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Introduction

The study of the solutions to polynomial equations, or their zeros, within a given
field (typically Q or its completions) represents one of the oldest and most profound
pillars of number theory. While the problem of finding roots for a single polynomial
in one variable is elegantly addressed by the Fundamental Theorem of Algebra and
Galois theory, the complexity increases significantly when considering equations in
two or more variables. This transition marks the shift from elementary algebra to
the study of the arithmetic properties of algebraic curves.

Among these, elliptic curves occupy a central role. Defined by a cubic equation
of the form

y2 = x3 + Ax+B,

these objects are not merely geometric curves but possess a rich group structure on
their set of rational points. A fundamental result in this direction is the Mordell-Weil
Theorem, which describes the algebraic structure of an elliptic curve.

Theorem. Let E be an elliptic curve over a number field K. The group
E(K) of K-rational points is a finitely generated abelian group.

An immediate consequence of this result is that the group of K-rational points
of E admits a decomposition:

E(K) ∼= Zr ⊕ Etors(K)

where Etors(K) is the finite subgroup consisting of the torsion points of E(K), and
r ∈ N is the rank of E(K).

While the torsion subgroup is effectively computable and its structure is con-
strained by deep results such as Mazur’s Theorem, the rank r is a much more mys-
terious invariant; its determination remains one of the most challenging and central
problems in the arithmetic of elliptic curves. Although the Mordell–Weil Theorem
guarantees that r is a finite integer, it is essentially non-effective, as it does not
provide a general algorithm to compute the rank for a given curve E.

In this thesis, we focus on a major breakthrough in this direction: the results
obtained by Victor Kolyvagin. His work provides a powerful tool to bound the rank
of an elliptic curve and represents one of the most significant pieces of evidence for
the finiteness of the arithmetic invariants associated with E.
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2 Introduction

Roughly speaking, Kolyvagin’s theorem establishes that, under certain condi-
tions, the existence of a single point yK ∈ E(K) of infinite order is sufficient to
control the structure of the entire group of rational points. Here, K is not an arbi-
trary number field, but a quadratic imaginary field. Specifically, his results allow us
to prove that r = 1 in many cases where classical methods fail to provide an answer.
More precisely, we will prove the following result:

Theorem. Assume that the elliptic curve E/Q does not have complex
multiplication and that the point yK has infinite order in E(K). Then
the rank of E(K) is equal to 1.

We remark that the assumption that E does not have complex multiplication
is hardly a loss of generality in the rational case. Indeed, there are only thirteen
possible j-invariants of elliptic curves over Q with complex multiplication.

The proof of this theorem is far from elementary and requires a vast theoretical
framework that spans several areas of modern number theory. We will move from
the classical geometry of algebraic curves and the analytic properties of modular
forms to the sophisticated language of Galois cohomology and the theory of Com-
plex Multiplication. This interplay between different mathematical disciplines is
what makes Kolyvagin’s result one of the most elegant achievements in arithmetic
geometry.

The thesis is structured as follows:

Chapter 1 provides the necessary background on elliptic curves, covering their
arithmetic over local and global fields and their complex analytic description.

Chapter 2 introduces the theory of modular curves and their moduli interpreta-
tion, culminating in the Eichler–Shimura construction which relates modular
forms to elliptic curves.

Chapter 3 is devoted to the theory of Complex Multiplication. Here we define
Heegner points and study their field of definition, providing the geometric
”input” for Kolyvagin’s machinery.

Chapter 4 contains the core of the work: the construction of the Euler system of
cohomology classes and the complete proof of Kolyvagin’s Theorem regarding
the rank of E(K) and the finiteness of the Shafarevich–Tate group.



Chapter 1

Elliptic Curves

1.1 Background on algebraic curves

Let K be a field and denote by K a fixed algebraic closure of K.

Definition 1.1.1. The n-dimensional affine space over K is

An = An(K) := {(x1, . . . , xn) : xi ∈ K for all i}.

Note that if we consider

GK := Gal(K/K) = AutK(K) = {σ : K → K : σ(x) = x for all x ∈ K},

then we have an action of GK on An defined by the rule

P σ := (σ(x1), . . . , σ(xn))

for all P = (x1, . . . , xn) ∈ An and σ ∈ GK . In this sense we define the set of
K-rational points of An as

An(K) := (An)GK := {P ∈ An|P σ = P for all σ ∈ GK}.

Definition 1.1.2. Let K[X] := K[x1, . . . , xn] be the polynomial ring over K.

(a) If I ⊆ K[X] is an ideal we will call algebraic affine variety

V(I) := {P ∈ An : f(P ) = 0 for all f ∈ I}.

Conversely, if V ⊆ An is an algebraic set, we will consider

I(V ) := {f ∈ K[X] : f(P ) = 0 for all P ∈ V }.

(b) An affine variety V is said to be defined over K if the ideal I(V ) can be
generated by polynomials over K. In this case we will write V/K.

3



4 Chapter 1. Elliptic Curves

(c) If V is defined over K. Then, the set of K-rational points of V is

V (K) := V ∩ An(K).

Note that if V is an affine variety and we consider with a slight abuse of notation

I(V/K) := {f ∈ K[x1, . . . , xn] : f(P ) = 0 for all P ∈ V },

then V is defined over K if and only if I(V ) = I(V/K) ·K[X].

Definition 1.1.3. The The affine coordinate ring of V/K is the quotient

K[V ] = K[X]
/
I(V/K).

In particular, if I(V ) is a prime ideal of K[X], then K[V ] is an integral domain
and we can define the field of rational functions on V/K as its fraction field:

K(V ) := Frac(K[V ]).

Analogously, one can define K[V ] := K[X]
/
I(V ) and consider K(V ) if I(V ) is a

prime ideal of K[X] ∩ I(V ) = I(V /K). Hence, we obtain an embedding

K[V ] ↪→ K[V ],

and if it is possible to consider the field of fractions, we also obtain an embedding
of the corresponding function fields

K(V ) ↪→ K(V ).

Using this notation, the absolute Galois group GK acts on K[X] via its action on the
coefficients, and consequently on K[V ] and, where defined, on K(V ). In particular

K[V ] = K[V ]GK .

Definition 1.1.4. Let V1, V2 ⊆ Pn be two projective varieties. A rational map
between them is

φ : V1 −→ V2

with φ = [f0 : · · · : fn] where the functions f0, . . . , fn ∈ K(V1) have the property that
for every point P ∈ V1 at which f0, . . . , fn are all defined,

φ(P ) = [f0(P ) : · · · : fn(P )] ∈ V2.

Moreover φ is said to be defined over K if there exists λ ∈ K
×
such that

λf0, . . . , λfn ∈ K(V1).

Equivalently, φ is defined over K if and only if φσ = φ for all σ ∈ GK where

φσ := [fσ0 : · · · : fσn ].
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Proposition 1.1.5. Let C1, C2 be two curves (i.e. projective varieties of dimension
one) and let φ : C1 → C2 be a morphism. Then φ is either constant or surjective.

Proof. See [Har13, Chapter 2, Proposition 6.8].

Note that if C1, C2 are two curves defined over K and φ : C1 → C2 is a noncon-
stant rational map defined over K, then we have an induced fields immersion

φ∗ : K(C2) −→ K(C1), f 7→ f ◦ φ

which fixes K, i.e. is a K-immersion.

Proposition 1.1.6. The field extension K(C1)/φ
∗(K(C2)) is finite.

Proof. See [Sil09, Chapter 1, Theorem 2.4].

Definition 1.1.7. Let φ : C1 → C2 be a rational maps between curves defined over
K. We define the degree of φ to be

deg(φ) :=

{
0 if φ is constant,

[K(C1) : φ
∗(K(C2))] otherwise.

In the following chapters, we will frequently make use of the theory of divisors
associated with a curve, as they provide a powerful framework for studying the
geometry and the arithmetic of algebraic curves.

Let C be a curve.

Definition 1.1.8. The divisor group Div(C) of C is defined as the free abelian group
generated by the points of C. In other words, an element D ∈ Div(C) is a formal
sum

D =
∑
P∈C

nPP

where nP ∈ Z and nP = 0 for all but finitely many points P .

Definition 1.1.9. The degree of D =
∑

P∈C nPP ∈ Div(C) is

deg(D) :=
∑

P ∈ CnP ∈ Z.

We will denote the subgroup of the divisors of degree 0 by Div0(C).

Note that if the curve C is defined over K, then the absolute Galois group GK

acts on Div(C) (or equivalently on Div0(C)) via

Dσ =
∑
P∈C

nPP
σ

where D =
∑

P∈C P ∈ Div(C).
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Suppose now that C is smooth and let f ∈ K(C) \ {0}. The divisor associated
with f is

div(f) =
∑
P∈C

ordP (f) · P

where ordP (f) is the order of f at P . Moreover, a divisor D ∈ Div(C) is said to be
principal if there exists f ∈ K(C) \ {0}such that

div(f) = D.

We will denote by Princ(C) the subgroup of the principal divisors. Moreover, it
can be shown that for all f ∈ K(C) \ {0}, the divisor div(f) has degree zero,
i.e., deg(div(f)) = 0. This fundamental property allows us to state the following
definition:

Definition 1.1.10. The Picard group of C is the quotient

Pic(C) = Div(C)
/
Princ(C).

Similarly one defines
Pic0(C) := Div0(C)

/
Princ(C).

1.2 Elliptic curves

Definition 1.2.1. An elliptic curve is a couple (E,O) where E is a nonsingular
curve of genus 1 and O ∈ E. Moreover, (E,O) is said to be defined over K if E is
defined over K as variety and O is rational, i.e. O ∈ E(K).

