obtain

T(n)*(x(r)) = (2% 0 T(n))(r(7)) = ¥ (Zﬂ(aﬂ))

" > f:f f1(Q) d¢
=Y (@ om) () = :
=l S T Q) d¢

Then T(n)# is holomorphic. Actually, T(n)# is a morphism of varieties and we
will use this fact to apply the universal property of (Jo(N), ®) to T(n)#. This fact
follows directly by the following theorem by Chow.

Theorem 2.3.18 (Chow). Let Vi, V, be smooth projective varieties over C and let
F Vi — V5 be a holomorphic map between their underlying complex manifolds.
Then F' is a rational morphism over C.
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Applying the universal property we obtain a commutative diagram

with ¢, € End(Jy(N)). In particular for all 7 € H*, we have the equality
T(n)* (7 (7)) = ta(®(7)) + T(n)* (n(70))

that is B o
S fi(Q) dC > Jn ) d¢
th : = :
Ir 1e(¢) d¢ > o fy(€) d¢

Moreover, one can calculate the differential dt,, from the previous formula, and one
finally obtains the relation between ¢,, and the Hecke operator Ty(n):

fi(7) > fio[aila(7) Ta(n) fi(7)
dt, : = : = : . (2.6)
fo(7) > fo o [aila(7) Ta(n) fo(7)

Another important property of the endomorphisms ¢,, is the following.
Proposition 2.3.19. The element t, € End(Jy(N)) is defined over Q for all > 1.

Proof. See |Kna92, Lemma 11.76]. O

Another ingredient for the main statement of the Eichler—Schimura theory is the
map

JIa SQ(F(](N)) — Qhol(JO(N))

defined as follows. We can use zy,...,z, as cordinates on Jo(IN) and the space
Qnot(Jo(NN)) is the C-linear span of dz,...,dz,. Moreover, if e,..., e, is the stan-
dard basis for the tangent space of Jy(/N) in O, then we have the natural pairing

<dZi, €j> = 51]
Consider now )
d=>donm:H" — Jy(N)

and let us check that for all j =1,...,¢g

Q*(dz;) = f;(T)dr (2.7)
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where ®* : Qo (Jo(N)) = Qpoi(H*) denotes the induced maps at the level of holo-
morphic differntials. In fact, at any point 7,

7 R(Q)de
b(n) = :
ST 1,(Q)d¢
and the natural pairing gives
i p Y fi(m)
@), ) = e (] D=tz |2 [y =i
fo(T1)

Since by definition (dr, % ‘r1> =1, we obtain (2.7). Since d* maps basis to basis, we
conclude that it is a vector space isomorphism. Therefore it makes sense to define

JIa SQ(F()(N)) — Qhol<J0(N))

given by .
p(f) = (@) (f(r)dr).
We now state the Shimura—Taniyama formula, that will help us in the proof of

the Eichler—Shimura Theorem. Let f be an element in End(Jy(N)) and consider the
endomorphism §f of Qe (Jo(IV)) defined by

((0f)u,v) := (u, (df)ov) for u € Quo(Jo(N)) and v € To(Jo(V)).

Here, To(Jo(N)) denotes the tangent space of Jo(N) at O and (df )o : To(Jo(N)) —
To(Jo(N)) is the map induced at the level of tangent spaces.

Proposition 2.3.20 (Shimura—Taniyama). For f in So(I'o(N)),

(08n)(u(f)) = u(Ta(n).f).
Proof. See |Kna92, Lemma 11.73]. O

2.3.2 The main theorem

Now we are ready to state and prove the main theorem of Eichler—Shimura theory
that gives for each newform f € Sy(I'o(N)), an elliptic curve constructed as a
quotient of the Jacobian variety of Xo(/N), but first we have to explain exactly how
we can consider the quotient of an abelian variety. Let A be an abelian variety and
let B be an abelian subvariety of A, i.e. a subvariety that is an abelian group with
the same group law of A. In this case the inclusion map ¢ : B — A is a morphism.
One can prove that if F': A — A’ is a morphism of abelian varieties, then Ker(F) is
abelian subvariety of A and Im(F') is an abelian subvariety of A’. Further, if A, A’
and F' are defined over Q, then Ker(F) and Im(F') can be defined over Q. The
following proposition explains how we can define the quotient A/B as an abelian
variety.
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Proposition 2.3.21. Let A be an abelian variety and let B be an abelian subvariety
of A. Then there exists a pair (C,p) such that

i) C is an abelian variety;
it) p: A — C is a surjective morphism of abelian varieties with Ker(p) = B;

iii) (C,p) satisfies the following universal property: for each morphism of abelian
varieties F : A — C" with B C Ker(F), there exists a morphism of abelian
varieties F' : C'— C" such that the diagram

F
A—r—7r s
I
p ,//
// F/
C

18 commutative.

Moreover, if A, B,p are defined over Q, then C can be defined over Q and in the
universal property, if C' and F are defined over Q, then the map F’ is defined over
Q.

Proof. See [Pol03, Section 9.5]. O

Then, given an abelian variety A and an abelian subvariety B, we define the
quotient A/B to be the abelian variety C of the theorem, with projection map
p: A— A/B.

Theorem 2.3.22. Let f(7) = > 02 c,€™ be a newform in So(T'o(N)) normalized

n=1

to have ¢ = 1 and suppose that all ¢, are in Z. Let ® : Xo(N) — Jo(N) be the
Abel-Jacobi map with base point xy € Xo(N) and let 79 € H* such that w(19) = xo.
Then there ezists a pair (E,v) such that

i) E is an elliptic curve defined over Q and v : Jo(N) — E is a surjective
morphism defined over Q;

it) the abelian subvariety A := Ker(v) of Jo(N) is stable under the action of each
t, € End(Jo(N)) and the action of t,, on E corresponds to the multiplication
by ¢, for alln > 1;

iii) the properties i),ii) characterize the pair (E,v) up to isomorphism over Q;

i) wu(f) is a non zero multiple of v*(w), where w is the invariant differential of E

v) if
~(70)
Ay = {/ Qe € P<N>} ,

70

then Ay is a lattice of C and E is isomorphic over C to C/Ay.
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In the course of proving Theorem [2.3.22| we will make crucial use of the following
result by Wedderburn.

Lemma 2.3.23 (Wedderburn). Let T be a finite-dimensional associative and com-
mutative algebra with identity defined over a field K and let R = Nil(T) = 1/(0)
be its nilradical. Then there exists Ky, ..., K, finite algebraic extensions of K such
that

T=ReK & - &K,

as vector Spaces.

Proof of Theorem [2.3.23. We want to give only a sketch of the proof of Theorem
2322

Let Endg(Jo(N)) := End(Jo(N)) ®z Q and let Tg be the Q-subalgebra of
Endg(Jy(NV)) generated by the set {t,, : n > 1}. We want to apply Lemma to
Tg. Note that the members of End(Jy(N)) are holomorphic and their differentials
are consequently C-linear maps from the tangent space (for example in the origin O)
To(Jo(N)) = C9 into itself. In this way we get an injective ring homomorphism of
End(Jy(N)) into the algebra of all g-by-¢g complex matrices End(Jo(N)) — M,(C).
Since Q is a flat Z-module, we obtain

End(Jy(N)) = M,(C) given by f — (df)o.

By ([2.6]), dt,, corresponds to the matrix of Ty(n), then by Proposition [2.3.10} T is
commutative and by proposition [2.3.19| this homomorphism restricts to

TQ — Mg<@>

In conclusion, Ty is a commutative Q-subalgebra of M,(Q). Applying Wedderburn’s
Lemma to the algebra T defined over QQ, we obtain a decomposition

To=R® (K, ® - P K,)

where R is the nilradical of Tg and the K;’s are finite extensions of Q. Thanks to
the Shimura—Taniyama formula

0tn(pu(f)) = p(T2(n)f) = plenf) = cap(f)
we have a well defined homomorphism
p:Tog — Q, tn — Cp.
Note that if £ € R, then there exists » > 1 such that t" = 0, hence
p(t)" = p(t") = p(0) = 0 € Q.

In other words, p(R) = 0 and p acts only on the K;’s. Since the unit 1 € Ty \ R,
we can write
1:€1+"'+€T’7
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with e; the unit of K; for all  =1,... r. Applying p, we obtain

1=p(1) = pler) + -+ pley).

Without any loss of generality we can suppose that p(e;) = 1 and p(e;) = 0 for
i > 1, that is p(K;) = Q. Finally, we define the ideal

U=Ro(K,® - -®K,)

and

A= > a(Jy(N)).

acUNEnd(Jo(NV))

The latter will be in particular, the abelian subvariety of Jy(/N) that we will use to
construct the elliptic curve F; more precisely, F will be the quotient Jy(N)/A, and
v will denote the projection map. We now show the main step of the proof.

(a) First one has to check that A is an abelian subvariety of Jo(/N) defined over Q.
If « € UNEnd(Jy(N)), then we know that a(Jy(N)) = Im(«) is a subvariety
of Jo(N). Moreover, if B and B’ are abelian subvarieties of Jy(N), then we
can see their sum as the image of the composition

B x B' < Jo(N) x Jo(N) 5 Jo(N), (b,b)— b+

In other words, A is an abelian subvarieties of Jy(NN). Moreover «, up to
multiplication by an integer, is a polynomial in the t,’s and so it is defined

over Q by Proposition [2.3.19, Then a(Jy(V)) is an abelian subvariety defined
over Q then so it is A.

(b) One defines E := Jy(N)/A.

(¢) The fact that A = Ker(v) is stable under the action of the ¢,’s follows by the
definition of A and by the fact that U is an ideal of Tg.

(d) To study the action of the ¢,’s on E one applies the universal property of
(E,v) that we saw in Proposition [2.3.21] to the map v o ¢, and obtains the
following commutative diagram

Jo(N) — L F

tn (2.8)

1
Jo(N) ——— E.
Let p/ : Q — K; be the inverse of p. Then, denoting by [c,] the multiplication
by ¢cn,
tn — [cn] =t — p'(cn) — ([ea] = P'(cn)) € U N End(Jo(N)).

In particular, in the quotient E, t, = [¢,] and i7) follows.
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(e) Then one sees that dim(F) > 0. To do this, one can prove equivalently that
A # Jo(N), showing a nontrivial element 8 € End(Jy(N)) that annihilates A.

(f) Then one shows that dim(E) = 1 and p(f) = kv*(w) with £ # 0. By the
previous paragraph, we can find a nonzero member w’' € Q1 (FE). Let v* be
the pullback mapping

v Qhol(E) — Qhol(J()(N))
induced by v. Applying (-)* to the commutative square (2.8) we have
v* o t, = ot, o*

and since t,, = [¢,] implies dt,, = ¢, - (+), we obatain

If we define f' = p~'(v*(w')), then u(f’) = v*(w') and Shimura-Taniyama
formula gives

p(Ta(n) f') = 6tn(u(f') = 0tn(V* (@) = cnr™ (W) = capl(f')

that is
To(n)f =cnf'.

If one suppose that dim(£) > 1 then one can find w’, w” linearly independent.
If we set f” = pu~1(v*(wW")), then f' and f” are linearly independent and this
is a contradiction since by the above argument

Tg(n)f// _ Cnf”

for each n and two eigenforms with the same eigenvalues differ by the multipli-
cation by a scalar (this is a direct consequence of Proposition . More-
over, if we put w’ = w the invariant differential, since Ty(n)f = ¢, f, one has
that f and f’ are linearly dependent and then, up to a scalar, u(f) = v*(w).
Then we have i) and iv).

(g) To see that the pair (F,v) is unique up to isomorphism let A’, (E' = Jo(N)/A’, V')
satisfying i) and 4i) and let w’,w be the invariant differential of E', E respec-
tively. Then by the previous paragraph v*(w') = hv*(w) for some h # 0. In
particular they annihilate the same elements of the tangent space at O of A
and A’ respectively. Using Lie theory one shows that this implies that A = A’
and so by Proposition (E,v) = (E',1). Then we have i)

(h) One now proves that Ay is a lattice in C. Let u(f) act on the tangent space
To(Jo(N)) via the identification Quo(Jo(N)) = To(Jo(N))Y. We know that if
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{c1,..., o4} isabasis of H1(X((N),Z), then the lattice A(Xo(N)) is generated
on R by {uy,...,uy} where

., 11(Q)d¢
U = : , for k =1, dots, 2g.
., fo(Q)d¢

One can prove that
MDA = 32 [ F(Qdc= 1y

Doing the calculation and with some consideration of Lie theory, from the
previous identity one proves that Ay is a lattice.

i) Finally, the isomorphism E = C/A; follows applying the universal property
f
of (E,v).

]

Before the ending of this section we briefly indroduce the concept of L-function
associated to a cusp form f € S;(I'g(NV)). First of all we define the Atkin-Lehner
involution wy-.

Definition 2.3.24. Let f € My(T'o(N)). We define
wy(f) = folan]k

v o]
where ay = N ol

It follows immediately by the definition of the matrix oy that wy is an involution,
provided that one checks that is well defined. For this purpose we have the following
proposition.

Proposition 2.3.25. The Atkin—Lehner involution wy carries My(T'o(N)) to itself
ans Sk(I'o(N)) to itself.

Proof. See |Kna92, Proposition 9.7]. O

In particular from the previous proposition and by the fact that wy is an involu-
tion, the two spaces My (I'o(N)) and Si(I'o(V)) split as the sum of the eigenspaces
for eigenvalues +1 and —1. For example for the cusp form we obtain the decompo-
sition

Sk(To(N)) = Sk(To(N))" @ Si(To(N))~
where
SpTo(N)) =A{f € Sk(To(N)) : wn(f) = €f}
with € € {£1}.

We now define the L-function attached to a cusp form f and analyze its region

of convergence.
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Definition 2.3.26. Let f € Sp(To(N)) be a cusp form and let f(T) =77 cnq™ be

n=1
its g-expansion at the cusp oo. The L-function of f is the Dirichlet series

The convergence is established in a theorem of Hecke.
Theorem 2.3.27 (Hecke). Let f € Sp(I'g(N)) be a cusp form in one of the eigenspaces

Se(To(N))® of wy, where e = +1. Then L(s, f) is initially defined for Re(s) > £+1
and extends to be entire in s. Moreover, the function

A(s, f) = Nz (sm)"°T(s)L(s, f)
satisfies the functional equation

A(s, f) = e(=1)2A(k — s, f).
Proof. See |Kna92, Theorem 9.8]. O

Composing the Abel-Jacobi map with the morphism v of Theorem [2.3.22] we
obtain a map defined over Q

bi=vod: Xo(N) D Jo(N) L E

that we will call modular parametrization of the elliptic curve E. From a theorem
of Wiles we can deduce that the viceversa also holds over Q.

Theorem 2.3.28. Let E be an elliptic curve over Q of conductor N. Then, there
exists a newform f € So(Lo(N)) such that:

L(E,s)=L(E, f).

Furthermore, from results on the Tate’s conjecture for abelian varieties proved
by Faltings, it can be deduced that E is isogenous to the elliptic curve F; obtained
via the Eichler—Shimura construction.

Theorem involves deep arithmetic invariants, specifically the conductor
and the L-function of an elliptic curve. While a full treatment of these topics is
beyond our current scope, we provide brief definitions to clarify the statement:

e The conductor N of an elliptic curve F/Q is a positive integer that encodes
the "bad reduction” of the curve. Specifically, p| N if and only if E has singular
reduction at p.

e The L-function of E is defined via an Euler product L(E, s) = [[, L,(E, s) ™",
where the local factors L, depend on the number of points of £ modulo p. For
pt N, L,(E,s)=1—a,p*+p'~%, where a, = p+1— #E(F,).

The equality L(E,s) = L(f,s) is the bridge to the geometry. By the Faltings’
Isogeny Theorem (formerly Tate’s Conjecture), if two abelian varieties (like E and
the Ey constructed via Eichler-Shimura) have the same L-function, they are isoge-
nous over Q.
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2.4 Galois cohomology

The arithmetic of an elliptic curve E over a field K is fundamentally governed by the
action of the absolute Galois group G on its points. In this section, we introduce
the language of Galois cohomology as the formal tool to study the invariants of this
action and to measure the obstruction to the existence of K-rational points.

To begin with let G be a profinite group, i.e. a topological group that is Haus-
dorff, compact and totally disconnected and let A be a left discrete G-module. This
means that A is an abelian group together with an action of G

GxA— A (0,a) = 0o-a=a’
that is continuous if A is endowed with discrete topology.
Definition 2.4.1. We define
HY(G,A) =A% ={a€ A:0(a)=a for all 0 € G}
the so called G-invariants of A.

For an example, let K be a number field (for example an imaginary quadratic
field) and consider the absolute Galois group

G = Gy = Gal(K/K).

Recall that for an elliptic curve E defined over K, G acts on its points via its
action on their coordinates. In this case, we have:

H'(Gk,BE(K)) = E(K)

by the definition of K-rational points on E.
Consider now a short exact sequence of left G-module

0—A—B—C—0.
Then it is induced another exact sequence
0 — A — BY — C°. (2.9)

Unlikely the homomorphism BY — C¢ is in general not surjective. In other words

the functor
A A9

is covariant, left-exact but in general it is not right-exact.

Proposition 2.4.2. There exists a collection of functors {H' (G, —)}i>o such that
for every short exact sequence of G-modules

0—A—B—0C-—70

the exact sequence extends to a long exact sequence of abelian groups

0 — H°G,A) — H°(G,B) — H°(G,C) — H*(G,A) — ...
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Proof. See [Sha72 Chapter 2] ]

Definition 2.4.3. The abelian group H'(G, A) is the i-th cohomology of G with
coefficients in A.