The definition above provides the abstract geometric characterization of an ellip-
tic curve. In practice, every such curve can be embedded into the projective plane
P2 and described by a specific cubic equation, known as a ”Weierstrass equation”.

Proposition 1.2.2. Let E be an elliptic curve defined over K.

(a) There exist functions x, y ∈ K(E) such that the map

ϕ : E −→ P2, ϕ = [x, y, 1],

gives an isomorphism of E/K onto a curve given by an equation

C : Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6 (1.1)

with coefficients a1, . . . , a6 ∈ K and satisfying ϕ(O) = [0, 1, 0]. The equation
1.1 is called Weierstrass equation for the elliptic curve E.

(b) Any two Weierstrass equations for E are as in (a) are related by a linear
change of variables of the form

X = u2X ′ + r, Y = u3Y ′ + su2X ′ + t,

with u ∈ K× and r, s, t ∈ K.
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(c) Conversely every smooth cubic curve C given by a Weierstrass equation as in
(a) is an elliptic curve defined over K with base point O.

Proof. See [Sil09, Chapter 3, Proposition 3.1].

Now let E be an elliptic curve over a field K described by the Weierstrass equa-
tion

Y 2 + a1XY + a3Y = X3 + a2X
2 + a4X + a6.

If we suppose Char(K) ̸= 2, we can reconstruct the squares and simplify the equa-
tion. More explicitly, doing the substitution y = 1

2
(y − a1x− a2) we obtain

y2 = ax3 + b2x
2 + 2b4x+ b6,

where

� b2 := a21 + 4a2,

� b4 := 2a4 + a1a3,

� b6 := a23 + 4a6.

If we moreover define

� b8 := a21a6 + 4a2a6 − a1a3a4 + a2a
2
3 − a24,

� c4 := b22 − 24b4,

� c6 := −b32 + 36b2b4 − 216b6,

� ∆ := −b22b8 − 8b34 − 27b26 + 9b2b4b6,

� j :=
c4
∆

(if ∆ = 0 we put j = ∞),

we obtain the relations

4b8 = b2b6 − b24 and 1728∆ = c24 − c26.

Definition 1.2.3. With notation above:

(a) the quantity ∆ is called the discriminant of the Weierstrass equation;

(b) the quantity j is the j-invariant of the Weierstrass equation.

Actually the j-invariant does not depend on the Weierstrass equation. More
precisely, we have the following proposition.

Proposition 1.2.4. The following properties hold.

(a) Two elliptic curves are isomorphic over K if and only if they have the same
j-invariant.
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(b) Let j0 ∈ K. Then, there exists an elliptic curve defined over K(j0) with j-
invariant j0.

Proof. See [Sil09, Chapter 3, Proposition 1.4].

If we now suppose Char(K) ̸= 2, 3, we can eliminate the x2 term with the
substitutions

x =
x− 3b2

36
, y =

y

108
and we obtain the equation

y2 = x3 + Ax+B

where A := −27c4 and B := −54c6. In this case we have

∆ = −16(4A3 − 27B2) and j := −1728
(4A)3

∆
.

Proposition 1.2.5. Let E be a curve described by a Weierstrass equation. Then
the discriminant ∆ with respect to it has the following geometric interpretation:

(a) E is nonsingular if and only if ∆ ̸= 0.

(b) E has a node if and only if ∆ = 0 and c4 ̸= 0.

(c) E has a cusp if and only if ∆ = c4 = 0.

Proof. See [Sil09, Chapter 3, Proposition 1.4].

Now we briefly recall the definition of the group law on an elliptic curve (E,O).
Let P and Q be two points on E, and let L denote the line passing through P and
Q (if P = Q, L is the tangent line to E at P ). By Bezout’s Theorem, L intersects
E at a third point R. Let L′ be the line passing through R and the point at infinity
O. The sum P + Q is defined as the third point of intersection of L′ with E. In
other words, P +Q is the point such that L′ ∩ E = {R,O, P +Q}.

Proposition 1.2.6. The composition law described above makes E into an abelian
group with identity element O. Further, if E is defined over K, then

E(K) = {(x, y) ∈ K2 : y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6 = 0}

is a subgroup of E.

Proof. See [Sil09, Chapter 3, Proposition 2.2].

Furthermore, the group operations induce two morphisms of varieties:

+ : E × E → E, (P,Q) 7→ P +Q

and
− : E → E, P 7→ −P.

If E is defined over K, then these morphisms are also defined over K (for more
details see [Sil09, Chapter 3, Proposition 3.6]).

Now let (E,O), (E ′, O′) be two elliptic curves.
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Definition 1.2.7. An isogeny φ : E → E ′ is a morphism such that φ(O) = O′.

Example 1.2.8. Let (E,O) be an elliptic curve. For each m ∈ Z, we define the
multiplication-by-m map

[m] : E −→ E

inductively as follows. If m > 0, then

[m]P = P + P + · · ·+ P︸ ︷︷ ︸
m times

.

For m < 0, we define [m]P = [−m](−P ). Finally, for m = 0, we set [0]P = O for
all P ∈ E. Since the group law is a morphism, it follows by induction that [m] is a
morphism of varieties. Moreover, since [m]O = O, it is an isogeny.

Note that, given an isogeny φ : E → E ′, then by Proposition 1.1.5 we have only
two possibilities:

� φ(P ) = O′ for all P ∈ E, or

� φ is surjective.

Thus, except for the isogeny [0]P = O′ for all P ∈ E, every other isogeny φ
induces the usual injection of function fields

φ∗ : K(E ′) −→ K(E)

and we can consider the degree of φ defined as the degree of the finite extension
K(E)/φ∗(K(E ′)).

Definition 1.2.9. Let φ : E → E ′ be a nonzero isogeny. We will say that φ is
separable if the induced field extension K(E)/φ∗(K(E ′)) has this property.

Moreover, every isogeny is a group homomorphism. To see this we need a lemma.

Lemma 1.2.10. Let (E,O) be an elliptic curve. Then the map

E → Pic0(E), P 7→ [(P )− (O)]

is a group isomorphism.

Proof. See [Sil09, Chapter 3, Proposition 3.4].

Proposition 1.2.11. Let φ : (E1, O1) → (E2, O2) be an isogeny. Then

φ(P +Q) = φ(P ) + φ(Q)

i.e. φ is a group homomorphism.

Note that the converse is immediate, provided that φ is a morphism.
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Proof. Note that if φ(P ) = O2 for all P ∈ E1 the statement is trivial. Thus,
suppose φ ̸= 0 or equivalently that φ is surjective and consider the following group
homomorphism:

φ∗ : Pic
0(E1) → Pic0(E2),

[∑
P∈E1

nP (P )

]
7→

[∑
P∈E1

nP (φ(P ))

]
.

On the other hand by Lemma 1.2.10 we have an isomorphism of groups

κi : Ei → Pic0(Ei), P 7→ [(P )− (O)]

for i = 1, 2 and since φ(O1) = O2 the diagram

E1 Pic0(E1)

E2 Pic0(E2)

κ1

φ φ∗

κ2

is commutative. Hence, doing the calculation, for all P,Q ∈ E1 we have:

φ(P +Q) = κ−1
2 (φ∗(κ1(P +Q)))

= κ−1
2 (φ∗(κ1(P ) + κ1(Q)))

= κ−1
2 (φ∗(κ1(P )) + φ∗(κ1(Q)))

= κ−1
2 (φ∗(κ1(P ))) + κ−1

2 (φ∗(κ1(Q)))

= φ(P ) + φ(Q).

Putting together Proposition 1.2.11 and Example 1.2.8 we give the following
definition.

Definition 1.2.12. Let (E,O) be an elliptic curve and let m ∈ Z with m ≥ 1. The
m-torsion subgroup of E, denoted by E[m], is the set of points of E of order m, i.e.

E[m] = {P ∈ E : [m](P ) = O}.

The torsion subgroup of E, denoted by Etors, is the set of points of finite order, i.e.

Etors =
∞⋃
m=1

E[m].

Moreover, if E is defined over K, then Etors(K) denotes the points of finite order in
E(K).

Proposition 1.2.13. Let E be an elliptic curve defined over a field K and let m ∈ Z
with m ̸= 0. Then
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(a) deg([m]) = m2;

(b) if Char(K) = 0 or Char(K) ∤ m then

E[m] ∼=
Z
mZ

× Z
mZ

.

Proof. See [Sil09, Chapter 3, Corollary 6.4].

We conclude this section by stating a Proposition whose corollary will be useful
in the subsequent chapters.

Proposition 1.2.14. Let E be an elliptic curve and let Φ ⊆ E be a finite subgroup
of E. Then, there exists up to isomorphism an elliptic curve E ′ and a separable
isogeny φ : E → E ′ such that Ker(φ) = Φ.

Proof. See [Sil09, Chapter 3, Proposition 4.12].

Corollary 1.2.15. Let K ⊂ C be a number field and E1, E2 be two elliptic curves
defined over K. An isogeny φ : E1 → E2 is defined over K if and only if its kernel
Ker(φ) is invariant under the action of GK = Gal(K/K).

Proof. Note that if φ is defined over K the statement is trivial since for all σ ∈ GK

and P ∈ Ker(φ) one has

φ(P σ) = φ(P )σ = Oσ = O.

Conversely, assume that Ker(φ) is invariant under GK , i.e., σ(Ker(φ)) = Ker(φ)
for all σ ∈ GK . Given such a σ, consider the isogeny φσ : Eσ

1 → Eσ
2 obtained by

applying σ to the coefficients of φ. Since E1 and E2 are defined over K then Eσ
i = Ei

for i = 1, 2. Moreover using the hypothesis

Ker(φσ) = Ker(φ)σ = Ker(φ).

Therefore φ and φσ are two isogenies from E1 to E2 with the same kernel and so,
since K has characteristic 0, by Proposition 1.2.14 one has

φσ = φ

and by the generality of σ we conclude.

1.3 Reduction of an elliptic curve

Definition 1.3.1. Let K be a field. A discrete valuation on K is a map

v : K −→ R ∪ {∞}

such that for all x, y ∈ K
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(a) v(x) = ∞ if and only if x = 0;

(b) v(xy) = v(x) + v(y)

(c) v(x+ y) ≥ min{v(x), v(y)};

(d) v(K)× is a discrete subgroup of R, that is v(K×) = aZ for some a ∈ Z.

Fixed a real number c ∈ (0, 1), we may associate to each valuation v on K an
absolute value

| · |v : K −→ R≥0

defined by

x 7→

{
cv(x) if x ̸= 0,

0 otherwise .

that has the following property:

(a) |x|v = 0 if and only if x = 0;

(b) |xy|v = |x|v|y|v for all x, y ∈ K;

(c) |x+ y|v ≤ max{|x|v, |y|v}(≤ |x|v + |y|v).

Finally v induces a metric on K given by

dv : K ×K −→ R, (x, y) 7→ |x− y|v.

Two absolute values on K v,w are said to be equivalent if the two induced metrics
dv, dw define the same topology on K and an equivalence class of equivalent absolute
values on K is called place of K.

Definition 1.3.2. Let v be a discrete valuation on field K. We say that K is a local
field with respect to v if it is complete with respect to the metric dv, that is, every
Cauchy sequence with respect to dv converges in K. Moreover, if K is not complete,
we will denote by Kv the completion of K with respect to v and we have a natural
inclusion K ↪→ Kv.

Definition 1.3.3. Let K be a local field with respect to a valuation v.

(a) We will call the valuation ring (or ring of integers) of K,

Ov := {x ∈ K : v(x) ≥ 0}

(b) We will call the units of Ov (or of K),

O×
v := {x ∈ K : v(x) = 0}.

Note that Ov is a local PID with unique maximal ideal

mv := {x ∈ K : v(x) > 0}.
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Definition 1.3.4. We will call π ∈ Ov such that mv = (π) = πOv the uniformizer
and we will denote by κv := Ov/mv the residue field of Ov.

In what follows we will suppose that v is normalized,that is v(π) = 1.

Example 1.3.5. Let F be a number field and consider its ring of integers OF . Since
OF is a Dedekind domain, for each x ∈ F we can write

(x) = xOF =
∏
p

pvp(x).

In particular we obtain a discrete valuation vp on OF that can be extended to F
putting

vp : F = frac(OF ) → Z ∪ {∞}, a

b
7→ vp(a)− vp(b).

We call the valuation vp on F the p-adic valuation on the number field F and we
denote by Fp the completion of F with respect to the p-adic metric.

Moreover, we have an explicit characterization of absolute values on a number
field K.

Theorem 1.3.6 (Ostrowski). Any nontrivial absolute value on K is equivalent to
a p-adic absolute value with p a nonzero prime ideal of K or to an absolute value
induced by an embedding of K in C. In the first case we will call the absolute value
nonarchimedean and in the second archimedean.

We will use the following notation:

� M0
Q := {| · |p : p is a prime number}. This is a complete set of inequivalent

nonarchimedean places for Q.

� M∞
Q := {| · |∞}, where | · |∞ is the absolute value on Q given by |x|∞ =

maxx,−x. This is the unique archimedean absolute value on Q up to equiva-
lence.

� MQ =M0
Q ∪M∞

Q .

Let K be a local field with respect to a discrete valuation v and let E be an
elliptic curve defined over K defined by the Weierstrass equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

for some a1, a2, a3, a4, a6 ∈ K. Let u ∈ K×. Applying the change of variables

x = u−2x′, y = u−3y′

we obtain

(y′)2 + a1u(x
′y′) + a3u

3y′ = (x′)3 + a2u
2(x′)2 + a4u

4x′ + a6u
6.
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Thus the new coefficients are a′i = uiai with valuation

v(a′i) = v(uiai) = iv(u) + v(ai)

for i = 1, 2, 3, 4, 6. In particular, by choosing u sufficiently large such that iv(u) +
v(ai) ≥ 0 (for example an appropriate power of the uniformizer π), we obtain an
equation of E with coefficients in Ov.

Definition 1.3.7. Let E be an elliptic curve defined over a local field K with respect
to a valuation v. A Weierstrass equation for E

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

with discriminant ∆ is said to be minimal for E (at v), if v(∆) is minimized subject
to the condition that a1, a2, a3, a4, a6 ∈ Ov. This minimal value v(∆) is called the
valuation of the minimal discriminant of E at v.

Proposition 1.3.8. Let E be an elliptic curve defined over a local field (K, v).

(a) E admits a minimal Weierstrass equation.

(b) A minimal Weierstrass equation is unique up to a change of coordinates

x = u2x′ + r, y = u3y′ + u2sx′ + t,

with u ∈ O×
v and r, s, t ∈ Ov.

(c) Conversely, if one starts with any Weierstrass equation whose coefficients are
in Ov, then any change of coordinates

x = u2x′ + r, y = u3y′ + u2sx′ + t,

used to produce a minimal Weierstrass equation satisfies u, r, s, t ∈ Ov.

Proof. See [Sil09, Chapter 7, Proposition 1.3].

Let E be an elliptic curve defined over a local field (K, v) and fix a minimal
Weierstrass equation for E at v. We may reduce its coefficients modulo mv (or
equivalently modulo the uniformizer π) and we obtain a new equation

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

with ai ∈ Ov/(π) = κv for all i. Note that this new curve could have singularities.

Definition 1.3.9. With notations above, we denote by E the new curve obtained
from E reducing the coefficients of any weierstrass modulo π and we call it the
reduction of E modulo π.

Note that if ∆ is the minimal discriminant of E at v and ∆ is the discriminant
of the curve obtained from E by reduction modulo mv, then

v(∆) = 0 ⇐⇒ ∆ ̸= 0 ⇐⇒ E is an elliptic curve over κ.
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Remark 1.3.10. Let P ∈ E(K). We can find homogeneous coordinates for P =
[x0 : y0 : z0] with x0, y0, z0 ∈ O×

v . In this sense we have a reduction map

red : E(K) → E(κv), [x0, y0, z0] 7→ [x0, y0, z0].

Note that the set of nonsingular points of E(κv) form a group that we denote by
Ens(κv). Moreover, consider

� E0(K) :=
{
P ∈ E(K) : P ∈ Ens(κv)

}
= red−1

(
Ens(κv)

)
� E1(K) :=

{
P ∈ E(K) : P = O

}
= Ker(red) = red−1

(
O
)

Proposition 1.3.11. The short sequence of abelian groups

0 → E1(K) → E0(K)
red−→ Ens(κv) → 0

is exact.

Proof. See [Sil09, Chapter 7, Proposition 2.1].

Proposition 1.3.12. Let E be an elliptic curve defined over a local field K with
residue field κ and let m ≥ 1 be an integer such that gcd(Char(κ),m) = 1.

(a) The subgroup E1(K) has no nontrivial points of order m.

(b) Assume further that the reduced curve E over κ is nonsingular. Then the
reduction map

E(K)[m] −→ E(κ)

is injective.

Proof. For part (a), see [Sil09, Chapter 7, Proposition 3.1]. Suppose now that E
is nonsingular over κ; that is, E0(K) = E(K) and Ens(κ) = E(κ). Then, by
Proposition 1.3.11, we have a short exact sequence

0 → E1(K) −→ E(K)
res−−→ E(κ) → 0

which induces the left-exact sequence

0 → E1(K) ∩ E[m] −→ E(K)[m]
res|E(K)[m]−−−−−−→ E(κ).

By part (a), E1(K) ∩ E[m] = {O}, and thus res|E(K)[m] is injective.

We now focus on the case where the local field K has characteristic 0 and its
residue field κ is finite.

Proposition 1.3.13. Let K be a local field with respect to an absolute value | · |K
and let L/K be a finite field extension. Then there exists a unique absolute value on
L | · |L that extends | · |K.
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Proof. See [Ser13, Chapter 2, Section 2 Corollary 2].

In particular L inherits naturally the structure of local field. For example, let p
be a prime of Q and let L = Q(α) be a finite extension of Q. Fix a prime p of L
such that p ∩ Q = p. In this case, one can check that the completion Lp of L in p
coincides with Ql(α).

Definition 1.3.14. Let L/K be a finite extension of local fields of degree [L : K] = n
with ring of integers RK and RL. Denote by mK and κK (resp. mL and κL) the
maximal ideal and the residue field of K (resp. L). We write

mKRL = me
L, f = [κL : κK ]

for certain integers e, f greater then 1. We call:

(a) ramification index of L over K the integer e,

(b) residue degree of L over K the integer f .

Moreover, we say that the extension L/K is unramified if e = 1.

Note that if L/K and L′/K are two unramified extension of the local field K,
then the compositum L · L′/K is unramified. Thus we can give the following.

Definition 1.3.15. The maximal unramified extension Kur of the local field K is
the compositum of all (finite) unramified extension of K in a fixed algebraic closure
K.

Remark 1.3.16. The maximal unramified extension Kur of K has the following
properties:

� For every finite extension L/K such that K ⊆ L ⊆ Kur, L/K is unramified.