One way to define the groups H*(G, A) is to introduce the notions of i-cocycles
and z-coboundaries and to set

{i-cocycles}

Hi(G,A) =

~ {i-coboundaries}’

In what follows, we will only need the case ¢ = 0 and ¢ = 1. For ¢« = 0 we already
have an explicit definition of HY(G, A), whereas in the case i = 1 we can proceed
with the following construction. A 1-cocycle (from G to A) is a continuous function
n: G — A such that

n(g192) = n(g1) + g1 - 1(g2)

for all g1, 92 € G. A 1-coboundary (from G to A) is a continuous function
G— A, g—>g-a—a

for some a € A. In what follows we will denote a 1-coboundary with respect to an
element a € A with y,. It is easy to see that

{1-coboundaries} C {1-cocylcles}

and so we can consider the quotient H'(G, A).
Remark 2.4.4. Note that if G acts trivially on A, then

HY(G, A) = {continuous homomorphism G — A} — Hormg (G, A).
{1}
Consider now a closed subgroup H C G and take a left discrete G-module A.
Since we can view A as an H-module, it is induced an homomorphism

res :=res; : H'(G, A) — H'(H, A)
called the restriction homomorphism. In particular, if i = 0
AG — A

is simply the inclusion. On the other hand, when ¢ = 1, res is induced at the level
of 1-cocycles from the restriction

n:G—A)— (g : H— A).

In particular we can apply this construction to the special case of a local field whose
Galois group acts on the points of an elliptic curve. In this sense, let E be elliptic
curve over K, fix a place (finite or infinite) v of K and denote by K, the completion
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of K at v. The injective homomorphism G, < Gk given by ¢ — ol induces the
composition res,:

H'(Gg, E(K)) == H'(Gx,, B(K)) — H'(Gx,, E(K,))

\/

resy

where the second map is induced by the inclusion E(K) — FE(K,) for a fixed
embedding K C K,,.

The restriction map res = res; : H'(G, A) — H'(G, H) is moreover involved in
a short exact sequence of groups called the ”inflation—restriction” sequence. Since
H C G is a normal and closed subgroup of G, the quotient G/H is still a profinite
group and A¥ is a G/H-module. On the other hand, a 1-cocycle f : G/H — A"
induces another 1-cocycles G — A via the composition

G- G/HL A" < A
In other words we obtain a map called ”inflation” defined by
inf : HY(G/H, A") — H'(G, A).
Proposition 2.4.5. The sequence of groups
0 — HYG/H,A™) 2 gY@, A) 25 HY(H, A),
is exact; it is called the inflation—restriction sequence.

Proof. From the definitions, it is clear that res o inf = 0.

First, we prove the injectivity of inf. Let ¢ : G/H — A¥ be a 1-cocycle such
that inf([¢]) = 0. This means there exists an a € A such that (o) = 0 -a— a for all
o € GG. Since ¢ depends only on the class of ¢ modulo H, for any 7 € H we have:

moa—a=&(r) = (1) =0

where we used the fact that 7 and 1 represent the same class in G/H. Thus 7-a = a
for all 7 € H, which implies a € A. Tt follows that £ is a coboundary and so [£] = 0
in H'(G/H, AY).

Next, we show that ker(res) C Im(inf). Let n: G — A be a 1-cocycle such that
[n|z] =0 in H'(H, A). This means there exists an a € A such that (1) =7-a—a
for all 7 € H. By subtracting the coboundary ¢ + ¢ -a — a from 7, we may assume
that n(7) =0 for all T € H.

Under this assumption, the cocycle condition yields n(o7) = n(o)+o0-n(r) = n(o)
for all 0 € G and 7 € H. Thus 7 is constant on the right cosets of H, inducing a
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well-defined map 77 : G/H — A. Finally, since H is normal in G, for every 7 € H
and o € G there exists 77 € H such that 7o = o7’. Then:

This shows that the image of 77 lies in A, Therefore, 7 defines a class in H'(G/H, A7)
such that inf([7]) = [n], proving the exactness at H'(G, A). O

Finally, in Section we will give an idea of how to extend this sequence,
obtaining the so-called Hochschild—Serre exact sequence.

2.4.1 The Selmer group and the Shafaverich-Tate group

Let ¢ : E— E’ be a nonconstant isogeny of elliptic curves defined over a number
field K and consider the induced exact sequence

0 — E[p] — E 2 E' — 0,

where Elp] dentotes the kernel of . Taking the Galois cohomology, we obtain the
long exact sequence

0 — E(K)l¢] = B(K) % E'(K) % H\(Gk, Elg)) % H(Gx, E) % H (G, B,
(2.10)
where we are writing F and £’ meaning F(K) and E'(K). From this we can form
the following short exact sequence

0 — E'(K)/o(E(K)) — H'(Gk, Elg]) — H'(Gk,E)[¢] — 0. (2.11)

Definition 2.4.6. The sequence above is called Kummer sequence and the homo-
morphism k 1s called Kummer map.

Remark 2.4.7. Before we continue, we want to study k. The Kummer map is
induced from the long exact sequence in the following way:

0 ——— Ker(t) ——— HY Gk, Elp]) ——— Im(t) ——— 0

Il

Im(9)
2l K

F(K)

Ker(0)
Il

F/(K)

p(E(K))




2.4. GALOIS COHOMOLOGY 61

Hence, in order to see the image of a class [P] € E'(K)/p(E(K)) we have to compute
(P) € H'(Gk, Elg)).

Note that 6(P) has the following explicit description. Since @ is surjective by Propo-
sitz'on we can find a point Q € E(K) such that

P =¢(Q)

and we define
6(P)o) =0-Q—Q.
for all 0 € Gg. Since P is K-rational and ¢ is defined over K

©(0(P)(0)) =¢(0-Q —Q) =p(c-Q) —(Q)
—¢-P-P=P_-P=0

and so0 6(P) is a map from G to E(K)[p]. In other words for all [P] € E(K)/p(E(K)),

d(P) = xq for some Q € E(K) such that p(Q) = P.

Now we want to locally recreate an analogous of 2.11 For each place v of K,
denoting with K, the completion of K at v, we obtain with the same argument
above an exact sequence

0 — E'(K,)/¢(B(K,)) = H'(Gk,, E[¢]) — H'(Gk,, E)[¢] — 0.
Summing up, we have the following commutative diagram with exact rows

0 — E'(K)/p(E(K)) —— H'(Gk, Elp]) —— H'(Gk, E)[p] — 0

J l |

0 — [1, E'(K.)/o(E(K,)) — I, H(Gk,, Elg]) — I, H'(Gk,, E)lg] — 0

(2.12)
where the product is over all finite and infinite place of K.

Definition 2.4.8. With notation above we give the following definitions.

(a) The @-Selmer group Sel(E/K)[y] is the subgroup of H'(Gk, E[p]) defined as
the kernel of the map H' (G, El¢]) — [, H (Gk,, E)[] in the diagram[2.19

(b) The Shafarevic—Tate group of E/K, detoted by III(E/K), is the subgroup of
of HY(Gg, E) defined as the kernel of

[[res.: H'(Gk.E) — H'(Gk,, E)

(2

where v ranges over all finite and infinite places of K.
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Lemma 2.4.9. Let

0 s A1 > 0
I lﬂ lv
0 N AN : Y N > 0

be a commutative diagram of abelian groups. Then

g|Ker

0— AL Ker(q 0 8) 25 Ker(v) — 0
1s a short exact sequence.

Proof. Immediate from the definition of exactness and from the commutativity of
the diagram. O

By applying Lemma [2.4.9] we obtain the exact sequence
0 — E'(K)/o(E(K)) = Sel(E/K)|p] — II(E/K)[gp] — 0, (2.13)

which will be a key tool in the following sections. For example, it allows us to
understand the meaning of the Shafarevic-Tate group. By definition

Sel(E/K)[p ﬂKer G, Elg]) 2 H'(Gr,, Elg]) 2 H'(Gx,, B)[¢))

and if we take [ : Gx — E(K)[p]] € H'(Gk, E[¢]), then

7o) := (gv 0 fo)([n]) = [iw 0 1 o ves, ]

where i, : E(K)[p] — E(K,) is the inclusion and res, : Gk, < G is the restriction
map. Thus, being in the Selmer group means that

1] = [0] for all place v.

In other words a class n € H' (G, E[p]) is in Sel(E/K)[¢] if for all v there exists a
point P, € E(K,) such that

Mo = XPys
that is, it comes from a point in each of its localizations. Clearly, if a class comes

from a global point P € E(K), then it comes from a point in each of its local version.
In particular, this explains the inclusion

E(K) o«

p(E(K))
and allow us to view the left quotient as the subgroup of Sel(£/K)[p] made of the
classes of the form [yg], for some Q € E(K) (note that [xg] in this case is not
always the zero class, since it is so only when @ lies in Ker(y)). Finally, thanks to

the short exact sequence ([2.13]) we can interpret the Shafarevic-Tate group as the
group of cohomology classes that come from points locally but not globally.

> Sel(E/K)|g]
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2.4.2 Spectral sequences

As announced earlier, this section aims to extend the inflation-restriction exact
sequence

0 — HY(G/H,A") 2 HY(G, A) =% H'(H, A).

To this end, spectral sequences will play a crucial role, and we will now proceed to
define them.

Definition 2.4.10. Let R be a ring. A spectral sequence E consists of the following
data:

o a family {EP9}p, gez2 ez, of R-modules;
e for each r € Z, and for each (p,q) € Z?, a map of R-modules
dp9 . Ept — pptrarl
such that
— P9 o griraTHl =
~ Y, = Ker(d)/m(dy o),

It is useful to imagine the spectral sequence E as a "book” whose r-th page
contains the family {EP7}, . seen as a lattice, with homomorphisms {d??}, ).

Definition 2.4.11. Let E be a spectral sequence of R-modules and let {E™},cz be
a family of R-modules. We say that E is eventually constant if there exists ro € Z,
such that EP? = EP? for all v > 1o and all (p,q) € Z*. In this case we denote
BBt = EP for each (p,q).

For eventually constant spectral sequences we have the notion of convergence.

Definition 2.4.12. Fiz an eventually constant spectral sequence E of R-modules
and a family {E"},ez of R-modules. We say that E converges to {E"}nez and we
write

EP4 — ppta

if for each n there is a filtration of submodules of E™
o« CFPHEY C FPEM C FPTIET C L
such that:
® (Vep PE" =0;
o Uz FPE" = E™;

o ER1 = FPEPTI/EPTLEPT for all (p,q).
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The following theorem allows in many cases to construct eventually convergent
spectral sequences.

Theorem 2.4.13. Let A, B,C be abelian categories and let
F:A—-B G:B—=C

be two additive left exact functors such that also the composition G o F is left exact.
Suppose that we can construct the right derived functors of F,G and G o F' and that
for each injective object I of A it holds R'G(F(I)) =0 for all i > 0. Then for each

object A of A there is a spectral sequence E(A) such that
EYI(A) = RPG(R'F(A))
and
EP9(A) = R (G o F)(A).
The spectral sequence in Theorem [2.4.13]is called Groethendieck spectral sequence

of A. From it, we can obtain an exact sequence.

Proposition 2.4.14. In the hypotheses of Theorem if we denote LPT9 =
RPY(G o F)(A), there is an exact sequence

0— By’ — L' — By — B — Ker(L? — Eg?) — By — B35
Now we want to apply these results to our situation. Let L/K be a finite Galois
extension and consider the functors
o F:= ()% :[Gx — mod] — [Gal(L/K) — mod]
o G :=(-)"/E)  [Gal(L/K) — mod] — Ab.

Then they are left exact, and their composition G o F' = (-)9% is left exact as
well. Moreover the right derived functors of F, G and GG o F' give exactly the Galois
cohomologies, then for each Gx-module M we have the Groethendieck spectral
sequence E(M) of M, with

EPI(M) = RPG(RIF(A)) = H?(Gal(L/K), H(Gy, M))

and
EPY(M) = HPY(Gg, M).

Then the exact sequence of Proposition is
0 —— H'Y(Gal(L/K), M%) — 2L HY(Gy, M)

res

HY(Gp, M)SEE) s H2(Gal(L/K), MYt) —— H*(Gg, M)
(2.14)
This sequence is called the Hochschild—Serre sequence and following the proofs of
Theorem [2.4.13| and Proposition [2.4.14] one sees that the first part of it is the
restriction—inflation sequence.



Chapter 3

Heegner points

3.1 Orders in number fields

Let K be a number field.

Definition 3.1.1. A subset O C K is said to be an order in K if all the following
conditions holds:

(a) O is a subring of K;
(b) O is finitely generated as Z-module;
(C) @ X7z Q =K.

Since O is clearly torsion free, (b) and (c) are equivalent to O being a free Z-
module of rank two. Moreover (c¢) tell us that K is the field of fraction of O.

Remark 3.1.2. If K = Q(\/d) is a quadratic field with d € Z\ {0,1}, we have an

explicit description of orders in K. First of all we have the equality
{Orders in K} ={Z[a] : a € O \ Z}

where Ok s the ring of integers of K. Let us check the double inclusion. Let
a€ Ok \Z. Then a = & +yv/d for some z € Q and y € Q*. Hence

Zla] ©2 Q = Q(a) = Q(z + yVd) = Q(Vd) = K.

Moreover, Z[a] is clearly a subring of K and is finitely generated as Z-module since
a 15 an algebraic integer. Conversely, le O C K be an order of K. Since

rankz(O) = 2,

applying the elementary divisor theorem, we can find a basis of O over Z {1,a}, for
some a € O. In other words O = Zla|, a ¢ Z, and a € Ok since Zla] is a finitely
generated Z-module.

65
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More explicitly, since Ox = Z[wq] with

Vd ifd=2,3 (mod 4),

Wi= N1+ Vd
2

ifd=1 (mod 4).
one has
{Orders in K} ={Za| : a € Ox \ Z} = {Z[cwy) : c € Z, } .

Summing up, if K is a quadratic field, every order is contained in the maximal
order Og = Z[wy| and is uniquely determined by a positive non-zero integer ¢ such
that

O=7Z6Zcwg =< 1,cwyg >z .

Moreover, Q(vd) = Q(wq), where wy € C is the algebraic element defined in the
previous remark.

Definition 3.1.3. Let O be an order in a quadratic field K. We will call the unique
integer ¢ such that
O =7 Zcwy

the conductor of O. Moreover, the discriminant of O of conductor ¢ is the integer
d@ = CQdk
where dy is the discriminant of K.

Given any order O in a quadratic field K, our goal is now to define a certain
class group CI(Q) associated to O in analogy with the classical ideal class group of
Ok. We give the following definitions:

Definition 3.1.4. An ideal a of O is said to be proper if
{eK:BaCa}=0.

Note that the inclusion
OC{BeK:paCa}

always holds since a is an ideal of O.

Definition 3.1.5. A fractional ideal of O (or a fractional O-ideal) is a subset of K
which is a nonzero finitely generated O-module.

Remark 3.1.6. Every fractional ideal is of the form aa, where o € K* is an ideal
of O. Then a fractional O-ideal b is proper provided that

{peK: :bCb}=0.

Once we have fractional ideals, we can talk about invertible ideals.
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Definition 3.1.7. A fractional O-ideal a is said to be invertible if there is another
fractional O-ideal b such that ab = O.

Note that any principal nonzero fractional ideal aO with a € K* is invertible
since

(@0)(a'0) = aa 'O = 0.

The basic result is that for orders in quadratic fields, the notions of proper and
invertible coincides:

Proposition 3.1.8. Let O be an order in a quadratic field K, and let a be a frac-
tional O-ideal. Then a is proper if and only if a is invertible.

Proof. See [Cox22, Chapter 2, Section 7, Proposition 7.4]. n

We now give a useful characterization of nonzero fractional ideal of a given order
O in a quadratic field K

Proposition 3.1.9. Let K = Q(wq) be a quadratic field and fix an order O C K.
Then, every nonzero fractional ideal b of O s a free Z-module of rank 2.

Proof. Let b = « - a be a nonzero fractional ideal of O with « € K* and a C O an
ideal. We divide the proof into several steps.

Step 1. First, we show that Z* Na # (). Let a be a nonzero element of a. Since
aC O=7Z+ deZ7

where c is the conductor of the order O, there exists m,n € Z, not both zero, such
that
o = m + Ccwgn.

Consider now o/ = o(«) with ¢ € Gal(K/Q) the non trivial automorphism of K.
Thus
o =o(a) =a(m+ cwgn) = m+ cno(wy).

There are two cases to consider for wy. If wy = \/c_i, then
o =m —cwgn € Z + cwgZ = O.

Since a is an ideal, o - o/ = m? — c*dn? is an integer of a. Moreover, we may assume
that d is not a square. Then c?dn? cannot be a square, and hence « - o is nonzero.

Otherwise, if wy = %3,

1—+d
o/:m+cn< 2\/_> = (m+cn) —cwgn € Z + cwyZ = O.

Hence,
d—1
a-a =m?+enm — *n? 1

ca
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Moreover, it is an integer since in this case d = 1 (mod 4). Suppose, for the sake of

contradiction, that
d—1
m? + cnm — 02n2T =0.

Then

4(m® + enm) + *n® = *n’d

that is
(2m + cn)? = *n’d.
In other words ¢?n?d, would be a square, and we then conclude as in the previous

case.