� The extension Kur/K is Galois and we have an isomorphism of topological
group

Gal(Kur/K) ∼= Gal(κ/κ) =: Gκ

where κ is an algebraic closure of the residue field κ of K.

Definition 1.3.17. We call the subgroup of GK = Gal(K/K)

IK := Gal(K/Kur)

the inertia subgroup of GK.

In particular we have a short exact sequence of groups

0 → IK → GK → Gal(Kur/K) → 0

or equivalently
0 → IK → GK → Gal(κ/κ) → 0.

In other words, the inertia group IK is the set of elements of GK that act trivially
on the residue field κ. Consider now a set X on which GK acts.
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Definition 1.3.18. The set X is said to be unramified if IK acts trivially on it, i.e.

σ(x) = x

for all x ∈ X and σ ∈ IK.

Proposition 1.3.19. Let (K, v) be a local field with a finite residue field κ. Let E
be an elliptic curve defined over K and suppose that its reduction E is nonsingular
over κ. Then, if m ≥ 1 is an integer such that gcd(m,Char(κ)) = 1, then the set
E[m] is unramified.

Proof. First of all the statement is consistent: recall that GK acts on E through its
action on the coordinates of the points and since the isogeny [m] is defined over K
the action restricts to E[m] = Ker([m]). Let K ′/K be a finite extension such that
E[m] ⊆ E(K ′) and fix the following notation:

� R′ := ring of integers of K ′;

� m′ := maximal ideal of R′;

� κ′ := R′/m′ the residue field of K ′;

� v′ := the unique absolute value on K ′ which extends v.

Denoting by ∆ the minimal discriminant of E, by the fact that E is non singular
over κ, we have that

v′(∆) = v(∆) = 0.

In particular the minimal Weierstrass equation for E over K is a minimal equation
of E overK ′ and E is nonsingular over κ′. Hence by Proposition 1.3.12 the reduction
map

E(K ′)[m]
red−→ E(κ′)

is injective. Let now P ∈ E[m] and σ ∈ IK . From the characterization of inertia
group, the element σ acts trivially on E(κ′) ⊆ E(κ), so

red(P σ − P ) = red(P σ)− red(P ) = red(P )σ − red(P ) = red(P )− red(P ) = O.

Summing up, since P σ − P ∈ Ker
(
E(K ′)[m]

red−→ E(κ′)
)
we obtain P σ = P .

1.4 The case over C
The goal of this section is to study elliptic curves over the complex numbers. We
will outline the construction of elliptic curves over C and aim to classify them up to
isomorphism. To begin with, we introduce a key group that will be used extensively
in the subsequent chapters.
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Definition 1.4.1. The modular group is the multiplicative group of matrices

SL2(Z) =
{[

a b
c d

]
: a, b, c, d ∈ Z, ad− bc = 1

}
under matrix multiplication.

Now we introduce the concept of lattice in C.

Definition 1.4.2. A lattice Λ in C is a free Z-submodule of C of rank 2, denoted
by

Λ = ω1Z⊕ ω2Z,

where {ω1, ω2} forms a basis for C over R.

Lemma 1.4.3. let Λ = ω1Z ⊕ ω2Z and Λ′ = ω′
1Z ⊕ ω′

2Z two lattices in C with
ω1/ω2 ∈ H and ω′

1/ω
′
2 ∈ H. Then Λ = Λ′ if and only if[

ω′
1

ω′
2

]
=

[
a b
c d

] [
ω1

ω2

]

for some

[
a b
c d

]
∈ SL2(Z).

Definition 1.4.4. Given a lattice Λ of C, a complex torus is the quotient

C/Λ = {z + Λ : z ∈ C}.

Note that every complex torus is a compact Riemann surface. More generally,
we have the following proposition to study the morphisms between them:

Proposition 1.4.5. Any holomorphic map between complex tori φ : C/Λ −→ C/Λ′

is of the form
φ(z + Λ) = mz + b+ Λ′

for m, b ∈ C with mΛ ⊆ Λ′.Moreover, the map is invertible if and only if mΛ = Λ′.
In other words, any holomorphic map between complex tori is the composition of a
translation with a rotation.

Proof. See [DS05, Proposition 1.3.2].

Corollary 1.4.6. Let

φ : C/Λ −→ C/Λ′, z + Λ 7→ mz + b+ Λ′

be an holomorphic map between complex tori with mΛ ⊆ Λ′. Then, the following
facts are equivalent:

(a) φ is an homomorphism of groups,

(b) b ∈ Λ′,
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(c) φ(0) = 0.

Proof. The equivalence (b) ⇐⇒ (c) is immediate from the definition of φ, since
φ(0 + Λ) = b+ Λ′, which coincides with the identity element of C/Λ′ if and only if
b ∈ Λ′.

Now, suppose that (a) holds; if φ is a group homomorphism, it must map the
identity to the identity. Thus, φ(0+Λ) = b+Λ′ = Λ′, which implies b ∈ Λ′, proving
(a) =⇒ (b).

Conversely, if b ∈ Λ′, then for any z1, z2 ∈ C we have:

φ(z1+ z2+Λ) = m(z1+ z2)+Λ′ = (mz1+Λ′)+ (mz2+Λ′) = φ(z1+Λ)+φ(z2+Λ),

which shows that φ is a group homomorphism, hence (b) =⇒ (a).

Remark 1.4.7. Consider a complex lattice Λ = ω1Z⊕ω2Z with τ = ω1/ω2 ∈ H, and
let Λτ = τZ ⊕ Z be the lattice generated by {τ, 1}. Since ω−1

2 Λ = Λτ , by Corollary
1.4.6, the map

φτ : C/Λ −→ C/Λτ , z + Λ 7→ z/ω2 + Λτ

is an isomorphism of groups. In particular, every complex torus is isomorphic to a
torus generated by a basis of the form {τ, 1}.

Moreover, while τ is not unique, it possesses a fundamental transformation prop-
erty. Let Λ be a lattice and let τ = ω1/ω2 and τ ′ = ω′

1/ω
′
2 be elements of H such

that
C/Λτ ∼= C/Λ ∼= C/Λτ ′ .

Then C/Λτ and C/Λτ ′ are isomorphic via the map z + Λτ 7→ (ω2/ω
′
2)z + Λτ ′. This

implies that (ω2/ω
′
2)Λτ = Λτ ′, which can be rewritten as

Λ = ω1Z⊕ ω2Z = ω′
1Z⊕ ω′

2Z.

Hence, by Lemma 1.4.3, there exists a matrix γ =

(
a b
c d

)
∈ SL2(Z) such that

(
ω′
1

ω′
2

)
=

(
a b
c d

)(
ω1

ω2

)
.

Explicitly solving for τ ′, we obtain

τ ′ =
ω′
1

ω′
2

=
aω1 + bω2

cω1 + dω2

=
aτ + b

cτ + d
= γ(τ).

Thus, every complex torus determines a point of the upper half-plane up to the action
of the modular group SL2(Z). This association will be explored in greater detail in
Section 2.2.

Definition 1.4.8. For reasons that will become clear shortly, a non-zero holomor-
phic homomorphism between complex tori is called an isogeny.
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Remark 1.4.9. Let N be any positive integer, let Λ be a lattice in C, and consider
the map

[N ] : C/Λ −→ C/Λ, z + Λ 7→ Nz + Λ.

Since NΛ ⊆ Λ, this map is clearly an isogeny. Letting E denote the torus C/Λ
(again, for reasons that will be clear soon), the N-torsion subgroup is defined as the
set

E[N ] = ker([N ]) = {z + Λ ∈ C/Λ : [N ](z + Λ) = 0}.

Writing Λ = ω1Z⊕ ω2Z, we have

E[N ] = {z + Λ ∈ C/Λ : Nz ∈ Λ} = {z ∈ C : Nz ∈ Λ}/Λ.

If Nz ∈ Λ, then Nz = mω1 + nω2 for some m,n ∈ Z, which implies

z =
m

N
ω1 +

n

N
ω2.

By taking this modulo Λ, we can restrict m and n to the range {0, 1, . . . , N − 1}.
Thus, we deduce that E[N ] is a free Z/NZ-module of rank 2, i.e.,

E[N ] ∼= Z/NZ× Z/NZ.

We now proceed to establish the connection between complex tori and elliptic
curves over C.

Definition 1.4.10. Let Λ be a lattice. The weierstrass ℘-function with respect to Λ
is ℘(z) := ℘(z; Λ) : C −→ C given by

℘(z) =
1

z2
+
∑
ω∈Λ∗

(
1

(z − ω)2
− 1

ω2

)
.

The Eisenstein series of weight 2k (for Λ) is the series

G2k := G2k(Λ) :=
∑
ω∈Λ
ω ̸=0

ω−2k.

Theorem 1.4.11. Let Λ ⊆ C be a lattice.

(a) The Eisenstein series G2k(Λ) is absolutely convergent for all k > 1.

(b) The series defining the Weierstrass ℘-function converges absolutely and uni-
formly on every compact subset of C \ Λ. The series defines a meromorphic
function on C having a double pole with residue 0 at each lattice point and no
other poles.

(c) The Weierstrass ℘-function is even and Λ-periodic.

Proof. See [Sil09, Chapter 6, Theorem 3.2].
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Remark 1.4.12. In particular, it follows from Theorem 1.4.11 that the derivative
℘′ is analytic and can be obtained by term-by-term differentiation. Thus, for all
z ∈ C \ Λ, we have

℘′
Λ(z) = −2

∑
ω∈Λ

1

(z − ω)3
.

Moreover, since ℘′ is also Λ-periodic, ℘ and ℘′ induce two meromorphic functions
on the complex torus C/Λ.
Proposition 1.4.13. Let ℘ be the Weierstrass function with respect to a lattice Λ.
Then for all z ∈ C \ Λ, ℘ and its derivative satisfy the relation

℘′(z)2 = 4℘(z)3 − 60G4℘(z)− 140G6.

Proof. See [Sil09, Chapter 6, Theorem 3.5].

Let τ be an element of the upper half plane. We will denote by Eτ the elliptic
curve associated to the complex torus C via the last proposition.

It is standard notation, to set

g2 = g2(Λ), and g3 = g3(Λ) = 140G6(Λ)

and next result says that the complex torus C/Λ is always isomorphic to an elliptic
curve.

Proposition 1.4.14. Let g2 = g2(Λ) and g3 = g3(Λ) be the quantities associated to
a lattice Λ ⊆ C.
(a) The polynomial

f(x) = 4x3 − g2x− g3

has distinct roots; thus, the discriminant

∆(Λ) := g32 − 27g23

is non-zero.

(b) Let E be the curve defined over C by

E : y2 = 4x3 − g2x− g3,

which, by part (a) and Proposition 1.2.5, is an elliptic curve. Then the map

ϕ : C/Λ → E(C) ⊆ P2(C), z + Λ 7→ [℘(z) : ℘′(z) : 1]

is an isomorphism of Riemann surfaces that is also a group isomorphism.

Proof. See [Sil09, Chapter VI, Proposition 3.6].

According to the previous Proposition, every complex torus is biholomorphic to
an elliptic curve. Conversely, since every elliptic curve has genus 1 by definition,
it can be realized as a complex torus. Consequently, we find that complex tori
(analytic objects) and elliptic curves (algebraic objects defined as the solution sets
of cubic polynomials) are essentially interchangeable. Given this deep connection,
from this point forward, we shall treat elliptic curves over C and complex tori as
equivalent objects.





Chapter 2

Modular curves

2.1 Modular forms

To begin with, we want to study more closely the modular group SL2(Z) introduced
in the previous chapter (cf. Definition 1.4.1).

Proposition 2.1.1. The modular group SL2(Z) is generated by the two matrices

S =

[
0 −1
1 0

]
and T =

[
1 1
0 1

]
.

Proof. Let G = ⟨S, T ⟩ be the subgroup of SL2(Z) generated by S and T . We observe
that for any integer n,

T n =

[
1 n
0 1

]
.

The effects of left-multiplication by S and T n on an arbitrary matrix are given by:

S

[
a b
c d

]
=

[
−c −d
a b

]
, T n

[
a b
c d

]
=

[
a+ nc b+ nd
c d

]
. (2.1)

Now, let γ =

[
a b
c d

]
∈ SL2(Z). If c ̸= 0, we can reduce the absolute value of

the entries using the Euclidean algorithm. By multiplying by S if necessary, we
may assume |a| ≥ |c|. By the division algorithm, we can write a = cq + r with
0 ≤ r < |c|. Then, as shown in (2.1), the matrix T−qγ has r as its upper-left
entry. Applying S subsequently moves this r (with a sign change) to the lower-left
position. By repeating this process, we can strictly decrease the absolute value of
the lower-left entry at each step. Since these are non-negative integers, the process
must terminate, meaning we can find an element g ∈ G such that gγ has a lower-left
entry of 0. Since gγ ∈ SL2(Z), it must be of the form:

gγ =

[
±1 m
0 ±1

]
.

23
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Such a matrix can be written as ±Tm. Noting that S2 = −I and S4 = I, we have
−I ∈ G, and thus ±Tm ∈ G. It follows that γ = g−1(±Tm) ∈ G, which completes
the proof.

A central role in our study will be played by the upper half-plane, defined as:

H = {τ ∈ C : Im(τ) > 0}.

Let τ ∈ H. For each γ =

[
a b
c d

]
∈ SL2(Z), we consider the linear fractional

transformation:

γ(τ) =
aτ + b

cτ + d
.

From the identity

Im(γ(τ)) = Im

(
aτ + b

cτ + d

)
=

Im(τ)

|cτ + d|2
,

it follows that Im(γ(τ)) > 0 for all γ ∈ SL2(Z), ensuring that the action is well-
defined on H. Furthermore, this mapping satisfies the axioms of a group action:

� I(τ) = τ for all τ ∈ H, where I is the identity matrix;

� (γγ′)(τ) = γ(γ′(τ)) for all γ, γ′ ∈ SL2(Z).

Thus, we obtain a group action of SL2(Z) on H:

ρ : SL2(Z)×H → H
(γ, τ) 7→ γ(τ)

In particular, this group of transformations is generated by the maps

τ 7→ τ + 1 and τ 7→ −1

τ
,

which correspond to the generators T and S of SL2(Z), respectively.
Another class of objects that will be extensively used throughout this chapter is

that of modular forms.

Definition 2.1.2. Let k be an integer. A meromorphic function f : H −→ C is
weakly modular of weight k if

f(γ(τ)) = (cτ + d)kf(τ) for all γ =

[
a b
c d

]
∈ SL2(Z) and τ ∈ H.

Remark 2.1.3. (a) Weak modularity of weight 0 corresponds to SL2(Z)-invariance,
as the condition above reduces to f(γ(τ)) = f(τ).
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(b) As we will see in Remark 2.1.18, it suffices to verify the weak modularity
condition on the generators S and T of SL2(Z). Thus, f is weakly modular of
weight k if and only if

f(τ + 1) = f(τ) and f(−1/τ) = τ kf(τ).

The periodicity condition f(τ + 1) = f(τ) implies that f admits a Fourier
expansion (or q-expansion) in terms of q = e2πiτ .

(c) Let f be a weakly modular function of weight k that is holomorphic on H.
With notation above, let D∗ = {q ∈ C : 0 < |q| < 1} be the punctured unit
disk. We define the function g : D∗ → C such that:

g(q) = f

(
log q

2πi

)
.

Since f is holomorphic on H, g is well-defined and holomorphic on D∗. This
allows us to represent f via its q-expansion:

f(τ) = g(q) =
∞∑

n=−∞

anq
n.

Since q → 0 as Im(τ) → ∞, we can characterize the behavior of f “at the
cusp” ∞ as follows:

� f is holomorphic at infinity if g extends holomorphically to q = 0. In
terms of the q-expansion, this means an = 0 for all n < 0.

� f is meromorphic at infinity if g has at most a pole at q = 0. This means
an = 0 for all but finitely many n < 0.

Definition 2.1.4. Let k be an integer. A function f : H −→ C is a modular form
of weight k if

(a) is holomorphic on H,

(b) is weakly modular of weight k,

(c) is holomorphic at ∞.

We will denote the set of modular forms of weight k with Mk(SL2(Z)) and the set
of all modular forms with M(SL2(Z)).

Proposition 2.1.5. (a) For all k ∈ Z, the set Mk(SL2(Z)) is a C-vector space.

(b) The decomposition

M(SL2(Z)) =
⊕
k∈Z

Mk(SL2(Z))

gives M(SL2(Z)) the structure of a graded ring.
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Proof. (a) Let k ∈ Z and f, g ∈ Mk(SL2(Z)). The sum f+g is clearly holomorphic
on H and at ∞, as these properties are preserved under linear combinations.

Furthermore, for all γ =

(
a b
c d

)
∈ SL2(Z) and τ ∈ H, we have:

(f + g)(γ(τ)) = f(γ(τ)) + g(γ(τ))

= (cτ + d)kf(τ) + (cτ + d)kg(τ)

= (cτ + d)k(f + g)(τ).

Similarly, for any α ∈ C, the function αf satisfies the weight k transformation
law and remains holomorphic, thus αf ∈ Mk(SL2(Z)).

(b) From the previous part, it follows that Mk(SL2(Z)) is an abelian group for
each k. The sum is direct because a non-zero modular form cannot satisfy
the transformation law for two distinct weights simultaneously. Finally, if
f ∈ Mk(SL2(Z)) and g ∈ Ml(SL2(Z)), their product fg is holomorphic on H

and at ∞. For any γ =

(
a b
c d

)
∈ SL2(Z), we have:

(fg)(γ(τ)) = f(γ(τ)) · g(γ(τ))
= (cτ + d)kf(τ) · (cτ + d)lg(τ)

= (cτ + d)k+l(fg)(τ).

Thus, fg ∈ Mk+l(SL2(Z)), confirming the graded ring structure.

A special type of modular forms are the cusp forms. These are modular forms
that vanish at infinity, meaning that the constant term in their q-expansion is zero.
More precisely, we give the following definition:

Definition 2.1.6. A cusp form of weight k is a modular form of weight k whose
Fourier expansion

f(τ) =
∞∑
n=0

anq
n, q = e2πiτ

has constant term a0 = 0. In other words, a modular form is a cusp form if

lim
Im(τ)→∞

f(τ) = a0 +
∞∑
n=1

ane
−2πnIm(τ) · e2πinRe(τ) = a0 = 0.

The set of cusp forms of weight k is denoted by Sk(SL2(Z)), and the space of all
cusp forms is denoted by S(SL2(Z)).

Proposition 2.1.7. The following facts hold:

(a) For all k ∈ Z, Sk(SL2(Z)) is a C-vector space.
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(b) The decomposition

S(SL2(Z)) =
⊕
k∈Z

Sk(SL2(Z))

gives S(SL2(Z)) the structure of a graded ring.

(c) S(SL2(Z)) is an ideal of the modular forms ring M(SL2(Z)).