Step 2. Next, we prove that the quotient O/a is finite. From the previous step, we
can choose a nonzero integer m € a. Then mO C a and since

 Ztewl . LOT )
OmO = 7 i) - mzoz) -~ LmE)

we obtain

0/a] < |O/mO| < m?.

Step 3. Finally, we complete the prove. Since O = Z & Z and a C ZBZ, a is a free
Z-module of rank less then 2. Since the quotient O/a is finite for the the previous
step, we conclude. O

Thanks to the proof of Proposition (Step 2), we can define the norm of an
ideal of an order.

Definition 3.1.10. Let O C K be an order of an imaginary quadratic field and let
a C O be an ideal. We define the norm of a to be

N(a) = [O/al.
Moreover from Proposition [3.1.9] we obtain the following corollary.

Corollary 3.1.11. Let O be an oder in a quadratic field K . Then, every proper
fractional O-ideal b is a lattice in C.

Remark 3.1.12. Let b C O be a proper fractional ideal in an order of a quadratic
imaginary field K. Then

End(C/b) ={ae K:a-6Cb}=0.
In other words, we can define a map
Z(0O) — {C/A : End(C/A) = O}, b— C/b

That we will study in more details in the next section.



3.1. ORDERS IN NUMBER FIELDS 69

Given an order O of a quadratic field K, denote by Z(O) the set of proper
fractional O-ideals. By Proposition Z(0) is a group under multiplication.
The principal O-ideals give a subgroup P(O) C Z(0O). Hence we can form the
quotient.

Definition 3.1.13. The ideal class group of the order O is
Cl(O)=Z(0)/P(O).

Now we want to give two alternative definitions of the ideal class group. Let n
be a positive integer, K = Q(\/c_l) an imaginary quadratic field and consider

O, =7Z & Znwy
the order of K of conductor n.

Definition 3.1.14. Let a be an ideal of O,,. We say that a is prime (or relatively
prime) to n (or to nO,,) if
a+n0O, =0,

Lemma 3.1.15. Let a,b be invertible ideals of O,,. The following properties hold.
(a) N(ab) = N(a)N(b);

(b) if T denotes the non trivial element of Gal(K/Q), then

Proof. See [Cox22, Chapter 2, Section 7, Lemma 7.14]. n
Lemma 3.1.16. Let a be an ideal of O,.

(a) ais prime ton (i.e., a +nO, = O,) if and only if gcd(N(a),n) = 1.

(b) Every ideal of O,, prime to n is invertible.

Proof. (a) Let m, : O,/a — O, /a be the multiplication-by-n map. Since O,,/a is
a finite abelian group of order N(a), we have:

a+n0, =0, < m, is surjective
<= m,, is an isomorphism
<= gcd(N(a),n) = 1.

where the last equivalence follows from the structure theorem for finite abelian
groups.
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(b) Let a be an O,-ideal which is prime to n. By Proposition [3.1.8] it suffices to
prove that a is proper. Recall that a is proper if and only if its stabilizer in K
is exactly O, i.e.,, {f € K:faCa} CO,.

Let § € K such that Sa C a. Since a is an ideal, 3 is necessarily an integral
element, so § € Og. Using the hypothesis a + nO,, = O,,, we have:

BO, = p(a+n0O,)
= fa+n(BO,)
- a+nOK.

Since a C O,, and nOkg C O,, (as n is the conductor), it follows that:

This implies 5 € O, proving that a is proper and thus invertible.

We now fix the following notation
e 7(O,,n):= the subgroup of Z(O,,) generated by the O,-ideals prime to n;
e P(O,,n):={acZ(O,,n): ais principal}.

Our goal is to prove that the quotient Z(O,,n)/P(O,,n) is isomorphic to the
ideal class group C1(0O,,). We need a lemma.

Lemma 3.1.17. Let O be an order in an imaginary quadratic field. Given a nonzero
integer M, then every ideal class in Cl(O) constains a proper fractional O-ideal
whose norm is relatively prime to M.

Proof. See [Cox22, Chapter 2, Section 7, Corollary 7.17]. ]

Proposition 3.1.18.
Z(On,n)  Z(O,)
= =Cl(O,
P(Op,n)  P(O,) (On)

Proof. Consider the composition
Z(Op,n) — Z(0,) = Z(0,) /P(O,) = CI(O,,)

where the first map is the inclusion. Combining the two previous lemmas we obtain
that it is surjective, hence to conclude we have to show that its kernel Z(O,,n) N
P(0O,,) coincides with P(O,,,n). Clearly we have an inclusion

P(O,,n) C T(On,n) N P(O,).

On the other hand, let aO,, € Z(O,,n) N P(O,,), then by definition, we can write
a0, = ab~!, for some invertible ideals of O, prime to n. Note that by Lemma
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3.1.15, b7(b) = N(b)O,, that is N(b)b~! = 7(b), where 7 denotes the complex
conjugation. Thus

N(6)aO, = N(b)ab™* = aN(b)b~ = ar(b) C O,.
Then N(b)aO,, € P(O,,n) and finally we conclude that
a0, = N(b)aO,(N(6)0,) ™" € P(O,,n).
O

Finally we see the third equivalent definition of the ideal class group of O,,. We
denote

e T (n):= the subgroup of Z(Of) generated by the ideals of O prime to n;
e Prz(n):={a0k :a=a (mod nOk),a € Z,ged(a,n) = 1}.
Proposition 3.1.19. There is a bijection
Ik (n) — Z(Op,n)

giwen by a — anQ,. Its inverse is given by b — bOx. Moreover, this map preserves
the norm and restricts to a bijection

,PKz(n) — P(On, n)

Proof. First of all, we check that f : Zx(n) = Z(O,,n), a — an O, is well-defined.
Given a € Zk(n), consider the composition

On — OK — OK/CL

The kernel is a N O,, = f(a). The induced injection O, /f(a) — Ok/a implies

N(f(a)) | N(a). By Lemma|3.1.16| f(a) is prime to n since a is. To show N(f(a)) =
N(a), consider

¢ : On/f(a) = Ok/a = Ok /a

. Since ged(n, N(a)) = 1, the multiplication-by-n map is an isomorphism. For any
[a] € Ok/a, let [@'] be the unique class such that [na'] = [a]. Since nOx C O,,
na' € O,, so ¢([nd']) = [a], proving ¢ is surjective. Thus ¢ is an isomorphism and
N(f(@) = N(a).

Now define g : Z(O,,n) — Zk(n) by b — bOk. It is well-defined because
g(b) + nOkg = (b + n0O,)O = Ok. To show fog =id, let b € Z(O,,n). The
inclusion b C 6Ok N O, is trivial. Conversely,

bOk N O, = (60N O,)(b+n0O,) Cb+nbOxNO,) Cb+b(nOk) Cb.
To show go f =id, let a € Zx(n). Then (aN O, )Ok C a is trivial. Conversely,

a=a(an O, +n0,) C (anO,)0k + na.
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Since na € nOkg C O, we have na C anN O, hence a C (aNO,,)Ok.

Finally, for the restriction to principal ideals: If O € Pk z(n), then a € Ok
and o = a (mod nOk) with ged(a,n) = 1. Since nOx C O, we have a € O,.
Thus f(aOk) = aO,,. Since a« = a (mod nO,,) in O, aO,, € P(O,,n). Conversely,
if 2O,, € P(O,,,n), then a € O,, and a = a (mod nO,,) for some a € Z prime to n.
Since nO, C nOk, a = a (mod nOk), so g(aO,) = aOk € Prz(n). O

In conclusion we have

Z(Oy,n) ~ Zk(n)
P(On) P(On, n) 'PK’Z(TL) .

(3.1)

Q

S

e
I
I

3.2 The endomorphism ring
Let E be an elliptic curve over C. By results of chapter 2, E is of the form
E=C/A

for some lattice A C C. Moreover, by Proposition and Corollary the

endomorphism ring is

End(E) ={¢: E — E : ¢ is an isogeny}
={[a] : C/A - C/A:aeC, aA CA}
={aeC:aA C A}

where [a] is the multiplication by a € C. We have the following classification
theorem for End(E).

Theorem 3.2.1. Let E = C/A be an elliptic curve over C and let wy,wy € C be a
basis for A over Z. Consider the endomorphism ring of E

End(E) = {a € C:aA C A}.
Then one and only one of the following is true:
e End(F) =7%;

e Q(£) is an imaginary quadratic field and End(E) is an order in Q(£L).
Proof. To begin with, up to lattice isomorphism, we may suppose that A = A, with
7 = 2! (see Remark [L.4.7). By Remark @ Z C End(FE), and if equality holds,
there is nothing to prove. Suppose now that Z C End(F).

First of all, we prove that End(E) is integral over Z. Let o € End(E) and
consider the associated map

[a] : A — A
A a.
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Since [a] is a homomorphism of Z-modules of rank 2, we can consider its character-
istic polynomial, which is of the form

Pa(X) = X?+aX + b € Z[X].

By the Cayley—Hamilton theorem, p,([«]) is the zero map, hence p,(«) = 0.
We now prove that Q(7) is an imaginary quadratic field. Since Z C End(FE), we
may choose ap € End(E) \ Z. Since oy = ap - 1 € A, we can write

g =n -+ mrt
for some n, m € Z with m # 0. Using the notation above, we obtain
0 = Po, () = af + acg +b = (n+m7)* + a(n +m7) +b.

In other words, since m # 0, the element 7 € C\R is a root of a quadratic polynomial
with coefficients in Z, and the claim follows.

It remains to prove that End(FE) is an order in Q(7). The endomorphism ring
End(F) is a subring of Q(7), since for all & € End(E) we have

a=a-1e A=Z+Zr CQ(r).

Moreover, since End(E) € Og(;) and Og(,) is finitely generated as a Z-module, it
follows that End(F) is finitely generated as a Z-module.
Finally, we show that

Q ®z End(F) = Q(7).

Since Q(7) is a field and End(F) C Q(7) is a subring, the inclusion “C” is clear.
Conversely, choosing ag € End(F) \ Z as above, we have

Q(1) = Q(an) = Q& Qg = Q ®z (Z ® Zay) € Q ®z End(E).
O

Definition 3.2.2. An elliptic curve E over C is said to have complex multiplication
if its endomorphism ring is isomorphic to an order in a quadratic imaginary field.
More precisely, given such an order O, one says that E has complex multiplication
by O if End(E) = O.

Proposition 3.2.3. Let O be a an order in an imaginary quadratic field K. Then
the map

Elliptic curves E ~
ClO) — {such that End(F) = (9} /=

[a] — [C/d]

1S a bijection.
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In order to prove Proposition [3.2.3] we need a lemma whose proof can be found
in [Cox22, Chapter 3, Section 10, Theorem 10.14].

Lemma 3.2.4. Let A C C be a lattice, and let p(z) be the p-funcion with respect to
A (Definition|1.4.1(}). Then, for a number a € C\ Z, the following statements are
equivalent:

(a) p(az) is a rational function in p(z).
(b) aA CA.

(c) There is an order O in an imaginary quadratic field K such that o € O and
there ezists a € Z(O) such that

C/A = C/a.

Now we are ready to prove proposition [3.2.3]

Proof. First of all we want to prove that the map is well defined. By Remark[3.1.12]
C/a is an elliptic curve over C for all proper fractional ideal a of O. Moreover, by
proposition [1.4.5

a] =[b] <= C/a=C/b
for all a,b € Z(O). This proves also injectivity. Finally, the equivalence of (b) and
(¢) of lemma [3.2.4] guarantees the surjectivity. O

3.3 Heegner points

Definition 3.3.1. Let E, E’ be two elliptic curves over C and let o : E — E’ be
an isogeny. We say that ¢ has degree N € Z~q if

[Ker(p)| = [N].
Moreover, we say that ¢ is cyclic of order N if Ker(p) = Z/NZ.

Given a positive integer N, the points of Yo(N) = I'g(N)\H may also be viewed
as classifying triples (E, E’, ¢), where ¢ : E — FE’ is a cyclic isogeny of order
N. Indeed, fixed a such triple, the couple (£, ker(¢)) is a point of Y(N) from the
results of Section [2.2.2] Conversely, given any pair (E, C), with E an elliptic curve
over C and C a cyclic subgroup in E of order N, we can consider ' = E/C and

the projection map
¢ E— F

which has clearly kernel isomophic to the cyclic group Z/NZ.
Let now K be an imaginary quadratic field.

Definition 3.3.2. Let O C K be an order in K. We say that v = (E,E',¢) €
Yo(N)(C) is a Heegner point associated to the order O, if both E and E' have
complex multiplication by O.
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We have the following characterization of the set of Heegner points.

Proposition 3.3.3. The set of heegner points is non-empty if and only if there
ezists an order O and an ideal N C O such that

O/N = 7Z/NZ.
Proof. Suppose we have a Heegner point z = (E, E’, ¢) with
End(E) = End(E') = O
for some order O C K and ¢ : E — E’ such that
Ker(¢) = Z/NZ.
By proposition there exist a,b € Z(O) such that
E = C/a, E'~C/b.

Then there exists some o € K* such that ¢ = [a]. In other words, ¢ is the
multiplication by «

¢:C/a —s C/b
T — ax.
Note that
(a™'b)/a = Ker(¢) = Z/NZ.
If we now set N := aab™!, then N/ C bb~! = O is an ideal and

O/N = (bb"1)/aab™ 2 b/aa = (a"'b)/a =2 Z/NZ.
Conversely, suppose that there is an ideal N of an order O such that
O/N = Z/NZ.

Choose an invertible fractional ideal a and set £ = C/a and £’ = C/aN~!. Note
that both End(E) and End(E’) are isomorphic to O by proposition [3.2.3] Consider
now the isogeny

¢:Cla — C/aN™, T7T
which has kernel
Ker(¢) = (aN" ') /a ¥ a/Na = O/N ¥ Z/NZ.
n

By proposition we deduce that a Heegner point x € Yy(V) can be described
as a triple

(O, N [a])

where O is an order in an imaginary quadratic field K, N' C O is an O-ideal such
that O/N is cyclic of order N and [a] € C1(O).
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Proposition 3.3.4. Let K be a quadratic number field and let N be a positive
integer. Suppose that every prime p dividing N splits in K. Then there exists an
ideal N of Ok such that O /N = Z/NZ.

Proof. Write N = p{' - - - p¢" and suppose
P10k =pubiz, -, prOx = pripra.
Since for all 7 p; splits in K, we have that
f=1[0k/pij : Z/piZ] = 1.

Thus
Ok /v =2 Z/)Z,...,Ok/pm = Z/p. L

and
Or/p5y 2 Z/pT L, . .., Ok pi = L) p L.

Set now N = p{} - - pri, then by chinese remainder theorem
O /N = O [Pt x -+ x O[5 2 L/pPZ x -~ x L/pir T = LNL.
O

Remark 3.3.5. Let K be a quadratic field, O C K an order with conductor ¢ and
N be a positive integer. Suppose now that

(a) (¢, N) =1;
(b) every prime p dividing N splits in K.
By proposition we can find an ideal N C O such that
Ox /N = Z/NZ.
Since (¢, N) = 1, by construction of N' we have
N +cOk = Ok.

In other words N is relatively prime to cOg, hence by (3.1) No := NN O is an
O-ideal such that

O/No = 0/(ONN) = Ok /N = 7/NT.

Finally, by Proposition the set of Heegner points in Yo(IN) associated to the
order O is non-empty. Hence we can give the so called ”Heegner hypothesis”.

HEEGNER HYPOTHESIS. In the above setting, the integer N is relatively
prime to the conductor of the order and every prime p dividing N splits in K.
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3.4 Ring class field

In this section, we introduce the theory of ring class fields, which provides the natural
arithmetic framework for studying the rationality of Heegner points. As we shall
see, these abelian extensions of imaginary quadratic fields are precisely the fields of
definition for the points constructed via the theory of complex multiplication.

3.4.1 The Artin map

Let L/K be a Galois extension of number fields, p be a nonzero prime ideal of Ok
and B C O, be a nonzero prime ideal lying over p. Set

Ff‘p = OL/;ﬁB, ]Fp = OK/p

Definition 3.4.1. We define the decomposition group of B (relatively to the exten-
sion L/ K ) to be the following subgroup of the Galois group:

Dy := {0 € Gal(L/K) : o(B) =‘B}.
One can show that there is a surjective homomorphism

(I)ml Dgp — Gal(Fm/Fp)
o+—>0

where

EIFm —)ng

T — o(x).

Definition 3.4.2. We define the inertia group of P (relatively to the extension
L/K) to be

Iy = Ker(®p) = {0 € Dy :0(x) —z €*B, forallx € OL}.

Suppose now that p does not ramifies in L, that is the ramification index e of
over O is simply 1. In this case

[Ip| =e=1

hence
Dy = Dy /Iy = Dy/ Ker(®g) = Gal(Fg/IFy)

is cyclic. Since Gal(Fy/F,) is canonically generated by
W :F B ]Fqg T 7!

where ¢ = |Og/p|, we can give the following.
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Definition 3.4.3. We call the unique automorphism oy € Dy such that
op(x) =2 (modP), Vre O
the Frobenius automorphism at 3.

Remark 3.4.4. Let 0 € Gal(L/K) be a K-automorphism of L. Since
DT(‘I?) = TDq}T_l

then

Or(p) = 7'0'337'71.

If moreover Gal(L/K) is abelian
orp) = oy for all 7 € Gal(L/K).