Proof. Parts (a) and (b) follow by the same arguments presented in the proof of
Proposition 2.1.5, as the properties of holomorphy and the modular transformation
law are preserved under linear combinations and grading.

To prove (c), let f ∈ Mk(SL2(Z)) and g ∈ Sl(SL2(Z)), with q-expansions given
by

f(τ) =
∑

anq
n and g(τ) =

∑
bnq

n.

By the definition of cusp forms, we have b0 = 0. The product fg is a modular form of
weight k+ l, and its constant term in the q-expansion is a0b0. Since b0 = 0, it follows
that a0b0 = 0, which implies that fg vanishes at infinity. Thus, fg ∈ Sk+l(SL2(Z)),
confirming that S(SL2(Z)) is an ideal of M(SL2(Z)).

Example 2.1.8. We now introduce the fundamental examples of modular forms and
functions. Similarly to the definitions associated with the Weierstrass ℘-function,
for any even integer k > 2, let

Gk(τ) =
∑

(c,d)∈Z2\{(0,0)}

1

(cτ + d)k
.

One can show that these sums converge absolutely and uniformly on compact subsets
of H. In particular, we consider the normalized quantities:

g2(τ) = 60G4(τ), g3(τ) = 140G6(τ).

We then define the modular discriminant as:

∆(τ) = (g2(τ))
3 − 27(g3(τ))

2.

It can be shown that ∆ is a cusp form of weight 12 (i.e., ∆ ∈ S12(SL2(Z))) and
satisfies ∆(τ) ̸= 0 for all τ ∈ H. Thus, its only zero is at infinity.

The modularity of Gk follows from the fact that for any γ = ( a bc d ) ∈ SL2(Z), the
transformation

(c′, d′) 7→ (c′a+ d′c, c′b+ d′d) = (c′, d′)

[
a b
c d

]
is a bijection of Z2 \ {(0, 0)}. This ensures Gk(γ(τ)) = (cτ + d)kGk(τ).

Finally, we define the modular j-invariant as:

j(τ) = 1728
g2(τ)

3

∆(τ)
.



28 Chapter 2. Modular curves

The function j is holomorphic on H and weakly modular of weight 0, making it
SL2(Z)-invariant. Its q-expansion is given by:

j(τ) =
1

q
+ 744 + 196884q + 21493760q2 + . . .

Since j has a simple pole at q = 0, it is a modular function but not a modular form.

The j-function introduced above is closely related to an important polynomial
that will be fundamental in the following chapters. Let N be a positive integer and
consider

M∗(N) =

{[
a b
c d

]
∈M2(Z) : gcd(a, b, c, d) = 1, det

([
a b
c d

])
= N

}
.

One can prove that there is a decomposition of the form

M∗(N) =
∐
a,d>0
ad=N

∐
0≤b<d

SL2(Z)
[
a b
0 d

]

or equivalently, defining ψ(N) = N
∏

p|N(1 +
1
p
),

M∗(N) = SL2(Z)
[
N 0
0 1

]
SL2(Z) =

ψ(N)⋃
i=1

SL2(Z)αi.

With notation as above we can give the following.

Definition 2.1.9. The classical modular polynomial is

ΦN(Y ) :=

ψ(N)∏
i=1

(Y − j ◦ αi)

where j : H −→ C is the j-invariant introduced in example 2.1.8 and if αi = [ a b0 d ],
for all τ ∈ H

(j ◦ αi)(τ) = j ([ a b0 d ]) (τ) = j

(
aτ + b

d

)
.

Proposition 2.1.10. ΦN(Y ) is a polynomial in Z[j][Y ].

Proof. See [Lan87, Chapter 5, Section 2].

Thanks to proposition 2.1.10, replacing j, with another variable X we can con-
sider

ΦN(X, Y ) ∈ Z[X, Y ].

This new polynomial yields a key characterization of j-invariants.
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Proposition 2.1.11. Let j1, j2 ∈ C. We have ΦN(j1, j2) = 0 if and only if there
exist two elliptic curves E1, E2 and an isogeny φ : E1 −→ E2 such that j1 and j2 are
respectively the j-invariants of E1 and E2 and Ker(φ) ∼= Z/NZ.

Proof. We will only prove the case when N is prime since in this case the formulas
become simpler. By Proposition 1.2.4 and the next section 2.2.2, we have a bijection

j : SL2(Z)\H −→ C

and hence each j ∈ C is of the form j(τ) for some τ ∈ H, and this association is
well-defined up to the action of SL2(Z). Then, doing the calculation, one can check
that in our case:

ΦN(j(τ), Y ) = (Y − j(Nτ))
∏

0≤k<N

(Y − j(NST kτ))

= (Y − j(Nτ))
∏

0≤k<N

(
Y − j

(
τ + k

N

))
,

where S and T are the usual matrices. Let now j1 = j(τ1) and j2 = j(τ2) be the
j-invariants of two elliptic curves over C. Then:

ΦN(j1, j2) = 0 ⇐⇒ (j(τ2)− j(Nτ1))
∏

0≤k<N

(
j(τ2)− j

(
τ1 + k

N

))
= 0

⇐⇒ τ2 = g · (Nτ1) or τ2 = g ·
(
τ1 + k

N

)
for some g ∈ SL2(Z) and integer 0 ≤ k < N

⇐⇒ C/Λτ2 ∼= C/ΛNτ1 or C/Λτ2 ∼= C/Λ τ1+k
N

.

where the last equivalence follows from Remark 1.4.7 and if τ ∈ H, then Λτ = Z⊕Zτ .
To conclude, the lattices ΛNτ1 and Λ τ1+k

N

are exactly all the sublattices of Λτ1
of index N . Since N is prime, the quotient group Λτ1/Λ for any such sublattice
is necessarily cyclic of order N . Thus, the inclusion Λ ↪→ Λτ1 induces an isogeny
φ : E1 → E2 with Ker(φ) ∼= Z/NZ, which completes the proof.

Until now, we have considered functions that are modular with respect to the full
group SL2(Z). However, for many arithmetic applications, it is essential to study
functions that satisfy the modularity condition only for certain subgroups of finite
index. For this reasons we give the following definition.

Definition 2.1.12. Let N be a positive integer. The principal congruence subgroups
of level N is

Γ(N) =

{[
a b
c d

]
∈ SL2(Z) :

[
a b
c d

]
≡
[
1 0
0 1

]
(mod N)

}
where the matrix congruence is interpreted term by term.
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Remark 2.1.13. (a) SL2(Z) = Γ(1).

(b) Since the map π : SL2(Z) −→ SL2(Z/NZ) is a surjective group homomorphism
with kernel Γ(N), it follows that Γ(N) is a normal subgroup of SL2(Z) and that
the index is finite:

[SL2(Z) : Γ(N)] = |SL2(Z/NZ)| <∞.

Definition 2.1.14. A subgroup Γ of SL2(Z) is a congruence subgroup if Γ(N) ⊆ Γ
for some N ∈ Z>0, in which case Γ is a congruence subgroup of level N.

In particular, every congruence subgroup Γ has finite index in SL2(Z). Besides
the principal congruence subgroups, the most important congruence subgroups are:

Γ0(N) =

{(
a b
c d

)
∈ SL2(Z) :

(
a b
c d

)
≡
(
∗ ∗
0 ∗

)
(mod N)

}
and

Γ1(N) =

{(
a b
c d

)
∈ SL2(Z) :

(
a b
c d

)
≡
(
1 ∗
0 1

)
(mod N)

}
where “∗” means “unspecified”.

Remark 2.1.15. Let N be a positive integer. The chain of inclusions

Γ(N) ⊆ Γ1(N) ⊆ Γ0(N) ⊆ SL2(Z)

leads to the following considerations:

(a) The map

Γ1(N) −→ Z/NZ,
(
a b
c d

)
7→ b (mod N)

is a surjective homomorphism with kernel Γ(N). Thus, Γ(N)◁Γ1(N) and the
index [Γ1(N) : Γ(N)] = N is finite.

(b) The map

Γ0(N) −→ (Z/NZ)×,
(
a b
c d

)
7→ d (mod N)

is a surjective homomorphism with kernel Γ1(N). Thus, Γ1(N) ◁ Γ0(N) and
the index [Γ0(N) : Γ1(N)] = ϕ(N) is finite where

ϕ(N) = #{a ∈ Z : 1 ≤ a ≤ N and gcd(a,N) = 1}.

We now introduce two important notations.

� For any matrix γ = [ a bc d ] ∈ SL2(Z) the factor of automorphy δ(γ, τ) ∈ C for
τ ∈ H is

δ(γ, τ) = cτ + d.
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� For γ ∈ SL2(Z) and any integer k, the weight-k operator [γ]k on functions
f : H −→ C is

[γ]k(f) = j(γ, τ)−kf(γ(τ)), τ ∈ H.

The notion of weak modularity can be naturally extended to the case of con-
gruence subgroups. Since a congruence subgroup Γ ⊆ SL2(Z) acts on the upper
half-plane H in the same way as the full modular group, we can generalize the
transformation law by restricting the set of matrices for which it must hold. More
precisely, we give the following definition.

Definition 2.1.16. Let Γ ⊆ SL2(Z) be a congruence subgroup and let k be an
integer. A meromorphic function f : H −→ C is said to be weakly modular of
weight k with respect to Γ if it is invariant under the weight-k action of Γ, that is,
using the notation introduced above:

[γ]k(f) = f, ∀γ ∈ Γ.

Lemma 2.1.17. For all γ, γ′ ∈ SL2(Z) and τ ∈ H,

(a) j(γγ′, τ) = j(γ, γ′(τ))j(γ′, τ),

(b) (γγ′)(τ) = γ(γ′(τ)),

(c) [γγ′]k = [γ]k[γ
′]k (this is an equalty of operators),

(d) Im(γ(τ)) = Im(τ)
|j(γ,τ)|2

Proof. See [DS05, Chapter 1, Section 2, Lemma 1.2.2]

Remark 2.1.18. A consequence of Lemma 2.1.17 is that if a function f : H −→ C
is weakly modular of weight k with respect to a set of matrices, then f is weakly
modular of weight k with respect to the group generated by that set. In particular,
since

SL2(Z) =
〈(

1 1
0 1

)
,

(
0 −1
1 0

)〉
,

the condition of weak modularity for the full modular group can be verified by checking
it only for the generators

T =

(
1 1
0 1

)
and S =

(
0 −1
1 0

)
.

With the notion of weak modularity for congruence subgroups established, we
can now define the corresponding spaces of modular and cusp forms.

Definition 2.1.19. Let Γ be a congruence subgroup of SL2(Z) and k be an integer.
A function f : H −→ C is a modular form of weight k with respect to Γ if:

� f is holomorphic on H;
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� f is weakly modular of weight k with respect to Γ;

� [α]k(f) is holomorphic at ∞ for all α ∈ SL2(Z).
The set of modular forms of weight k with respect to Γ is denoted by Mk(Γ).

As in the case of the full modular group, we can distinguish a specific subspace
of modular forms that vanish at the boundaries of the upper half-plane. This leads
to the following definition of cusp forms for a congruence subgroup:

Definition 2.1.20. A modular form f ∈ Mk(Γ) is a cusp form of weight k with
respect to Γ if the constant term a0 in the Fourier expansion of [α]k(f) is zero for
all α ∈ SL2(Z). The space of such forms is denoted by Sk(Γ).

It is important to notice that for a general congruence subgroup Γ, a modular
form f may not have a period of 1 at every cusp. For any α ∈ SL2(Z), the function
[α]k(f) is periodic with some minimal period h > 0 (called the width of the cusp).
Consequently, its Fourier expansion (or q-expansion) is given in terms of qh = e2πiτ/h:

([f ]kα)(τ) =
∞∑
n=0

anq
n
h .

The condition for f to be a cusp form is then a0 = 0 for every such expansion. Since
the index [SL2(Z) : Γ] is finite, there are only finitely many non-equivalent cusps to
check.

2.2 Modular curves

The study of modular forms and congruence subgroups is not merely an analyti-
cal endeavor; it possesses a profound geometric interpretation. Until now, we have
viewed the upper half-plane H primarily as the domain for modular functions. How-
ever, the quotient of H by the action of a congruence subgroup Γ can be endowed
with the structure of a Riemann surface. These quotient spaces, known as modular
curves, are of fundamental importance in arithmetic geometry for two main reasons:

(a) Moduli Spaces: They serve as moduli spaces, where each point of the curve
corresponds to an isomorphism class of elliptic curves equipped with a specific
level-N structure (such as a torsion point of order N or a cyclic subgroup).

(b) Compactification: By adding the finite set of cusps to the quotient Γ\H, we
obtain a compact Riemann surface, denoted by X(Γ). This compactification
is crucial as it allows us to employ the tools of algebraic geometry..

Definition 2.2.1. Let Γ ⊆ SL2(Z) be any congruence subgroup. The modular curve
Y (Γ) is defined as the quotient space of orbit of the action of Γ on H, that is

Y (Γ) = Γ\H = {Γτ : τ ∈ H}.

The modular curves for Γ0(N),Γ1(N) and Γ(N) are denoted

Y0(N) = Γ0(N)\H Y1(N) = Γ1(N)\H and Y (N) = Γ(N)\H.
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In the following, we will specifically focus on the modular curve X0(N), associ-
ated with the congruence subgroup Γ0(N). As we shall see, this curve plays a key
role in arithmetic geometry as it parametrizes isomorphism classes of elliptic curves
together with a cyclic subgroup of order N .

2.2.1 The Riemann surface X0(N)

The goal of this subsection is to show that Y0(N) can be made into a Riemann
surface that can be compactified.

Definition 2.2.2. A Riemann surface is a 1-dimensional connected complex mani-
fold.

First of all, the upper half plane H inherits the euclidean topology as a subspace
of R2. The natural surjection

π : H −→ Y0(N) = Γ0(N)\H, π(τ) = Γ0(N)τ

gives Y0(N) the quotient topology, meaning a subset of Y0(N) is open if its inverse
image under π in H is open. In order to show that Y0(N) is Hausdorff, we need a
lemma.

Lemma 2.2.3. Let τ1, τ2 ∈ H be given. Then there exist neighborhoods U1 of τ1 and
U2 of τ2 in H with the property

for all γ ∈ SL2(Z), if γ(U1) ∩ U2 ̸= ∅ then γ(τ1) = τ2.

Proof. See [DS05, Chapter 2, Section 1, Proposition 2.1.1].

Corollary 2.2.4. The modular curve Y0(N) is Hausdorff.

Proof. See [DS05, Chapter 2, Section 1, Proposition 2.1.2].

We now put local coordinates on Y0(N). This means finding for each point
π(τ) ∈ Y0(N) a neighborhood Ũ and a homeomorphism φ : Ũ → V ⊆ C such that
the transition maps between the local coordinate systems are holomorphic. We have
to distinguish two cases, depending on the so-called isotropy subgroup.

Definition 2.2.5. Let τ be an element of H. The isotropy group of τ is the τ -fixing
subgroup of Γ0(N)

Γ0(N)τ := {γ ∈ Γ0(N) : γ(τ) = τ}.

A point τ ∈ H is called elliptic if its isotropy group is nontrivial.

By Lemma 2.2.3, if τ is a point of H with trivial isotropy group, we can choose
an open neighborhood U of τ that does not contain elliptic points. Moreover, one
can show that the open neighborhood π(U) equipped with the homeomorphism

φ : π(U) −→ U



34 Chapter 2. Modular curves

gives a local chart. In contrast, for an elliptic point, the situation is more patholog-
ical. As a consequence of lemma 2.2.3, we can choose a neighborhood U of τ which
has no elliptic points except possibly τ . For this reason, we can construct a chart
for the elliptic point τ as follows: consider

δ =

[
1 −τ
1 −τ

]
∈ GL2(C) and ρ : τ 7→ τh

where h ∈ N∗ is the period of the elliptic point τ (see [DS05, Chapter 2, Section 2]
for more details). One can show that the composition

ψ : U −→ C, ψ(τ) := ρ(δ(τ))

induces a homeomorphism

ψ̃ : π(U) −→ V := Im(ψ).

For a complete proof that these families of open sets define an atlas and endow
Y0(N) with the structure of a Riemann surface, see [DS05, Chapter 2, Section 2].

The goal is now to compactify Y0(N). First of all, define

H∗ = H ∪Q ∪ {∞} = H ∪ P1(Q).

One can check that a fundamental domain for the action of SL2(Z) is

D = {τ ∈ H : Re(τ) ∈ [−1/2, 1/2], |τ | ≥ 1}

(see [DS05, Chapter 2, Section 2]). This means that, as sets, we can write

SL2(Z)\H ≃ D/ ∼

where ∼ denotes the identifications induced by the action of SL2(Z) on the boundary
of the fundamental domain D. Moreover, since by Remark 2.1.15

[SL2(Z) : Γ0(N)] = r <∞,

we can write

SL2(Z) =
r∐
j=1

βjΓ0(N)

and one can check that

DN :=
r⋃
j=1

β−1
j (D)

is a fundamental domain for Γ0(N). Hence we have at most r noncompact ends of
Y0(N). For each j = 1, . . . , r we define

β−1
j (∞) := lim

Im(τ)→∞
β−1
j (τ)
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and we say that, for each j, β−1
j (∞) is a representative for a cusp. For example, if

β−1
j =

[
a b
c d

]
, then

β−1
j (∞) := lim

Im(τ)→∞

aτ + b

cτ + d
= lim

Im(τ)→∞

a+ b/τ

c+ d/τ
=
a

c
∈ Q.

This is the reason why we introduce Q ∪ {∞} and consider H∗: we can consider
cusps as the equivalence classes of P1(Q) under the action of Γ0(N). More precisely,
for all m

n
∈ Q and γ = [ a bc d ] ∈ Γ0(N) we define[

a b
c d

]
· m
n

:=
am+ bn

cm+ dn

where this means to take ∞ to a/c and −d/c to ∞ if c ̸= 0 and to take ∞ to ∞ if
c = 0. Note that the number of cusps of Y0(N) is in general less than or equal to r,
and it may be strictly smaller, since some of the β−1

j (∞) may be equivalent under
the action of Γ0(N).

Definition 2.2.6. In order to construct a Riemann surface, we topologize H∗ by
defining a neighborhood system U for each point τ ∈ H∗:

� if τ ∈ H then U = {D = D(τ, r) : r > 0, D ⊆ H};

� If τ = x ∈ Q we set U = {D(x+ iy, y) ∪ {x} : y > 0};

� for τ = ∞ we define U = {{ω ∈ C : Im(ω) > r} : r > 0}.

With this topology, the following facts hold:

� H∗ is Hausdorff;

� H is open in H∗;

� the action of Γ0(N) is continuous;

Definition 2.2.7. We define X0(N) := Γ0(N)\H∗

Note that, by definition, X0(N) is a compact Hausdorff topological space. One
can prove that X0(N) is the compactification of Y0(N).