In other words, the Frobenius automorphism does not depend on the prime B lying
on p.

Definition 3.4.5. Let L/K be an abelian extension of number fields and p be a
prime of K which does not ramify in L. The Artin symbol is

()

Suppose now that L/K is an unramified abelian extension. In this case the Artin
symbol is defined for all primes p of K. Let a € Z(O) be a fractional ideal with
prime factorization

where B is a prime lying on p.

a=]Je, rez
7

We can define the Artin symbol

“)ml)

7

Moreover, it follows from the definition that
L/K\ (L/K L/K
ab / \ a b

Definition 3.4.6. Let L/ K be an unramified abelian extension. The homomorphism

for all a,b € Z(Ok)

By = (L/—K) . T(O) — Gal(L/K)

is called The Artin map.
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3.4.2 Ring class field of conductor n

Let K be an imaginary quadratic field and fix an ideal m C Og. In this setting,
denote by

e Tx(m):= the subgroup of Z(Ok) generated by the ideals of O prime to m;
o Pri(m):={aO0k:a € Ok,a=1 (mod m)}.

Definition 3.4.7. A subgroup H C Tx(m) is called congruence subgroup for m if it
contains Pr1(m).

Definition 3.4.8. Let L/K be an abelian extension such that for all prime ideal
p C Ok
p1m = p does not ramify in L.

We define the Artin map

q)m = (I)L/K,m :IK(m) — Gal(L/K)

and extending the map to an homomorphism to every ideal b = []p™® as we did
before.

by putting

Fix now an imaginary quadratic field K = Q(wg), a positive integer n and set
O, =7 ® Znwy

the order in K of conductor n. With this assumption, our goal is to find an abelian
extension K, /K such that

Gal(K,/K) = Cl(O,).
The existence of such extension is assured by the following important theorem.

Theorem 3.4.9 (Existence Theorem for quadratic imaginary fields). Let m be an
ideal of K quadratic imaginary field and let H C Zx(m) be a congruence subgroup.
Then there exists an unique abelian extension L/K such that

(a) if p is a prime of K that ramifies in L, then p | m;
(b) the kernel of the Artin map ®p/xm is H.

Clearly it follows from the definition that Pk z(n) is a congruence subgroup for
nOg, i.e.

’PKJ(TLOK) Q ’PKz(TL) g IK(TLOK)

This motivates the following definition.
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Definition 3.4.10. The ring class field of K of conductor n is the abelian extension
K, of K corresponding to m = nOg and H = P z(n) in Theorem|3.4.9

Concretely, the ring class field of conductor n is an abelian extension K, of K
such that:

(a) if a prime ideal p of K does not divide nOg, then it does not ramify in K,;

(b) the prime ideals p € Zx(nOf) that split completely in K, are exactly those in
Prz(n). Indeed, if p € Zx (nOf), it does not ramify by the previous condition;

hence:
K, /K
p € Prz(n) < ( ”p/ ) =id

<= p splits completely in K,,

where 8 is any prime ideal of K, lying over p, and Fy, I, denote the respective
residue fields.

We now state the Tchebotarev density theorem which will be an useful tool
during this work.

Definition 3.4.11. Let K be a number field. Given a set M of prime ideals of K,
we define the density of M to be the limit, if it exists,

o #Hp €M :N(p) <n}
n—oo #{p prime of K : N(p) < n}

where N(-) is the norm of ideals of K in the extension K/Q.

Remark 3.4.12. Note that if the limit is not zero, then M is infinite.
With the notion of density, we can give the theorem

Theorem 3.4.13 (Tchebotarev Density Theorem). Let L/K be a finite Galois ex-
tension of degree N, let o € Gal(L/K), let ¢ be the cardinality of the conjugacy class
of o € Gal(L/K) and let M be the set of prime ideals p of K, unramified in L, such
that there exists a prime ideal P of L lying over p with o = oy. Then M has density
¢/N.

We recall that the conjugacy class of o € Gal(L/K) is
Gal(L/K)oGal(L/K)™ = {ror™" : 7 € Gal(L/K)}.

Remark 3.4.14. Let L/K be an abelian extension, N = #Gal(L/K) = [L : K]

and let m be an ideal in Ok divisible by all the prime ideals of K that ramify in L.
Then the Artin map

Oy : Tie(m) — Gal(L/K)
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is surjective. Indeed, if we take o € Gal(L/K) and if we consider the set
L/K
M = {p € Spec(Ok) : p is unramified in L and o = (/T) } ,

Theorem [3.4.13 assures that M has density
¢/N #0

where ¢ 1s the cardinality of the conjugacy class of o. Hence M has to be infinite
and so, by our choice of m, there exists at least a prime ideals p € T (m) such that

Hence, for any positive integer n we can consider m = nQOg and set
H = PKz(TL).
By Theorem and the three definitions of C1(O,,) in (3.1) we obtain

Gal(K,/K) = Im(®0, ) = Zx(m) /Ker(®no, )
>~ CI(O,).

Moreover, if p is a prime ideal of K such that p t nO,,, then it does not ramify
m K.

3.4.3 Concrete construction

Let K be an imaginary quadratic field and let O,, be the order in K of conductor n
for a positive integer n. We denote

Ello, (C) = {j(E) € C : End(E) = 0,}

the set of the j-invariants of all the elliptic curves with complex multiplication by
O,.. We define an action of the ideal class group C1(0O,,) on the set Ellp, (C) that
will help us during the section. In order to fix the notation, for any [a] € C1(O,),
consider

E,:=C/a and j(a) = j(E,).
Definition 3.4.15. The action of C1(O,,) on Ellp, (C) is defined as follows:

(a) For all E, with complex multiplication by O,, and for all [b] € CI(O,,), we
define
6] % By := Egp-1 = C/ab™";

(b) For all j(E,) = j(a) € Ellp, (C) and for all [b] € C1(O,,), we define

[b] x j(E,) := j([b] x Eq).
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Before proceeding, it is necessary to make an observation that will be crucial for
the results to follow.

Remark 3.4.16. Given al elliptic curve E, with complex multiplication by O, and
given [b] € C1(O,,) with [b] an ideal in O, there is a natural isogeny

¢ By — Egp—1 = [b] % By
induced by the inclusion a C ab™t. Moreover, ¢ has degree N(b) since
Ker(p) = (ab™")/a = a/ab = 0, /b
that is |Ker(¢)| = N(b).

Lemma 3.4.17. If p is a prime number, then, the leading coefficient of ®,(X,Y)
s —1.

Lemma 3.4.18. Every class of Cl(O,) contains infinitely many ideals of prime
norm.

Proof. Recall that from (3.2) we have an isomorphism
Cl(O,) = Gal(K,/K)

which sends a class [p N O,] to the Frobenius

Frobic ) i= (2207

p
with p € Zk(n). Thus, fix a class in Cl(O,,) and consider its corresponding Frobe-

nius o € Gal(K,,/K). By the Tchebotarev density Theorem [3.4.13| applied to the
extension K, /K, there exist infinitely many prime ideals p € Zx(n) such that

o = Frobg, /k(p).

We want to show that infinitely many of these prime ideals have prime norm. Let
p C Ok be such a prime and let p = p N Q be the corresponding prime ideal in Q.
Since K/Q is quadratic, we have three possibilities:

e pisinert in K, then N(p) = p?%;
e p ramifies in K, then N(p) = p;
e p splits in K, then N(p) = p.

Thus, the norm N(p) is prime if and only if p is not inert. This is equivalent to
saying that the Frobenius automorphism of p over Q in the extension K/Q is trivial
(for the split case) or the prime is ramified.

Since K,,/Q is a Galois extension and o € Gal(K,,/K) < Gal(K,/Q), we can
apply the Tchebotarev density Theorem again to K, /Q for the element o.
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Then, there are infinitely many prime ideals p of Z such that their Frobenius class
in Gal(K,/Q) is the conjugacy class of o. For any such prime p, let 8 be a prime
of K, above it such that Frobg, o() = 0. Then, if we let p =B N Ok, we have:

FI“ObK/Q(p) = FI“ObKn/Q<q3)|K = O'lK = id

since 0 € Gal(K,,/K) by assumption. This implies that p is not inert in K. There-
fore, N(p) = p, and since Frobg, /x(p) = o, the ideal p N O,, belongs to the required
class. O

Theorem 3.4.19. If E is an elliptic curve with complex multiplication, then its
j-invariant j(E) is an algebraic integer.

Proof. Let E be an elliptic curve with complex multiplication by some order O,, in
a quadratic field K. Applying lemma [3.4.18| to the trivial class 1 € Cl(O,,), we can
find a prime ideal p of O, such that 1 = [p] and N(p) = p with p a prime number.
Then,

J([p] % E) = [p] x j(E) = 15 j(E) = j(E),
that is by proposition
[p]x E = FE.

As we saw in remark we have a natural isogeny
p: B — [p|x E
that is cyclic of degree N(p) = p. Hence, by proposition , we have that
0, (j(E),j(E)) = 0.

In other words, j(E) is a root of the polynomial —®,(X, X), that is in Z[X] by
proposition [2.1.10| and it is monic by lemma |3.4.17] O

Remark 3.4.20. Let E be an elliptic curve with complex multiplication. The fact
that j(E) is algebraic integer, implies that E can be defined over Q(j(E)), that is a
number field. Indeed, let

36 1 po
Y oy =2 — s — s O J(E) #0,1728
B Sy +y=a° if j(E) =0
v =2+ if j(F) = 1728.

Then E' is clearly defined over Q(j(E)) and its j-invariant satisfies
J(E) = j(E).
In other words by Proposition m E and E' are isomorphic over Q.

A consequence of these facts is the following explicit characterization of the ring
class field of K.
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Theorem 3.4.21. Let j € Ellp, , then
K, = K(j).
Proof. See |Cox22, Chapter 3, Section 11, Theorem 11.1]. O]

Remark 3.4.22. A fundamental property of the extension K,,/K that we will use
frequently is the following: let I 1 m be a prime of Q which is inert in K, and let
A =[Ok be the corresponding prime ideal of K. By the definition of the ring class
field, X is unramified in K,, since | does not divide the conductor m. Furthermore,
A splits completely in K,,. Indeed, considering the Artin map:

oo : T (MOK) —> Gal(K/K), pr—s (K";/ K) |

note that A = (1) is a principal ideal of Ok generated by the integer | € Z. Since
[ =1 (mod mOg) and in our hypothesis ged(l,m) = 1, it follows that A\ € Pk z(m),
and thus @0, () is the identity in Gal(K,,/K). This is equivalent to saying that
the inertia group I, is trivial for each prime ideal N, of K, lying over X. Finally,
if n = lm, the prime \ divides the conductor of K, ; consequently, each prime \,, of
K., above X\ is totally ramified in the extension K,/ K,,.

3.5 The rationality of Heegner points

One of the key properties of Heegner points, which will be essential for the arguments
developed later, is their rationality over ring class fields. To begin with, let N be an
integer and let O,, C K be an order of conductor n in an imaginary quadratic field
satisfying the Heegner hypothesis. This means that N is relatively prime to n and
every prime p dividing N splits in K. In this setting, we can consider a Heegner
point (O,, N, [a]) which consists explicitly of the isogeny

Q02E1—>E2,

where £y = C/a and Fy = C/aN~!. By Proposition both E; and E, have
complex multiplication by the ring O,; hence, by Remark they are defined
over Q(j1) and Q(jz2), respectively, where j; (resp. j) denotes the j-invariant of
E; (resp. E,). Applying Corollary to F' = K(j1,72), that is by Theorem
the ring class field K,,, we obtain that ¢ is defined over K,,. Moreover, also
C' := Ker(yp) is defined over K, by the characterization of Corollary[1.2.15] Summing
up, we obtain a pair (£, C) defined over K,,. In view of the moduli interpretation
discussed in Section , this pair corresponds to a K,,-rational point of (V) via
the map

Qspec(Ky) © Fo(IN)(Spec(K,)) — Homgzp n(Spec(k,), Yo(N))

induced by the natural transformation o: Fo(N) — Homgp n(-, Yo(IN)).
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Kolyvagin’s Theorem

4.1 Statement and first considerations

Let N be a squarefree positive integer and let X(/N) be the usual modular curve.
Let K = Q(v/—D) be an imaginary quadratic field of discriminant —D satisfying
the Heegner hypotheses, i.e.

every prime p dividing N splits in K.

For simplicity, we assume D # 3,4, so the integers Ok of K have unit group
Oi = {£}. Let f € S3*(I'o(N)) be a newform and consider £ = Ey the elliptic
curve defined over Q obtained via the Eichler-Shimura construction. In particular,
we have a parametrization, that is, with notation used in Section [2.3] a map defined

over Q
YV=vod:Xy(N)—F

where @ is the Abel-Jacobi mapping. Note that without loss of generality, we may
assume that ® has base point [0o] = m(c0) so that it is sent to the origin of E. The
goal of this chapter is to study the rank of the group of K-rational point E(K).
More precisely, we will construct a point yx € F(K) and what we want to prove is
the following theorem by Kolyvagin.

In what follows, if m is an integer, we will denote by Q(E[m]) the Galois extension
of Q generated by the m-torsion points of E. Let us check that this definition is well-
defined. More precisely, Q(E[m]) is obtained from Q by adjoining the coordinates of
all m-torsion points. Since the multiplication-by-m isogeny is defined over QQ, note

that if P € E[m], then for each ¢ € Gg = Gal(Q/Q):
mo(P) =o(mP)=0(0) = 0.

In other words, the set E[m] is invariant under the action of Gg, and thus the
extension Q(E[m])/Q is indeed Galois.

Theorem 4.1.1 (Kolyvagin). Assume that the modular curve E has not complex
multiplication and that the point yx has infinite order in E(K). Then the group
E(K) has rank 1. Moreover, if p is an odd prime such that

85
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i) E has good reduction at p,

i1) the point yx 1is not divisible by p in E(K); that is, the equation pQ) = yx has
no solution Q € E(K),

iti) Gal(Q(E[p])/Q) = GLa(F,),
then the p-torsion subgroup of the Shafarevic—Tate group UI(E/K) is trivial.

Remark 4.1.2. First of all, look at the hypothesis of the prime p in the statement
of theorem [{.1.1]: these hold for almost all primes. Indeed,

i) the prime p in which E has bad reduction are those that divides the discrimi-
nant and the discriminant admits only a finite number of prime divisors.

it) The set of prime numbers p such that yx € pE(K) is finite, since yx has
infinite order. Indeed, suppose by contradiction that there exists an infinite set
A C Z>1 such that for each n € A there exists a point P, € E(K) with nP, =
yi. By the Mordell-Weil theorem, we may choose a system of generators of
E(K){Q1,...,Qr,q1,...,q}, where the Q; have infinite order and the q; are
torsion points. Then, for each n € A, we can write

T t T t
yk =Y aQi+Y big; and P,=> a"Qi+Y b\"g
=1 7j=1 =1 7=1
(n)

for suitable integer coefficients. Since nP, = yk, it follows that a; = na,
foralli=1,...,r, hence n divides a; for everyn € A. As A is infinite, this
implies that a; = 0 for all 1, and therefore yx is a torsion point, contradicting
our assumption.

iii) The action of the absolute Galois group Gg on the the p-torsion subgroup Elp]
induces a representation

pEp  Gal(Q/Q) — Aut(E[p]) = GLa(F,),

where the isomorphism holds because E|[p] = Ff,. A Serre’s theorem says that
PEp 15 surjective for p >> 0, then for almost all p

Gal(@/Q) _ Gal(@/Q)
Gal(Q/Q(E[p)))  Ker(pg,)

To make the statement of Theorem {4.1.1| complete, we need to define the point
yxi. The Heegner hypothesis on the number field K assures that we can find a point
of Yo(N) C Xo(N) of the form

Gal(Q(E[p))/Q) > GLy(F,).

(OKva [1])

with N' C O such that Ox /N = Z/NZ. This Heegner point corresponds to the
isogeny

C/Ox — C/N!
that is by definition cyclic of order N.
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Definition 4.1.3. We define x1 as the point of Xo(N) corresponding to the cyclic
N -isogeny
C/Ox — C/N7L

Moreover, denoting by K7 the ring class field of the maximal order Ok, we know
from Section 3.5 that x; € Xo(N)(K7).

Definition 4.1.4. We define

y1 = (xy) € E,
where Y is the modular parametrization fized at the beginning of the chapter.

Note that, since v is defined over Q, it preserves fields of definition, and hence
U1 € E(K1>

Definition 4.1.5. Finally we define

Y = Trx, ki = Z o(y1) € E(K)
s€Gal(K, /K)

where the sum is in E(K7).

Remark 4.1.6. Although the construction of the point depends crucially on the
choice of the ideal, we are only interested in the fact that the point has infinite
order. Indeed, one can check that every other point y}. constructed as above is such
that y = Ly + (torsion) (thus yx has infinite order if and only if Yy} has infinite
order).

We will not prove directly Theorem but we will pass through the following
theorem.

Theorem 4.1.7. Let p be an odd prime such that Gal(Q(E[p])/Q) = GLy(F,), pt D
and assume that p does not divide yx € E(K). Then the Selmer group Sel(E/K)[p]
i1s cyclic, generated by the image of the class of y, under the Kummer map k.

Remark 4.1.8. Let’s see why Theorem implies Theorem [{.1.1. Recall that,
from Section we have the short exact sequence of F,-vector spaces

0 — E(K)/p(E(K)) = Sel(E/K)[p] — I(E/K)[p] — 0 (4.1)

with k the Kummer map. We want to show that the dimension overF, of E(K)/p(E(K))
is exactly the rank of E(K). To begin with, consider the following tower

(Elp) - K
Q(E]) — T K
\ /
Q(Ep)) N K.

]
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Note that Q(E[p]) - K = K(E[p]) and Q(E[p]) N K = Q. Indeed, looking at the
ramified primes, we want to show that Q(E[p]) N K is a finite unramified extension
of Q and so it has to coincide to Q itself. Let | be a prime number.

e [f11 D, then by definition of the discriminant, | does not ramify in K, then
in Q(E[p]) N K.
o Ifl| D, it is sufficient to show that the finite extension of local fields

Q(E[p])/Q
18 unramified. First of all we want to use Proposition|1.5.19. Note That

— The residue field of Q, is finite since kg, = Z;/1Z; = TF).

— E has good reduction at l. Indeed, since | | D, | 1 N because we are
assuming that every prime factor of N splits in K. Thus | does not
divide the conductor of the elliptic curve E, that is, E has good reduction
at 1.

— Since by hypothesis pt D, i.e. p # 1, we have
ged(Char(kg,), p) = ged(l,p) = 1.
Hence by Proposition the set E[m| is unramified, that is the inertia
group lg, acts trivially on it. In particular

— 1 —QGal(Q; /Qwr ur
Q(E[p) c Q@' =¥ — g

that is, Q;(E[p|)/Qy is unramified.
Then we have
Gal(K (E[p])/K) = Gal(Q(E[p])/Q) = GLy(F,)
and this implies that
E(K)[p] = E[p]Gal(K(ELp])/K) o E[p]GLz(JFp) o (Fi)GLz(Fp) o (Fg)AutFp(Fi) = 0.
This means that E(K) does not contain nontrivial p-torsion points, then, writing
E(K) 27" ® Eyos(K)
we must have E(K)/pE(K) = Z" [pZ" = T, that is,
dimg, (E(K)/pE(K)) = r = Rank(E£(K)).

In the hypothesis of Theorem the rank of E(K) is nonzero since the point yx
has infinite order. Summing up, if Theorem [{.1.7] holds, from the exactness of the
sequence (4.1))
1 = dimg, (Sel(E/K)[p])
— dime, (B(K)/pE(K)) + dimg, (1(E/K)[p)
= rank(E(K)) + dimg, (IL(E/K)[p])

> 1 4 dimg, (IIL(E/K)[p]).
that is Rank(E(K)) =1 and III(E/K)[p] = 0.
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The next sections are devoted to the proof of Theorem [4.1.7] Following Kolyva-
gin, we divide the argument into three steps:

(a) First, we construct certain cohomology classes c(n) € H'(Gg, E[p]) from Heeg-
ner points of conductor n for K.

(b) Second, we study their local properties.

(c¢) Third, we use these results to calculate the Selmer group.

4.2 Construction of the cohomology classes ¢(n)

The goal of this section is to construct a family of cohomology classes {c,}. The
main idea is to regard y; as belonging to a family of additional rational points
Yn. From them we will ultimately obtain certain cohomology classes that will play
a crucial role in what follows. We will impose some conditions on the integers n
indexing these families; chief among them is the requirement that n is squarefree
and every prime factor [ of n does not divide N - D - p. This last condition has an
important consequence.

Proposition 4.2.1. Under the above conditions, | does not ramify in the Galois
extension K(E[p])/Q.

Proof. Note that, since by hypothesis [ { D, it suffices to show that A does not ramify
in K(F[p]) for all prime ideals A of Ok lying above [. By assumption, such a A does
not divide the conductor NOp, hence the elliptic curve E has good reduction at .
Moreover, since

ged(p, char(kg, ) = ged(p, 1) = 1,

it follows from Proposition [1.3.19| that the action of the inertia group I on E[p]
is trivial. This implies that the local extension of the completions K (E[p])/K) is
unramified. Since ramification is a local property, the fact that the extension of the

completions is unramified directly implies that the prime ideal A does not ramify in
the global extension K (E[p])/K. This concludes the proof. O

It follows from the previous proposition that, if p is a prime ideal of K(F[p])
lying above [, the Frobenius automorphism at p is well-defined; in this chapter, we
will denote it by

Frob(p) = FrobK(E[p])/Q (p) .

Recall that for all ¢ € Gal(K(E[p])/Q) one has Frob(c(p)) = oFrob(p)o~!. Thus
we can consider the conjugacy class

Frob(l) = {Frob(a(p)) : 0 € Gal(K(E[p])/Q)}.

We assume that:

7 € Frob(l), (4.2)



90 CHAPTER 4. KOLYVAGIN’S THEOREM

where 7 is the complex conjugation. One often says that a prime [ satisfying (4.2))
is a "Kolyvagin prime”. Note that by Theorem [3.4.13| there is an infinite number of
Kolyvagin primes.

Remark 4.2.2. A consequence of the assumption 18 that [ remains inert in K.
Note that, since K is an imaginary quadratic field, K/Q is abelian, and the conjugacy
class Froby g(l) consists of a single element, which, by an abuse of notation, we will
also denote by Frobg g(l). Moreover, one has

Fl”ObK/Q(l) = (FrObK(E[P])/Q(l))|K =T,

that is the nontrivial element of Gal(K/Q). Thus [ is inert in K. Another useful
fact in this context is that the prime ideal A := O C Ok splits completely in
K(E[p]) since

Fl“ObK(E[p])/K()\) = (FrObK(E[p])/Q(l))2 = T2 = id.
Another consequence of assumption (4.2)) is the following proposition

Proposition 4.2.3. Assumption (4.2)) implies that
a=1+1=0 (mod p).

Proof. Note that since the complex conjugation 7 is an involution, it satisfies the
equation
X?—-1=0.

On the other hand, the characteristic polynomial of Frobggp))o(l) acting on E[p] =
F2 is X* — a; X 41 (see [Sil09, Theorem 2.3.1]). Hence, assumption ([4.2) implies
the congruence

X?—1=X?>—qX+1 (mod p)

from which we deduce that a; =1+ 1 =0 (mod p). O

Now, we want to introduce some families of objects that will play a fundamental
role in the proof of Theorem More precisely, we will need:

a family {x,}, of points of X,(V) such that each z, € Xo(N)(K,);

a family {y,}, of points of E such that each y, € E(K,);

a family {P,}, of points of E such that each P, € E(K,);

a family {c(n)}, of cohomology classes such that each c(n) € H (G, E[p]).
For the considerations made before, the index n of all these families will run over

R := { squarefree integers n relatively prime to pND such that if n =1, ---1[,,
then 7 € Frob(l;), where 7 is the complex conjugation }.
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Let O,, = Z ® nOk be the order in K of conductor n with n € R and consider
N, =NnNO,.

This is an ideal of O,, such that O, /N, = Z/NZ and as we saw in Chapter [3] the
isogeny

C/0, — C/N !

is cyclic of order N. Note that this construction is consistent since the conductor of
the order is coprime with V.

Definition 4.2.4. Let n € R. We define x,, as the point of Xo(IN) corresponding
to the isogeny
C/0, — C/N 1.

Note that, similarly to the case n = 1, we have z,, € Xo(N)(K,,), where K, is
the ring class field of K of conductor n.

Definition 4.2.5. Let n € R. We define
Yn = w($n)

where ¥ is the modular parametrization. In particular, since v is defined over Q,
then y, € E(K,). We will again call each y,, a Heegner point and the family {y, tner
an Fuler system.

Once we have the family {y, },er we may study its properties. Fix the following
notation:

e nER,

e G, :=Gal(K,/K);

e G, = Gal(K,/K;);

o Try =) . 0 €Z[G]if lis a prime factor of n.

Here Z[G)] is the free abelian group generated by the elements of Gy, i.e.

Z[G)] = € Zo.

o€l

Note that Z[G] has a natural ring structure defined as follows. If Y~ _n,o, > m,7
are in Z[G], then

(Z ma) ' (Z mﬁ> - ;ngmmr - Z (Z nm) .

Remark 4.2.6. Let n =1-m € R with | a prime factor. Then G,, and G; have the
following properties.
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(a) Since K, = K; - K, and K; N K,,, = K1, we have
G, = Gal(K;/K,) = Gal(K,, - K;/K,,) = Gal(K,,/ K,).
In particular we can apply Tr; to y,.
(b) There is a decomposition Gy, =[], Gi. Indeed, if n =1,
G, = Gal(K;- Ky/K;) = Gal(K;/K;) x Gal(Ky/K;)
and we conclude by induction.
(¢) The group Gy is cyclic of order | + 1. Indeed, by

~ Gal(Kl/K) ~ C’l((’)l) ~ IK(Z)O'P(OK)

~ Gal(K,/K) ~ CI(O) Prea(l)

Gy

and by the short exact sequence

Ik (1) NP(Ok)
Prz(l)

1 = (Z/NZ)* — (O /lOk)* —

we have
o~ (Ok /1OK)*
' (z/1z)”

Moreover, since l is inert in K by Remark[{.2.3, if X is the unique prime ideal
of K overl and Iy is its residue field, then

= ONHOR L5 o
(Z.)17.)* F<  FS
In particular, Gy is cyclic of order 1 + 1.

Proposition 4.2.7. Let [ be a prime factor of n € R, write n = Im and let a; be
the [-th coefficients of the Fourier series of the new form associated to E. Then

(a) Tri(yn) = aym in E(K,,)

(b) Each prime factor A, C Ok, of A\ = Ok divides a unique prime ideal A, of
K,, and we have the identity

redy, (y,) = red,,, (Frome/@()\m)(ym))
where redy, : B(K,) — E(Fy,) is the reduction map.

In order to prove this proposition, we need to interpret the Hecke operator 7T; :=
T5(1) as an action on Div(Xy(N)).
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Definition 4.2.8. Let C1,Cy be two curves. A correspondence C; ~» Co is a curve C
together with two non constant morphisms

C
/ X
Cl CQ-

In our case, we want to consider the Hecke operator 7; as a correspondence
Xo(N) ~ Xo(N) of the form

Xo(IN)
/ \
Xo(N) Xo(N).

Recall that X(V) classifies elliptic curves together with a cyclic subgroup of
order N, up to isomorphism. More precisely, a point of Xo(N) is a pair (E, C'), where
E is defined over C and C' C F is a cyclic subgroup with C' = Z/NZ. Similarly,
a representative of a point of Xy(IN) is a pair (E,C @ D), where C' = Z/NZ and
D = ;. Using these notations, we can define o and f.

Definition 4.2.9. We define
e a:Xy(IN) = Xo(N), (E.Ca D)~ (E,C);
e 5:Xo(IN) = Xo(N), (E,C®D)— (E,(C+ D)/D).
One can check, in the language of complex varieties, that

e « corresponds to the morphism « : H/T\(IN) — H/T'o(N) induced by the
inclusion I'o(pN) C I'o(N):

e 3 corresponds to the composition

B:H/To(IN) = H/ {é ﬂ To(IN) {é ﬂ B — H/To(N)

where the isomorphism is given by z — [z and the second map is induced by
the inclusion

[(l) ﬂ To(iN) [é ﬂ_lgro(zv).
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Correspondences induce maps of divisors, let’s see it in our case. Let z € Xy(N),
then we can view a~1(z) as a divisor on X(IN) as

aMz)= Y multp(a)P € Div(Xo(IN)).
Pea—1(z)

In this sense, S(a~(x)) € Div(Xy(NN)) and we obtain a map

Boa™!

Div(Xo(N)) £ Div(X,(N))

given by
(E,C)— > (E.CoD)~ Y (E,(C®D)/D).
DCE(] DCE[l]
#D=l #D=l

Another equation that we will use in the proof of Proposition 4.2.7] involves
the reduction modulo [ of 7;. One can prove that if [ { N, then Xy(/N) has good

reduction at [, i.e. the curve Xy(N) obtained reducing modulo [ the equation of
Xo(NV) is nonsingular. In this sense we obtain an action on Div(Xy(V))

T, : Div(Xo(IV)) — Div(Xo(N)).

Proposition 4.2.10. The reduction of the Hecke operator T; admits the decompo-
sition
Tl = FI'Z + FI‘;

where ¥, is the I-th Frobenius and Fr} is its transpose. In other words, for all
P € Xo(N)

Ti([P]) = [Fr(P)] +1[Q)]
where Q € Xo(N) satisfies Fr(Q) = P.
Now we are ready for the proof of Proposition [£.2.7]

Proof of Proposition[{.2.7. Doing explicit calculation one can check that we have,
at the level of divisors of Xy(N), an equality

Tr)(z,) = Ti(xm) € Div(Xo(N)).

Moreover, by Theorem [2.3.22| T}, acts on E as multiplication by a; and applying the
modular parametrization, we have

WY = atp(tm) = P(Ti(zm)) = P(Try(zn)) = Tri((2n)) = Tri(ym)-

Then we have proved (a).
Recall that by Remark [3.4.22] if \,, is a prime ideal of K, lying over [ then it

totally ramifies in K,,. In particular, if A, is the unique prime ideal of K,, lying over
Am, then the residue fields coincide, that is

Fy, =F,, 6 =F)\=Fp.
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By Proposition we have the congruence
T, =Fr;+ Fr,  (mod ).
Hence, passing modulo A, we have
Ty(zm) = Fri(zm) + Fri(z,)  (mod \,).

In particular, there exists at least a point of the divisor T(z,,) that is equal to
Fri(zm) = Frobk,,/q)(Am)(Zm) modulo A,. On the other hand, from part (a), we

know that
T(zm) = Tr(x,) = Z o(x,).

o€Gal(Ky/Km)

Since \,, is totally ramified in K, all the o(z,)’s are congruent to x, modulo A,
so by the previous discussion we have that

r, = Frobg,, jo(Am)(zm) (mod A,).

Finally, applying the modular parametrization, we obtain the desired result. O]

Now we are going to use the Euler system to construct cohomology classes in
H'(Gk, E[p]). Recall that by Remark

G, = Gal(K;/Ky) =2 Gal(K,/K,,) < Gal(K,,/K;) = G,
is a cyclic subgroup of order [ + 1 and let o; be a fixed generator.

Definition 4.2.11. The augmentation ideal of the group ring Z|G,] is the kernel of
the map Y ,cq, No0-

Note that, with notation above, the augmentation ideal is principal and gener-
ated by 0 — 1 where 1 € G is the identity. Indeed, the augmentation ideal is clearly
generated by the element of the form o — ¢/, with 0,0’ € G;. This is exactly the
set of elements of Z[G] of the form o — 1 and the ideal generated by this set is the
ideal (o7 — 1).

Definition 4.2.12. We define D, as the solution in Z|G)] of the equation
(o —1DX =101+1-T. (4.3)
Remark 4.2.13. Note that a solution exists. For example Kolyvagin takes
i

l
C oy —
Dy =Y ioj==> “+—.
- 0'1—1
11

=1

Indeed:
I+1 I+1

(Ul—l)-D?:—Z(af—l)=l+1—20f:l+1—Trl.

i=1 =1
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Remark 4.2.14. The solution D, is well defined up to addition of elements in ZTx,.
In fact, let Zizo n;o; be a generic element of Z|G;] and suppose that

l

(al—l)-Zniaf:O

i=0
or equivalently, that
!

! !
g n_10; — g n;o; = E (ni—1 —n;)o; =0
i=0 i=0

=0

where n_1 :=mny. Then n; =n;_q for alli =0,... 1 that is

l
E 7”LZ'O'lZ = k’TIl
=0

for some k € Z. If we now have D, D) € Z|G] satisfying then
(o1 =1)- (D= D) =0
and by the previous discussion
D; = D, + kTr,
for some k € Z.

Definition 4.2.15. Let n € R and fiz a solution D; € Z|G,] for all prime factor
l| n. We define D,, as the product

D, =[] D € ZG.).

ln

Proposition 4.2.16. Letn € R. The point D, (y,) € E(K,,) gives a class [D,(y,)] €
E(K,)/pE(K,) which is fized by G,,.

Proof. 1t suffices to show that for all I | n, [D,(y,)] is fixed by the generator o; of
G;. In other words, we have to show that

(01 = 1) - Du(yn) € pE(K).
Note that
(oy—1)-D,=(0y—1)-D;-D,, =(+1-"Tx) - D, € Z|G,].
Hence in y,, we have that

(Ul - 1) : Dn(?Jﬂ)

(l + 1) ’ Dm(yn) - Dm(Trl<yn))
(l+1) Dp(yn) — ar - Dip(Ym)-

where the last equality is guaranteed by Proposition Finally, from Proposition
12,3 we have that

a=1+1=0 (mod p)

and the claim follows. O]
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Now we are ready to define the family {P,},, where the index n runs over R.
Consider the exact sequence of groups

0—G,— G, — Gal(K;/K)—0
and let S be a complete set of representatives for GG, in G,,.

Definition 4.2.17. We define
P, =Y o(Dulyn)) € E(K,)
c€eS
with the request that if m | n, then we use the same set S to define P,

Note that when n = 1, we recover the point yx € F(K). Indeed, in this case we
have

e Gy = {1}7
. G, = Gal(K:/K),
[ ] S = gl.

Thus

P = Z U(D1(y1)) = Z U(?h) = TI"KI/K(?A) =Yk-

o€G1 o€t
Proposition 4.2.18. Let n € R. The point P, € E(k,) defines a class [P,] €
E(k,)/pE(k,) which is fized by the action of the Galois group G, = Gal(k,/K).

Proof. Let g € G,, and let S be a fixed complete set of representatives for the cosets
of G, in G,. By elementary group theory, the set

S'=gS={gon:nes}

is still a complete set of representatives for GG, in G,. By the definition of P,, we

have:
9(P.) =g (Z n(Dnyn)> = (gon)(Dayn) = D> 1 (Dnyn)-

nes nes n'es’
By the property of coset representatives, for each 1’ € S’ there exists a unique
n € S such that ' = no~,  for some ~,, € G,,. Substituting this into the summation,

we obtain:
9(P) =Y (0 )(Duyn) =Y 0 (D))

nes nes

By Proposition [4.2.16| the class of D,y, is fixed by G, modulo pE(k,), which
means Y,y (Dnyn) = Dpyn + pQ,y for some Q,y € E(k,). Since 7 is an automorphism
of E(k,), it maps pE(k,) into itself. Thus:

9(P) =Y n(Dutpn +pQy) = > _1(Duyn) +1Y_n(Qy) = P (mod pE(ky,)).

nes nes nes

This shows that the class [P,] is invariant under the action of G,. O
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The family {P,},er plays a crucial role in defining the cohomology classes
{¢(n)}ner. For this purpose, we construct an important commutative diagram.
To begin with, consider the isogeny [p] : E — E. Recall from section that the

short exact sequence
[p]

0— FEp —F—FE—=0 (4.4)
induces the kummer sequence
0 — E(K)/pE(K) =+ H'(Gx, E[p]) — H'(Gk, E)[p] — 0.
In the same way, taking the Galois cohomology with respect to
Gk, = Gal(K,/K,) = Gal(K/K,)
to the sequence |4.4] we obtain the short exact sequence

0 — E(K,)/pE(K,) = H'(Gk,, Elp]) — H'(Gk,, E)lp] — 0.

Finally, applying the left-exact functor (-)9* to the latter sequence, we obtain the
exact sequence

0 — (E(K,)/pE(K.))" = H' (G, Ep)% — H' (G, . E)[p)*".
Recall that the short exact sequence of Galois group acting on E
0— Gk, — Gg — Gal(K,/K) — 0
induces the inflation—restriction sequence
0 — H'(Gal(K,/K),E) 2% H Gy, E) == H'(Gk,, E).

Putting all these sequences together, we finally obtain the following commutative
diagram with exact rows and column

~

HY(Gn, E(K,))[p)
inf (4.5)

2

0 —— E(K)/pE(K) —— H'(Gk, E|p|)) —— HY(Gk,E)[p] — 0

l lres res
~

0 — (B(K.)/pE(K,))" = H'(Gk,, B[p))* — H'(Gk,. E)[p]".

Note that the image of the map res : H(Gg, E[p]) — H'(Gg,, E[p]) is fixed by
G, by the Hochschild—Serre sequence. Moreover, we want to prove that it is an
isomorphism.
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Lemma 4.2.19. E has no p-torsion rational over K,.
Proof. Suppose that E(K,)[p] # 0. then there are only two possibilities:
e E(K,)[p] = F,. In this case we have a tower of F,-subspaces of E[p]
1 <F, = E(K,)[p] <F: = E[p.

Since K, /Q is Galois and hence normal, then Gal(Q(E[p])/Q) has to pre-
serve this tower of subspaces, but this cannot happen since in our hypothesis

Gal(Q(E[p])/Q) = GLa(Fy).

e E(K,)[p] = F;. In this case the entire p-torsion of E is K,-rational, that is
Q(EIp]) C K,,. Thus, as observed in Remark 4.1.8, we have

GLs(F,) = Gal(Q(E[p])/Q) = Gal(K (E[p])/K) = GauKn/g?«E[p]»‘

In other words, we have a surjective homomorphism
gn — GL2 (Fp)

and this is impossible whenever p > 2.

It follows immediately from Lemma that
res : H'(Gg, Elp]) — H'(Gk,, E[p])
is an isomorphism. Indeed, writing the Hochschild—Serre sequence

0 —— H' (G, E(K,)[p]) —™— H' (G, Ep))

res

HY (G, E[p))% —— H*(Gn, E(K,)[p]) —— H*(Gk, E[p])

we note by Lemma that
Hl(gm E(K,)[p]) = HQ(gm E(K,)[p]) =0

i.e. the restriction map is an isomorphism.
We can now rewrite the diagram by incorporating the isomorphism just obtained,
and finally define the cohomology classes.
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2

H (G, E(K)) Pl
inf (4.6)

~

0 — E(K)/pE(K) —— H'(Gk, E[p)) —— H'(Gxk,E)lp] — 0

l 2||lres res

0 — (E(K,)/pE(K,)) = H'(Gk,, Ep) — H'(Gk,, E)p.

Definition 4.2.20. Let n € R. We define
e c(n) € H'(Gk, E[p]) the unique element such that res(c(n)) = k,([P,)]);
e d(n) € H' (G, E)[p] as the image of c¢(n);
e d(n) € HY(G,, E)[p| such that inf(d(n)) = d(n).

Note that by the commutativity of the diagram and by the exactness of rows
and columns d(n) is well defined. Directly from the construction we deduce the
following.

Proposition 4.2.21. (a) The class c¢(n) € H'(Gg, E[p]) is trivial if and only if
P, € pE(K,,).

(b) The classes d(n) € H (Gg, E)[p] and d(n) € H'(G,, E)[p] are trivial if and
only if P, € pE(K,) + E(K).

Proof. (a) By definition, ¢(n) is the image of k,(P,) under the inverse of the
restriction map (which is an isomorphism in this context). Thus, ¢(n) = 0 if
and only if x,(P,) = 0 in H(Gk,, Elp]). By the injectivity of the local Kum-
mer map k,: E(K,)/pE(K,) — H'(Gk,, Elp]), this is equivalent to P, = 0 in
E(K,)/pE(K,), which means P, € pFE(K,).

(b) Since the inflation map inf: H'(G,, E(K,)) — H'(Gg, E) is injective, we
have }

din) =0 <= d(n) =0.

Consider the following part of the diagram
E(K)/pE(K)  —  H'Y(Gxk, E[p])

4 J res
(E(Kn)/pE(Kn))% = HY(G,, Elp])%

The class d(n) is defined as the image of ¢(n) in H'(Gg, E)[p]. From the exactness
of the Kummer sequence

0 — E(K)/pE(K) % H (Gg, E[p]) — H (Gk, E)[p] — 0,
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we have d(n) = 0 if and only if ¢(n) € im(x). By the commutativity of the diagram
and the fact that res is an isomorphism, this is equivalent to k,(P,) being in the
image of E(K)/pE(K) via the map k, o res. This happens if and only if P, €
pE(K,) + E(K) as an element of E(K,). O

Remark 4.2.22. William McCallum found a concrete description for the classes we
have just constructed. More precisely, he observed that the class c(n) is represented
by the 1-cocycle

1 (c —1)P,

1
f:Gg — Elp|, aHa(—Pn) - =P, -
p D b

and the class d(n) by

f:G, > E, o— —

4.3 Preliminaries for the proof of theorem (4.1.7

In the last section we have introduced a family {c(n)},er of cohomology classes in
HY (G, E[p]) and now the goal is to study their properties. Recall that, in order to
prove Theorem we want to show that if p is an odd prime such that

o Gal(Q(E[p])/Q) = GLy(F,),
e p{D,

* yix & pE(K),

then the Selmer group Sel(E/K)[p] is cyclic generated by the image of the class
of yx under the Kummer map. To this end, we decompose the Selmer group into
eigenspaces under the action of an involution. We then establish that one eigenspace
is trivial, whereas the other is cyclic, generated by x(yk).

Let 7 be the complex conjugation, or equivalently, the nontrivial element of
Gal(K/Q) and consider the following action on Sel(E/K)[p]

7 : Sel(E/K)[p] — Sel(E/K)[pl,  [n] = 7 -[n] = [r-n]

where (7-1)(c) = 7(n(t7'o7)) € E[p] for all ¢ € Gg. Since 72 = 1, then its action
on Sel(E/K)[p| is clearly an involution and we obtain a decomposition

Sel(E/K)[p] = Sel(E/K)[p]" & Sel(E/K)[p]".
The existence of a such decomposition is guaranteed by the following general lemma.

Lemma 4.3.1. Let G be an abelian group endowed with an action of an involution
T such that the multiplication-by-2 map [2| is invertible in End(G). then we can
decompose G as

G=GtoG~
where G* ={g € G:7-g9 = ag} for a € {£1}.
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Remark 4.3.2. Note that in our hypotheses Sel(E/K)[p| is a finite dimensional
[F,-vector space and p is odd. Then [2] € End(Sel(E/K)[p]) is invertible and we can
apply the Lemma.

Let f be the newform associated with E via Eichler—-Shimura theory. Following
the results of Section we let € € {£1} be the eigenvalue of f under the Atkin—
Lehner involution, so that f € Sy(I'g(IV))¢. With this notation, it is useful for our
purpose to write the decomposition as

Sel(E/K)[p] = Sel(E/K)[p] ™ @ Sel(E/K)[pl"

4.3.1 A generalization of the Selmer group

For a more precise study of the family {c(n)},cr we need to generalize the Selmer
group. Let T be a finite dimensional IF,-vector space vith a discrete action of Gk
(for example one can take "= FE[p]). Note that if v € M is a place of K, then the
restriction map

G K, — G K, OO |f

induces via composition an action on 7'. In this sense we can consider
HY(Gg,T), HY(Gg,,T).
Recall that

Gal(K'/K,) = =

where [, is the inertia group.
Definition 4.3.3. Let v € Mg be a place of K.
o A local Selmer structure F fotT" is a vector subspace H}J(GKWT) of H'(Gg,,T).

o The singular quotient of H}I(GKU, T) is the quotient

H, 7(Gk,,T) = H'(Gx,,T)/H; 7(Gk,,T).

e The unramified structure at v is the local Selmer structure

H; 7(Gk,,T) := H(Gal(K)"/K,),T").

Remark 4.3.4. [t follows directly from the definition that the sequence
0~ H; 7(Gk,, T) — H'(Gk,,T) — H, z(Gk,,T) — 0

1s exact. Moreover, in the case of the unramified structure, the previous exract se-
quence becomes the following inflation—restriction sequence:

0— HY(GE T 2 HY (G, T) <= H'(I,, T)%% = 0
where G = Gg, /1, = Gal(K}/ K,).
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Given a local Selmer structure F, we now proceed to construct a corresponding
dual object F*. To begin with, we consider the I, vector space p,, of the p-th roots
of unity in K, and we give the following.

Definition 4.3.5. With notation above, we define:
o T := Homp, (T, pp);
e the cup product pairing is
U: H(Gk,,T) ®r, H (Gk,, T*) — H*(Gk,, T @5, T")

given by
(nU)(o1,02) :=n(o1) @ o1 - ¥(ga).

Note that the evaluation map
ev:T@p, T" = pp, @@= @(x)
induces a map in cohomology
evo(-): H(Gk,, T ®r, T*) — H*(Gk,, )
and we can consider the composition
HY(Gx,,T) @5, H'(Gr, T*) -2 HX(Gr,, T @5, T*) <2 H2(Gre,, o).

This is what we will call the Tate pairing. Before giving its definition, however, we
slightly simplify the situation.

Lemma 4.3.6. We have
H2<GK'U’ Mp) = Fp'
Proof. Taking the G g, -cohomology of the exact sequence of abelian group
0y — (K) 55 (K)" =0
we obtain the long exact sequence

Y H2 (G, K.

H' (Gg,, K,) = H*(Gg,, p) — H*(Gg,, K, )
Note that by Hilbert’s Theorem 90, the first term is 0:
H'(Gg,, K,”) =0.
Hence, by the exactness

1
H*(Gr, s 1) = Ker ((-)7) = EZ/Z =T,

where the second isomorphism is due to the fact that
H*(Gg,, K, ) 2 Q/Z.
For more details, see [Milll, Chapter 3]. ]
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Using the previous lemma we can give the following.
Definition 4.3.7. The Tate pairing is the map
<oy > HY(Gg,, T) @, H' (Gk,, T*) — T,
given by the composition
(evo(-))oU: H' (G, T) ®r, H'(Gk,, T*) — H*(Gk,, mp) =T,

Proposition 4.3.8. The Tate pairing is perfect. Moreover, let v € MY a finite
place of K and let (1) = vNZ. Ifl # p, then H'(G¥ ,T) and H' (G}, ,T*) are exact
orthogonal complements under the Tate pairing.

Proof. See |Mil06, Chapter 3]. O

Definition 4.3.9. Given a local Selmer structure F on T, we define its Cartier dual
local Selmer structure F* on T™* as the orthogonal complement H}’P(GKU, T*) with
respect to the Tate pairing. In other words

H;i 7.(Gk,, T*) ={¢ € H'(Gk,,T*) :<n,¢ >,= 0 for alln € H; z(Gg,,T)}.

Remark 4.3.10. Denote by V¥ = Homg, (V,F,) the dual space of a Fy,-vector space
V. Then the Tate pairing induces a perfect pairing

H, #(Gk,,T) ®s, H} 7.(Gg,, T*) — F,
and the resulting isomorphism
H, 7Gx, T) = H; 7.(Gk,, T)".

The local Selmer structures defined above serve as the building blocks for the
global theory. Specifically, a global Selmer structure F on 7' is obtained by a col-
lection of such local conditions, which in turn determines a subspace of the global
Galois cohomology group H'(Gg,T).

Definition 4.3.11. A global Selmer structure is a collection
{H; 7Gx, T) }oensc

of local Selmer structure, such that H}’F(GKU,T) is the unramified structure at v for
almost all v € My. Given a global Selmer structure F on T {H; z(Gk,,T)}y, the
Selmer group is the subspace of HY(Gg,T) defined by

Selp(K,T) :={c e H(Gk,T) : ¢, € H; x(Gk,,T) for all v e Mg}
Here, the element c, denotes the image of ¢ under the restriction map

HI(GK,T) — Hl(GKU,T).
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Returning to our setting with 7" = E[p|, the following definitions determine the
local Selmer structure used to recover the classical Selmer group Sel(E£/K)[p]. Recall
that for each place v of K we have the Kummer local map

ko : E(K,)/pE(K,) — H'(Gk,, E[p)).
Definition 4.3.12. We define

e the geometric local Selmer structure at v F on Elp| as
Hj 7(Gk,, E[p]) == Im(k,) € H'(G,, Elp]);

e the geometric global Selmer structure F on Elp| as the collection of all the
geometric local Selmer structures on E[p|.

Remark 4.3.13. Note that by the Kummer sequence, Im(k,) is a subspace of
HY(Gg,, Elp]) and it coincides to the unramified local structure for each v € My
such that E[p| is unramified at v. But by Proposition this happens for each
place v of K where E has good reduction and such that ged(p, Char(F,)) = 1, where
F, is the residue field of the local field K,. In other words Im(k,) coincides to
the unramified structure for almost all place of K. Moreover, the geometric global
Selmer structure gives

Selr(K, Elp]) = {c € H'(Gk, Elp]) : ¢, € H} z(Gk,, E[p]) for all v e Mg}
={cc H(Gg, E[p]) : ¢, € Im(x,) for all v € Mg}
= Ker(F)
— Sel(B/K)[p)

where F s the map apperaring in the diagram

0 — E'(K)/p(BE(K)) —"— HYGx, El¢]) —— H'(Gx, E)[¢] — 0
0 — [I, B'(K.)/p(E(K,) — [], H(Gx,, El¢]) — [1, H'(Gk,, E)[¢] — 0
(4.7)

We now proceed to a further generalization. Nevertheless, we keep in mind that
in our setting 7" will be the [F,-vector space E[p], and in what follows we will identify
the finite places of K with the corresponding prime ideals.

Definition 4.3.14. Fizx a global Selmer structure F on T and let a be an ideal of
Ok. We define:

o Selo(K,T) :={c e H(Gk,T) : ¢, € H} z(Gk,,T) for all vfa};

o Sel'(K,T*) := {c € H'(Gk,T") : ¢, € H} 5.(Gg,, T*) for allv, and ¢, = 0 if
vl|a}.
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Note that it follows from the definition that
Sel(Gg, E)[p] = Selx(K, E[p]) = Selo, (K, E[p])

where F is the geometric global Selmer structure on E[p]. More generally, for a
[F,-vector space T, one has

Selx(K,T) = Selp, (K,T) and Selr.(K,T*) = Sel% (K, T*).

Furthermore, if a is an ideal of Ok and T is the G x-module under consideration,
we obtain the following short exact sequences, whose exactness is immediate from
the definition.

0 —— Selp(K,T) —2— Selo(K,T) —%— ®yoH! #(G,, T)

0 — Sel*(K,T*) —— Selz«(K,T*) —— ®yaH} 5.(Gx,, T").

Using the isomorphism of Remark 4.3.10, one can splice these exact sequences
together to obtain the following long exact sequence:

0 — Selr(K,T) —— Selo(K,T) — @yaH! +(Gx,,T)
(4.8)

Sel g (K,T%) —— Sel*(K,T*)Y ———— 0

4.3.2 Properties of the cohomology classes c¢(n)

Thanks to the generalized notion of Selmer groups introduced in the previous sec-
tion, we now have the appropriate framework to formalize the local behavior of the
cohomology classes ¢(n). The first step consists in analyzing the action of complex
conjugation on the classes ¢(n), a property that will be crucial in the subsequent
arguments.

As in the case of Selmer groups, complex conjugation acts on the entire cohomol-
ogy group H'(G, E[p]), yielding a decomposition analogous to that of the Selmer
case

HY(Gx, Elp)) = H(Gxk, E[p)* ® H'(Gx, Elp) ™.

Proposition 4.3.15. Let n € R and consider r := #{l prime factor of n}. Then
c(n) € HY (G, Blp]) "

Proof. One can chek that the complex conjugation 7 acts on G, = Gal(K,,/K) as a
conjugation, i.e.
70 =0 1 forall 0 € G,.



4.3. PRELIMINARIES FOR THE PROOF OF THEOREM [4.1.7 107

Hence, if S C G, is a complete set of representatives of GG,, in G,

T(P,) =71 (Z UDn(yn)> = ZTO’Dn(yn) = Za‘lTDn(yn)

o€es o€es oes
=> o [ 1Dy =Y o [ mDilwn)-
cES In €S ln

We now rewrite the terms 7D,(y,), where [ | n is a prime factor. Recall that D,
satisfies the relation
(O’l — 1>Dl = l+ 1— TI‘[,

where o is a fixed generator of the cyclic group G;. Since both (I + 1) and Tr
commute with 7, it follows that (o; — 1)D; also commutes with 7. Thus, we have

(o, =)Dyt =7(0y — 1)D, = (0;17' —1)D,
= (al_l —1)1D, = —Jl_l(al —1)7D,.

in Z|G,]. Applying o; to the last equality we have
Ul<0'l — 1)Dl7' = —(O’l - 1)7’Dl

that is
(Ol - 1)(0’[D1T + TD[) =0

in Z[G)]. By Remark this means that
7D = —oy DT + k'Tr
for some k € Z. Then, applying these operators to y,, we finally obtain
TDi(yn) = =01 Di7(yn) + kTri(yn) = —o1Di7(yn) + kagy=

where the last equality follows from Proposition [£.2.7] Thus, returning to the com-
putation of 7(P,) we have

T(P) = Z o ! H 7Di(Yn)

o€eS lln
= Z ot H(—O’lDﬂ'(yn) + k:aly%)
oes ln
= (-1 H o Z o 'D,7(y,) (mod pE(K,)).
ln oes

where the congruence follows from Proposition [4.2.3] By Proposition 5.3 of [Gro91]
there exists op € Gal(K,,/K) such that

T(yn) = €0o(yn) + (torsion) (4.9)
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in E(K,). Note that if T is a torsion point of order m € Z appearing in the equation
[1.9] then ged(m,p) = 1, since by Proposition [£.2.19 E(K,)[p] = 0. Thus

pa+bm =1
for some a,b € Z and we have
T'=1-T=(pa+bm)-T=p-aTl.

In other words, we have
T(yn) = eaﬂ(yn)

in the quotient E(K,)/pE(K,). Since {07 '},cs remains a complete set of rep-
resentatives for Gal(K,/K) and since the class of P, is fixed by Gal(K,/K) in

E(K,)/pE(K,) (by Proposition |4.2.18)), it follows that

7(P) =e(=1)" [ [ oro0 > o7 Dulyn)

ln oeS

=e(—1)" H o,00P,

ln

=e(—1)" H o P,
IIn
— (-1)P,
in E(K,)/pE(K,), where the last equality follows from the inclusions
G C G C Gy
Finally, since the maps of the diagram [4.6| preserves the action of 7, we conclude. [
Recall that, under our hypotheses, every prime factor of n € R is inert in K (cf.
Remark . The following proposition is fundamental to characterizing the local

behavior of the resulting cohomology classes.

Proposition 4.3.16. Letn =1 ---1, € R, let \; .= ;0k foralli € {1,...,r}, and
let a:= M\ ---\.. Then c(n) € Sely(K, E[p]).

Proof. We have to prove that for each place v of K which does not divide a, the
class [c¢(n)], in H} 7(Gk,, E[p]) is trivial. We have three cases for v.

e v = 00. In this case K, = C and then
Gk, = Gal(C/C) = {1}

that is H'(Gk,, E[p]) = {0} regardless of the vector space E[p].
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e v is a finite place at which E has good reduction. In this case, since v { p, the
set E[p] is unramified by Proposition |1.3.19, that is I, acts trivially on Elp].
Then the local geometric structure is the unramified one and we have

Hl(GKuaE[p]) — H1<GKU7E[p])
Hj 7 (Gk,, Elp])  HY(GY,, Elp]"™)
= H'(1,, Elp))°%: = Hom(T,, E[p))%%:

H;,.F(GKM E[p]) =

where the isomorphism follows from Remark and the last equality from
Remark [2.4.4 Now let w be a place of K,, lying over v. Thanks to the
characterization of the extension K, /K (cf. Theorem and since v does
not divide the conductor n of the extension, v does not ramify in K. In other
words, (K,), /K, is unramified. This implies that (K,)% = K and since we
can suppose (K, ), = K,, we have

1, = Gal((Ky)w/(Kn)y) = Gal(E/KLH) = I,.

Then we have the following commutative diagram with exact rows

E(K,)/pE(K,) —— H'(Gx,, Elp]) —— Hom(L,, B[p])“*

Jre Jo

(Fn)w ur
—= HY(G(,).., Blp]) —— Hom(1,, Blp])“%e.

E((Kn)w)/pE((Kn)w)
The first row is the sequence of Remark recalling that, by definition,
Hj 7(Gr,, Elpl) = Im(x,) = E(K,)/pE(K,).

The second row is the same sequence for (K, ),, and then the vertical restriction
is the composition

H' (G, Elp)) = H (Gk,, Elp]) —= H' (G K,).,, E[p)).

By definition of ¢(n)
res(c(n)y) = (Kn)w((Pn)w)

where ¢(n), € H'(Gk,, E[p]) is the image of c(n) via res,. Thus, from the
exactness of the bottom row, the class [c(n)], = 0 in Hom(I,, E[p])%% =
H; (G, E[p]).

e v is a finite place at which E has good reduction. See |Gro91, Proposition
6.2].

O
Before stating the main theorem of this section, we need one more lemma.

Lemma 4.3.17. Let n = ml € R with | a prime number and let A = [Og. Then
the class [c(n)]x is zero in H} (G, , E[p]) if and only if P,, € pE(K)).
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Proof. |Gro91, Proposition 6.2]. ]

The preceding results can be summarized in the following theorem.

Theorem 4.3.18. Suppose that the point yx ¢ pE(K) and let z € E(K) such that
[p]z = yi. Letl be a Kolyvagin prime such that | does not split completely in the
extension K(E[pl,z)/K(E[p]). Let X := [Og. Then the class c(l) € H (G, E[p])
lies in the eigenspace Sel\(K, Elp|)~¢. Moreover, the class [c(I)]x of c(l) in the
quotient H} (G, , E[p]) is nonzero.

In other words, Theorem [4.3.18 states that c(l) satisfies the local conditions
defined by the geometric Selmer structure F at all primes w # (O, whereas it fails

to lie in the local subgroup H; (G, E[p]) when w = [Ok.

Proof. Propositions [4.3.15] and [£.3.16] imply directly that

c(l) € Sel\(Gk, E[p])~¢.
For the second part, recall that P, = yx, hence by Lemma [4.3.17]
[c(D)]x=0 <= yi € pE(K)).

Note that L = K(E[p|, z) is the minimal extension of Ly = K(E[p]) in which yy is
divisible by p. In other words

Indeed, if yx is divisible by p in K, by the minimality of L, L. C K,(E[p]). Con-
versely, since z € K, then necessarely yx € pE(K)). Let now P be a prime ideal
of L lying over A, then trivially

yKEpE(KA) < LQKA(E[])]) < ngK,\.

But X splits completely in Ly by remark and p = Lo NP is a prime ideal of Ly
lying over A, thus (Lg), = K and we have

Yk € pE(K)) <= Ly = (Lo)y-

But Ly = (L), holds if and only if A splits completely in the extension L/L, and
this cannot happen in our hypothesis. O

Another crucial result that we will apply in conjunction with Theorem is
the following.

Proposition 4.3.19. Let [ be a prime in R, X := 1Ok and let n € {£}. Suppose
that there exists an element ¢ € Sel\(Gk, E[p])" such that [c]y # 0 in H(Gk,, E[p]).
Then, for all s € Sel(E/K)[p]", it holds that sy = 0 in Im(k,).
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Proof. Thanks to Remark [4.3.23| (that we will discuss soon), we can rewrite the
exact sequence (4.8)) as follows:

0 — Sel(K, E[p])" ———— Sely\(K,T)" —*— HYGk,, E[p])"

B
(Sel(K, E[p))V)" —— (Sel*(K, E[p])¥)" ——— 0.

By hypothesis, a(c) # 0 in H(Gg,, E[p])" and by the next Lemma (4.3.20))
dimg, (H, (G, Elp])") =1,

that is « is surjective. Thus by the exactness of the above sequence, v is an iso-
morphism. Indeed, it is clearly surjective and by the exactness (8 is the zero-map
since

HY (G, Elp])" = Im(a) = Ker(8).
In conclusion, we obtain an isomorphism
(Sel(K, E[p])*)" = (Sel (K, E[p])")"

or equivalently
Sel(K, Blp])" 2= Sel* (K, E[p])".

This in particular means, by the definition of Sel*(K, E[p]), that for each s €
Sel(K, E[p])", we have s, = 0.
0

It remains to prove the following lemma.

Lemma 4.3.20. Let [ # p be a Kolyvagin prime at which E has good reduction and
let \:=10g. Then
diIIl]Fp([’I;’]_-(GKA7 E[p])i) = 1

For the proof of Lemma [4.3.20] we need a special pairing
ep: Elp] x Elp] — pyp,

called the ”Weil pairing”. We now briefly recall its definition.
Let T' € E[p]. Then, there exists a function fr € K(E) such that

div(fr) = p(T) — p(O).

Consider now a point 7" € E such that [p|T" = T. Since the order of 7" is p* (as
[P*|T" = [p]T = O), there exists a function gr € K(FE) such that

div(gr) = > ((T'+ R) — (R)).

ReE[p]
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Note that fr and g satisfy
div(fr o [p]) = div(g7);

thus, up to scalar multiplication by an element in K , we can assume that fro [p] =
gh. Now, let S € E[p]. For any X € E, we have

gr(X + 8)" = fr([p]X + [p]S) = fr([p]X) = gr(X)".
Definition 4.3.21. Using the notation above, we define the Weil pairing as

gr(X +5)
gr(X)

where X € E is any point such that gr(X + S) and gr(X) are both defined and
nonzero.

e, Elpl x Elp] = pp, (S,T) —

Although ¢r is defined only up to multiplication by scalars in K™, it can be
verified that e, does not depend on this choice (for more details see [Sil09, Chapter
3, Section 8]).

Proposition 4.3.22. The Weil pairing e, is an alternating perfect pairing. More-
over it is Galois equivariant, i.e. it holds

7(ep(S.T)) = (0 (S), ()
for all S,T € E[p| and 0 € Gk.
Proof. see [Sil09, Chapter 3, Section 8, Proposition 8.1] ]
Remark 4.3.23. It follows directly from Proposition [{.5.23 that
Elp]" = Homg, (Ep], pp) = Elp).
We are now ready for the proof of Lemma [4.3.20]

Proof of lemma[{.3.20. We divide the proof into two steps.
Step 1. We are going to prove that
H, 7(Gx,, Elp]) = E[p]™.

Since E has good reduction at A, by Remark [4.3.13| the geometric local Selmer

structure Im(ky) coincides with the unramified one and by the exact sequence of

Remark we have

H;,.F(GKME[p]) = Hl(GKME[p])

= =~ (I, E[p))“*>.
oGy, By R
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Note that in our hypothesis, by Proposition |1.3.19| F[p] is an unramified set (i.e. Iy
acts trivially on F[p]) and we can deduce that

H;,I(GKME[]D]) = Hom(/,, E[p])G}?A'
Moreover, one can check that every homomorphism
I, — F [p]

factors through I, /pI\ = Gal(K}"(l %) /KY) = w,. Finally, since A splits completely
in K(E[p]) by Remark [1.2.2] if w is a prime ideal of K (E[p]) lying over ), then the
residue fields are the same and w appears with multiplicity 1 in the factorization of
A. This directly implies that

K(E[p)) € (K(E[p)w = Ky,
that is E[p] C K. Thus E[p| is fixed by G¥%, = Gal(K}"/K)) and we get

H} 7(Gr,, Elp]) = Hom(ps,, Elp])“* = Hom(p,, E[p)).
Hence, we can conclude that
H, 7(G,, E[p])* = Hom(p,, E[p])* = Elp]*
where the last isomorphism is given by

Hom(py, Elp]) = Elp] ¢ = @(20)
where x is a fixed primitive p-th root of unity.

Step 2. We now compute the dimensions of the eigenspaces. By the previous step
it suffices to show that
dimFP(E[p]i) =1.

Note that since dimg, (E[p]) = 2, then

(dimz, (E[p]*), dimg, (E[p] ")) € {(1,1),(2,0),(0,2)}.

Suppose, for example, that dimg, (E[p|") = 2 (the case for E[p]~ is symmetric).
In this case, we would have E[p]" = E[p] and E[p|~ = 0. Consequently, for all
S,T € E|p|, it holds that 7S = S and 77" = T. By the Galois equivariance of the

Weil pairing (cf. Proposition [4.3.22), we have
ep(,T) = ¢,(75,7T) = 7(e,(5,T)) = ¢,(S, T) ",

where the last equality follows from the fact that 7 acts on p, by inversion. This
implies e,(S,T)* = 1, and for p > 2, this means e,(S,T) = 1 for all S,T € El[p)].
This is a contradiction, as the Weil pairing is non-degenerate (perfect). Therefore,
we must have

dimg, (E[p]") = dimg, (E[p]”) =1,

which completes the proof. O
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4.4 Computation of the Selmer group

In this final part of the chapter, our goal is to compute the Selmer groups Sel(E/K)[p]",
for n € {4e€}. As announced at the beginning of the chapter, we prove that

Sel(E/K)[p] =0 and Sel(E/K)[p]° = (k(yx))r,

As in the previous section, we want to understand how complex conjugation 7
acts on our objects, and we now turn to the case of yg.

Proposition 4.4.1. Whit notation above,
T(yx) = €Yk

that is yx € (E(K)/pE(K))".

Proof. Recall that by Proposition4.2.19| F(K) has no nontrivial p-torsion and using
Proposition 5.3 of [Gro91], we can choose an automorphism o € Gal(K;/K) such
that

7(yx) = €o(yx)
in E(K,)/pE(K;). Recall that 7 acts as conjugation on Gal(K;/K) and that the

operator
Tr = Z «,
acGal(K1/K)

used for the definition of yg, preserves the inversion. Thus, since o € Gal(K;/K),

we obtain
T(yr) = 7(Tr(y1)) = ( (1))
= Tr(eo(y )) Tr(o(y1))
= eTr(y) =

We now fix some notation that we will largely use in next results. Let
o Lo:= K(E[p]);
o L= Ly(z) = K(E[p],z) with z € E(K) such that [p]z = y.
Lemma 4.4.2. We have
H'(Gal(Lo/K), E[p]) = 0
for all 1.

Proof. We want to use Proposition [2.4.13, Let A := Ff) and fix the following left-
exact functors:

o F:= ()% : [GLy(F,) — mod] — [GLy(F,)/F; — mod];
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o G = () ¢/ [GLy(F,)/FX — mod] — Ab.

Since A is an object in the category [GLy(FF,) — mod] and the composition G o F' =
(-)GL2(Fp) is still left-exact, we have the Groethendieck spectral sequence E(A) which
verifies for all p, ¢:

o E(A)S? = RPG(RIF(A)) = H?(GLy(F,)/F), HY(F ), F2));

p’T D
o H?(GLy(F,)/Fy, HI(F),F2)) = HP(GLy(F,), F2).
Note that HI(F),F2) = 0 for all ¢. Indeed, for ¢ = 0

HOFX,F2) = (F) = {z € F2:FX o =2} = 0.
For g > 0, one can see [NSW13, Chapter 8, Corollary 1]. Thus
Hp“(GLQ(Fp),Ff)) =0
for all p, g and we conlude. O
Lemma has an important consequence.
Proposition 4.4.3. The restriction map induces an isomorphism

res : H' (G, Elpl) = H'(Guy, Elp)) /) = Homgayzo i) (G, Elpl).

Proof. First of all we write the Hochschild—Serre exact sequence of Section [2.4.2
with M = Elp|. Then we have

0 s H'(Gal(Lo/K), E[p]®) —™ HY(Gy, E[p])

H' (G, E[p]) 5"/ —— H*(Gal(Lo/K), E[p]“+0) —— H*(G, Elp)).
Since E[p] C Ly is fixed by G, = Gal(K /L), by Lemma , one obtains
0= H'(Gal(Lo/K), E[p]) = H'(Gal(Lo/K), E[p|“*o).
Thus, by the exactness of the Hochschild-Serre sequence, the diagonal arrow
res : H'(G, Elp)) — H'(G,, E[p]) */®)
is an isomorphism. O

Thanks to Proposition [£.4.3] we can give the following.

Definition 4.4.4. The restriction map induces a pairing
['7'] : HI(GIOELPD X GLO — E[p]

given by
[s, p] = res(s)(p).
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In order to study the properties of this pairing, we need to fix some other nota-
tion:

e S will be a finite-dimensional F,-vector space of H'(Gg, E[p]) (for example
we will put S = Sel(E/K)[p]);

o G} ={peGp,:[s,p] =0forall s €S}
e Lj will be the subfield of Q fixed by G7. .
Note in particular that
=78 = /A6t s
Grs = Gal(@/L) = Gal(@/Q"%0) = G5,
Remark 4.4.5. The pairing of Definition [4.4.4] induces another pairing
S x Gal(L§ /Ly) — E[p).

First of all note that if s € S, then res(s) : G, — El[p| factors through the quotient

Gal(Lg /L) =

Indeed, if o € Gs = G1,, by definition res(s)(c) = [s,0] = 0, that is o € Ker(res).
Thus it is induced another map

res(s) : Gal(LS/Lo) = Elpl,  [o] — res(s)(o)
which defines a pairing
[,]: 8 x Gal(Lg/Lo) — E[p]  (s,p) = [s,p] :=Tes(s)(p).
Proposition 4.4.6. The induced pairing
]+ 8 x Gal(Lg /Lo) — E[p)
is non-degenerate. It induces the following isomorphism of Gal(Ly/K)-modules
Gal(L§ /L) = Hom(S, Elp))
and the following isomorphism of Gal(K/Q)-modules
$ = Homgazoyi0 (Gal(L§ /Lo), Elp)).
Proof. First of all we show that
Gal(Lg/Lo) — Hom(S, E[p]),  p+> [, /] (4.10)

and
S — Homgai(ry/ ) (Gal(L§ /Lo), E[p)), s [s,] (4.11)
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are injective. Let p € Gal(L5/Lg) such that [s,p] = 0 for all s € S. This means
that p = [o] with

0 € G, NG s = Gal(Q/Lo) N Gal(Q/Lj) = G s.

Thus p = [o] = 1 in Gr,/Grg and the map is injective. As regards (4.11)),
let s € S such that Tes(s)(p) = [s,p] = 0 for all p € Gal(L5 /L) = Gr,/Grs. Thus
7es(s)(o) = 0 for all o € G, and since the reduction map is an isomorphism by
Proposition , necessarely s = 0 and the map is injective. Now we prove
that these two injections are actually isomorphisms. Since

Gal(Lo/K) = GLy(F,) = Aut(E[p]),

Elp| is an irreducible Gal(Ly/K)-module (this means that E[p] does not have non-
trivial submodule). Let r := dimg, (S). Then, by the injectivity of (4.10) we know
that Gal(L§ /Lg) is a Gal(Lg/K)-submodule of

Hom(S, Ep]) = E[p]".
Hence, by the irreducibility of F[p]|, one has
Gal(Lg /Lo) = Elp)'
for some t < r. But from the injectivity of , S = I, is a subspace of
Homgai(ro/k) (Gal(Lg/Lo), Elp]) = FZ
and this means that ¢ = r and and are isomorphisms. O]

Now we want to apply Proposition to the vector space Sel(£/K)[p] and to
the following tower of fields

Q.
To do so, we first establish the following lemma.

Lemma 4.4.7. There are isomorphisms between the eigenspaces
Elp)™ = Gal(L/Ly)*.
This in particular implies that dimg (Gal(L/Ly)*) = 1.
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Proof. First of all consider
¢:= K(yr)lay, : Gro — Elp] € H'(GL,, Elp]) = Hom(G',, Elp))

where s is the Kummer map. Recall that from Section we have an explicit
description of ¢:
clo) =0(2) — z.

Moreover, note that
Ker(c) ={o € G, : 0(2) = 2z} = GL.
Thus, if we prove that c is surjective, we obtain an induced isomorphism
¢:Gp,/Gp = Gal(L/Ly) = E[p].

In order to prove that c is surjective, note that ¢ is not the zero-map. Indeed, since
yrx ¢ pE(K) and since the Kummer map k is injective, one has

k(yx) # 0 in H' (G, E[p]).

But from propostion we have an isomorphism

(=23

res : HI(GK,E[p]) = Hl(GLO,E[pDGal(LO/K) — HOm(GLO,E[p])GaI(LO/K).

In other words, ¢ := r(yx)|c,, = res(k(yx)) is a nonzero homomorphism G, —
E[p] that is also Gal(Ly/K)-equivariant. Let z # O be an element of E[p] such
that © = ¢(0y) for some oy € Gp,. Since the action of Gal(Ly/K) is transitive,
for all y € E[p], there exists ¢ € Gal(Ly/K) such that ¢(z) = y. Thus, for the
Gal(Lg/K)-equivariance, we obtain

y = ¢(x) = ¢(c(o0)) = c(of)-
Summing up, we have an isomorphism

¢: Gal(L/Lo) = E[p]

induced by ¢. We now study the action of the complex conjugation 7 on k(yx). One
has for all 0 € G

K(y) (o) = 7(07(2) — 2) = o(7(2)) — 7(2).
On the other hand in the quotient E(K)/pE(K)
[pl7(2) = 7(p2) = 7(yx) = eyx
where the last equality follows from Proposition 4.4.1, Hence

k(yr)" (o) = ex(yx) (o)
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and k(yx) is an eigenvector for 7. Thus, if ¢ € Gal(L/Ly)*, then
ec(o) = (0) = 7(c(07)) = 7(e(0™))
and applying 7 and multiplying by € we finally obtain
7(¢(0)) = tec(o).
In other words, this means that via ¢ we have the
E[p]™ = Gal(L/Ly)*
O

Now we let the complex conjugation 7 act on the Galois groups and in particular
we consider the decompositions

Gal(Ly/Lo) = Gal(L§ /Lo)™ @ Gal(L5 /L)~
Gal(L5 /L) = Gal(Ly/L)" @ Gal(L3/L)".
We denote H := Gal(L5 /Lo) and I := Gal(Lj /L). For example, using this notation,
H*={h€ H:hr=h}.
Proposition 4.4.8. The following properties hold.
(a) H ={(th)*: h € H};
(b) I" ={(7i)*:i€ H};
(¢) Ht /It = TF,;
(d) let s € Sel(E/K)[p]. The following conditions are equivalent:

i) s=0;
i) [s,p] =0 forallp € H;
i) [s,p] =0 forall pe HT;
w) [s,p] =0 forallpe HT\ IT.

Proof. (a) We claim that
H™ = g+

where H™™' = {h7h : h € H}. Note that
(HT+1)T—]. — H‘r2—1 — HO — {ld}
Hence, if 7 € H then (h"h)™ = h™h, that is

HT+1 g HJr.
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Conversely, if h € H*, then by definition h"h = h? and since p is odd, 2 is an
automorphism of H and we can write

h = (h%)T"rl c HT-‘rl‘
Summing up, expliciting the action of 7, we finally obtain

HYt=H " ={h"h:he H} ={(th)* :h€ H}.

(b) One uses the same argument of part (a).

(c) It follows directly from Lemma [4.4.7]

(d) By Proposition {4.4.6] we know that the map

S — Homgal(LO/K)(Gal(Lg/Lo), Elp]), s+ 18,

is an isomorphism; thus, the equivalence (i) <= (i7) is proved. Moreover,
since the implications (i) = (i7i) = (iv) are trivial, it suffices to prove (iv) =
(idi) = (i)

Suppose that (iv) holds. Identifying s with a homomorphism H — FE[p] via
the isomorphism of Proposition , we have that s|g+\+ is the zero map.
Since It C H™' is a proper subgroup and s is a group homomorphism, the fact
that s vanishes on the complement of a subgroup implies that s|z+ must be
the zero map. Thus, the implication (iv) = (ii7) follows.

Now, suppose that (ziz) holds. Note that since o([s,p]) = [s,p] for all o €
Gal(Ly/K) (by the equivariance of the pairing), the map s preserves the
eigenspaces, i.e.,
slg+: H- — E[p|* and s|g- : H- — E[p|”.

By (i), we have s(H") = 0. Consequently, the image s(H) = s(H™) is
contained in E[p]~. However, s(H) must be a Gal(Ly/K)-submodule of E[p].
Since El[p] is irreducible (see proof of Proposition [4.4.6]), its only submodules
are {0} and E[p] itself. Since FE[p]~ is a proper subspace, we must have
s(H) = 0, which proves (7i) and concludes the proof.

[

Before computing Sel(E/K)[p]~¢, we need one more proposition.

Proposition 4.4.9. Let | be a prime number inert in K and let A = [Og. Assume
that X splits completely in Ly and that X is not ramified in L3 . Let \s be a prime ideal
of Ly lying over \. Then Frobys, k(As) € Gal(L5/K) actually lies in Gal(L§ /Lo) =
H. Let Frob()) be the Gal(Lo/K)-orbit of Frobys i (As) and let s € Sel(E/K)p].
The following conditions are equivalent:

() 15 Frobg e (As)] = 0;
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(b) [s,p] =0 for all p € Frob(\);
(c) sx=01in H (Gg,, Ep)).
Proof. See |Gro91), Proposition 9.6]. O

Finally we are ready to prove that the negative eigenspace of Sel(E/K)[p] is
trivial.

Theorem 4.4.10. Sel(E/K)[p]~¢ = 0.

Proof. Let s € Sel(E/K)[p|~¢. By Proposition , in order to show that s =0, it
suffices to prove that [s, p] =0 for all p € H" \ I'". Fix such a p. Using Proposition
again, we can write p = (7h)? for some h € H. By the Chebotarev Density
Theorem (cf. Theorem , there exist infinitely many prime numbers [ of Q
such that

Th € Frobps (1)

Fix such a prime [ and let us study its properties. First, note that [ is inert in K
since

T = Frobg (1) € Gal(K/Q);

we denote the corresponding prime ideal by A = [Of. Then, A splits completely in
Lo because

id = (Th|LO)2 € Fl"ObLO/K()\>.

Furthermore, Frobys,; (A) is conjugated to (th)> = p € HT \ I, which is non-
trivial. In other words, A does not split completely in the extension L /L¢. Finally,
since Froby,r,()\) is conjugated to p|, ¢ IT, this Frobenius element is also non-
trivial; thus, A does not split completely in the extension L/Ly.

By Proposition [£.4.9] to prove that [s,p] = 0, it is equivalent to show that
sy = 0in H(Gg,, E[p]). Since A does not split completely in L/Lg, by Proposition
the cohomology class ¢(l) lies in Sel\(K, E[p]) and satisfies [c(I)]x # 0 in
HSIJ(GKA, E[p]). Thus, applying Proposition [4.3.19 to the class ¢(l), we obtain the
thesis. O

Now we gather several results, most of which have been proved at different points
earlier, into a single proposition.

Proposition 4.4.11. Let [ be a prime number unramified in Ly with FrobLg/Q(l)

conjugate to Th for some h € H = Gal(L5/Ly). Let A = IOk. Then the following
conditions are equivalent.

(a) c(l) =0 in HY(Gg, E[p]);
(b) c(l) € Sel(E/K)p];

(¢) P € pE(K));

(d) d(1) =0 in H (Gg, E)[pl;
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(¢) d(l)x = [c(D)]x = 0 in H z(Gx,, E[p]);
(f) yx € pE(K));
(g) "t =hTh e I't = Gal(L§ /L)*.

Proof. The implication (a) = (b) is clear. Regarding (b) = (a), we know from
Proposition [4.3.15| that ¢(l) € H' (G, E[p])~¢. Hence, if we assume (b), then c(l) €
Sel(E/K)[p]~¢, which is trivial by Theorem thus ¢(l) = 0.

The equivalence (¢) <= (a) is exactly the first part of Proposition [1.2.21]
Since (E(K)/pE(K))™ = 0 by Theorem [4.4.10 the equivalence (d) <= (a)
follows again from Proposition |4.2.21]

Moreover, the implication (d) = (e) is trivial by localization. Conversely, since
c(l) € SelMK, E[p])~¢, if we suppose that [c(I)]x = 0, then ¢(l) falls into the full
Selmer group Sel(E/K)[p]=¢, which is zero by Theorem

The equivalence (e) <= (f) follows from Lemma [4.3.17 keeping in mind that
P, = yg. Finally, for the equivalence (f) <= (g), we recall that yx € pE(K)) if
and only if A splits completely in L/ L.

Since A splits completely in Lo/K (because (Th|r,)> = id), the condition for
A to split completely in the further extension L/Lg is that its Frobenius element
Froby /1, (A) is trivial. We calculate:

FI'ObL/LO()\) = (Th‘L)z = ThTh|L = hTh‘L.

Thus, Froby /1, (A) = id if and only if A7h fixes L. Since h™h already belongs to H™,
this is equivalent to:

Wl =h"heGal(ly/L)NnH =ITNnH" =17,
O

In order to prove that Sel(E/K)[p|*c is cyclic generated by k(yx) we need a
lemma.

Lemma 4.4.12. H'(Gal(L/K), E[p]) = F, - k(yx).

Note that there is a slight abuse of notation in the statement since, formally,
k(yrx) € H'(Gk, Elp]). However, by the explicit description of the Kummer map,
we have

rlyx)(o) = o(z) -z

If o € Gy, then o fixes z, hence k(yk)(0) = 0. This implies that the cocycle k(yx)
factors through the quotient

Gal(L/K) = GK/GL,

and the statement is well-defined.
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Proof. By an argument entirely analogous to the proof of Proposition but
applied to the subgroup Gal(L/Ly) < Gal(L/K), we obtain an isomorphism

H'(Gal(L/K), Elp]) * H*(Gal(L/Ly), B[p])®* /%),

Moreover, from Lemma (more precisely, from its proof), we have Gal(L/Lg) =
E[p] as Gal(Ly/K)-modules. Since Gal(L/Ly) acts trivially on E[p], the H' term
becomes a Hom group:
HY(Gal(L/K), E[p]) = H'(Gal(L/Ly), E[p) /™)
= Hom(Gal(L/ L), E[p]) G2 (Lo/X)
= Hom(Elp], E[p))% /"),
In Remark we have seen that Gal(Lo/K) = Gal(Q(E[p])/Q) = GL(F,).
Therefore,
H'(Gal(L/K), E[p]) 2 Hom(Elp], E[p])*"
= {scalar homomorphisms FE[p| — E[p|}
~F,.

Finally, since k(yx) is non-zero , it generates this one-dimensional F,-vector space,
which yields the thesis. O]

Now we are ready for the proof of the following Theorem.

Theorem 4.4.13. The eigenspace Sel(E/K)[p]™® has dimension 1 over F, and is
generated by k(yr).

Proof. Recall that by Proposition [4.4.6] we have an isomorphism
Sel(E/K)[p] = Homaayr,/ ) (H, E[p])-

Let s € Sel(E/K)[p|™ and suppose that [s,p] = 0 for all p € I. This implies that
I C ker(s), so we can interpret s as an element of

HomGal(Lo/K)(H/L E[p]) = HomGal(Lo/K)(Gal(L/L0)7 E[p]) =T, - K(?JK%

where the last isomorphism follows from the proof of Lemma 4.4.12 Thus, to
conclude the proof, it suffices to show that

s € Sel(E/K)[p]™ = [s,p] =0 forallpel.

Furthermore, by the same argument used for Proposition f.4.8] it suffices to prove
that [s,p] =0 for all p € I,

Let ¢ be a prime number of @ such that the class c¢(q) € HY(Gg, E[p]) is
non-trivial. As seen in the proof of Theorem [£.4.10, we may choose ¢ such that
Frobps,o(q) is conjugate to 7o for some o € H with o™t ¢ IT. Now, let ¢ :=
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c(@)ley, : G, = Elp]. Since Elp] C E(Lg), Gr, acts trivially on E[p], and hence
c is a homomorphism. Let L’ be the subfield of K fixed by ker(c). Explicitly, as
c(q) = k(F,), we have

ker(c) = {0 € G, : 0(2g) = 24},

meaning L' = Ly(z,), where 2, satisfies [p|z, = P,. Moreover, since ¢(q) # 0, thanks
to Proposition 4.4.11} ¢(l) € Sel(E/K)[p] and with the same argument used to prove
Gal(L/Lg) = E[p] we obtain Gal(L'/Ly) = E|[p].

Now, let s € Sel(E/K)[p]™© and p € I". To show [s, p] = 0, we write p = (7i)?
for some i € I = Gal(Lg/L) (using Proposition [£.4.§8). Let I be a prime of Q such
that:

e 7i € Frobps o (1);
o 7j € Frobp g(l) for some j € Gal(L'/L) such that j7*! # id.

Such a prime [ exists because L' N L5 = L; thus, the two conditions are independent,
and by the Chebotarev Density Theorem (Theorem , there are infinitely many
such primes.

By Propositions [4.3.15| and 4.3.16 we have ¢(lq) € Selyq(/, E[p])*™*, where q =
qOk and A = [Ok. In fact, ¢(lq) lies in Sely(K, E[p])*¢. Indeed, since i € I,
Proposition implies P, € pE(K)), so ¢(l) = 0. Using Lemma [4.3.17, we
obtain

c(lq) € Sel\(K, E[p])*©.

Again by Lemma [4.3.17) the local class [c(lg)], vanishes if and only if P, €
pE(K,). As established in the proof of Theorem [4.3.18 this is equivalent to [
splitting completely in L' = Ly(z,), i.e.,

id = FI'ObL’/Lo(l) = (Tj)2 — jr+17

which contradicts our choice of j. Therefore, ¢(lq) € Sel\(K, E[p])™© and its class
[c(l9)]x € H, 7(Gk,, E[p]) is non-trivial.

Finally, applying Proposition [£.3.19, we conclude s, = 0. By Proposition [4.4.9]
this is equivalent to [s, p| = 0, which completes the proof. O
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