Definition 2.2.8. Finally, we define the atlas {(Ũτ , φτ )} on X0(N). As we did for
Y0(N), let

π : H∗ −→ X0(N)

be the quotient map, that is open. We distinguish the cases for τ ∈ H∗.

� If τ ∈ H, the construction of local charts around τ has already been discussed.
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� If τ ∈ P1(Q), choose β ∈ SL2(Z) with β(τ) = ∞. Then

βΓ0(N)τβ
−1 =

{
±
[
1 mh
0 1

]
: m ∈ Z

}
,

where h is a fixed integer that depends on τ and Γ0(N)τ is the isotropy group
of τ . Let Uτ := β−1({Im(τ) > 2}). One can prove that γ(Uτ ) ∩ Uτ = ∅
for all γ ∈ Γ0(N)/Γ0(N)τ . We define Ũτ := π(Uτ ) and φτ : Ũτ → C with
φτ (π(z)) := e2πβ(z)/h.

One can finally prove that these are compatible complex charts and thus with
this atlas, X0(N) is a compact Riemann surface (for more details see [DS05, Chapter
2, Section 4]).

2.2.2 A moduli interpretation for Y0(N)

Let N be a positive integer. In this section we will discuss how the points of the
modular curve Y0(N) represent, in some sense, certain elliptic curves together with
a fixed cyclic subgroup of order N . To begin with we will need some basic scheme-
theoretic notions, which will be briefly summarized. We will call a scheme over
Spec(Z[1/N ]) a Z[1/N ]-scheme and we will denote by

HomZ[1/N ](S, T )

the set of arrows in the category SchZ[1/N ] from S to T for all Z[1/N ]-schemes S and
T .

Definition 2.2.9. Let S be an arbitrary scheme. An elliptic curve over S is a proper
smooth curve

E S
f

e

with geometrically connected fibers all of genus one, given with a section e. We will
denote it by (E, e) or simply by E.

We now define a functor. For each Z[1/N ]-scheme S, let

F0(N)(S) := {(E → S,C)}/ ∼=S,

where

� E → S is an elliptic curve over S;

� C ⊂ E is a cyclic subgroup of order N , defined over S;
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� two pairs ((E, e), C) and ((E ′, e′), C ′) are isomorphic, written

((E, e), C) ∼=S ((E ′, e′), C ′),

if there exists an isomorphism of S-schemes f : E → E ′ sending e to e′ and C
to C ′.

Note that in particular, if K ⊆ C is a field, then F0(N) coincides with the set

{
(E,C)

∣∣∣ E is an elliptic curve defined over K,

C ⊆ E is a cyclic subgroup of order N defined over K

}/
∼=K

where the equivalence relation ∼=K is defined as follows: we write

(E,C) ∼=K (E ′, C ′)

if there exists an isomorphism of elliptic curves

φ : E −→ E ′

defined over K such that φ(C) = C ′.
Moreover, let f : T → S be a morphism of Z[1/N ]-schemes. We want to define

a map

F0(N)(f) : F0(N)(S) −→ F0(N)(T ).

Let [(E,C)] be an element of F0(N)(S), then we can apply the base change to E
and C

ET : E ×S T E

T S
f

CT : C ×S T C

T S
f

and we put F0(N)(f)([(E,C)]) := [(ET , CT )]. Note that this association is well
defined thanks to the categorical definition of the fiber product:

E ′ E ′

E ′ ×S T E ×S T

S

T

∼=

∃!

∃!
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Summing up, we obtain a functor

F0(N) :(SchZ[1/N ])
op Set

S F0(N)(S)

T F0(N)(T )

f F0(N)(f)

Recall that a functor F : Cop → Set is represented by A ∈ Ob(C) if there exists
a natural isomorphism α : F ∼−−→ HomC(·, A). If C = SchZ[1/N ] we will call the
representing object (if it exists) of F a fine moduli space for the moduli problem F .
If we assume that F0(N) is representable, then there exists a scheme Y over Z[1/N ]
such that, for every Z[1/N ]-scheme S, there is a natural bijection

F0(N)(S) ∼= HomZ[1/N ](S, Y ). (2.2)

For example, if K is a number field, then Spec(K) is a Z[1/N ]-scheme thanks to the
inclusions

Z[1/N ] ↪→ Q ↪→ K

and (2.2) yields a bijection

F0(N)(Spec(K)) ∼= HomQ(Spec(K), Y ),

so that each isomorphism class of objects parametrized by F0(N) overK corresponds
to an arrow Spec(K) → Y , i.e. a K-rational point of Y .

Unfortunately, in general the functor F0(N) does not satisfy the representability
property. Indeed, one can easily see that a necessary condition for the existence of a
fine moduli space Y for F0(N) is that, if f : S → T is a monomorphism in SchZ[1/N ],

then F0(N)(f) has to be injective. But consider the inclusion Q ↪→ Q: it induces a
map

F0(N)(Spec(Q)) → F0(N)(Spec(Q))

that is not injective, because two elliptic curves over Q with the same j-invariant
are isomorphic over Q, but in general not over Q. For this reason, we must weaken
the hypotheses.

Definition 2.2.10. Let F : (SchZ[1/N ])
op → Set be a functor. A coarse moduli

space is an object Y of SchZ[1/N ] together with a natural transformation α : F →
HomZ[1/N ](·, Y ) such that:

(a) For all algebraically closed fields K equipped with a morphism Spec(K) →
Spec(Z[1/N ]), the induced map

αSpec(K) : F(Spec(K)) −→ HomZ[1/N ](Spec(K), Y )

is a bijection.
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(b) If S ∈ Ob(SchZ[1/N ]) and if β : F → HomZ[1/N ](·, S) is a natural transforma-
tion, there exists a unique arrow f : Y → S in SchZ[1/N ] such that

F HomZ[1/N ](·, Y )

HomZ[1/N ](·, S)

α

β
∃! HomZ[1/N ](·,f)

is commutative.

One can check that the modular curve Y0(N) is a coarse moduli space for the
moduli functor F0(N). In particular Y0(N) admits a model over Q by the base
change

Y0(N)×Spec(Z[1/N ]) Spec(Q) Y0(N)

Spec(Q) Spec(Z[1/N ]).

Moreover, if K is a number field, then

αSpec(K)([(E,C)]) ∈ HomZ[1/N ](Spec(K), Y0(N))

for each [(E,C)] ∈ {(E → S,C)}/ ∼=Spec(K). In conclusion, an elliptic curve E over
K together with a fixed cyclic subgroup C ⊆ E of order N corresponds via αSpec(K)

to a K-rational point of Y0(N).
Without proving the universal property, we examine the isomorphism

αSpec(C) : F0(N)(Spec(C)) −→ HomZ[1/N ](Spec(C), Y0(N))

appearing in the definition of a coarse moduli space. Note that an element of
F0(N)(Spec(C)) is of the form [(Eτ , ⟨1/N + Λτ ⟩)], for some τ ∈ H, where

Λτ = Z⊕ Zτ, and Eτ = C/Λτ .

Indeed, for each pair (E,C) where E is an elliptic curve over C and C ⊆ E a fixed
cyclic subgroup of order N , there exists τ ∈ H such that

(E,C) ∼=C (C/Λτ , ⟨
1

N
+ Λτ ⟩).

To see this, write

E = C/Λτ ′ , and C = ⟨c+ dτ ′

N
+ Λτ ′⟩
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for some c, d ∈ Z. Note that gcd(c, d,N) = 1 since P := (c+dτ ′)/N has exact order
N and we can write

ad− bc− kN = 1

for some a, b, k ∈ Z. Consider now γ :=

(
a b
c d

)
∈M2(Z) and note that its reduction

modulo N

γ =

(
a b

c d

)
∈M2(Z/NZ)

is an element of SL2(Z/NZ). Since the projection map

SL2(Z) −→ SL2(Z/NZ)

is surjective, and since modifying entries modulo N does not affect P , we may
assume that γ ∈ SL2(Z). Finally, put τ := γ(τ ′) and m = cτ ′ + d. Thus

m · Λτ = m · (Z⊕ Zτ)
= Zm⊕ Zmτ
= Z(cτ ′ + d)⊕ Z(aτ ′ + b)

= Z⊕ Zτ ′

= Λτ ′ ,

where in the fourth equality we used 1.4.3. Moreover,

m ·
(

1

N
+ Λτ

)
=
m

N
+m · Λτ =

cτ ′ + d

N
+ Λτ ′ = P.

In conclusion, the isomorphism given by multiplication by m

[m] : C/Λτ −→ C/Λτ ′

sends ⟨1/N + Λτ ⟩ to C.
We can give the following theorem:

Theorem 2.2.11. Two points of F0(N)(Spec(C)), [Eτ , ⟨1/N+Λτ ⟩] and [Eτ ′ , ⟨1/N+
Λτ ′⟩], are equal if and only if Γ0(N)τ = Γ0(N)τ ′. Thus there is a bijection

α := αSpec(C) : F0(N)(Spec(C)) −→ Y0(N)(C), [Eτ , ⟨1/N + Λτ ⟩] 7→ Γ0(N)τ.

Proof. Let τ, τ ′ ∈ H such that Γ0(N)τ = Γ0(N)τ ′. This means that there exists γ =(
a b
c d

)
∈ Γ0(N) such that γ(τ ′) = τ . As we did above, if we consider m := cτ ′ + d,

then

m · Λτ = Λτ ′ and m ·
(

1

N
+ Λτ

)
=
cτ ′ + d

N
+ Λτ ′ .

Since c = kN for some k ∈ Z and since

1 = det(γ) = ad− bc = ad−Nkb,
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we have that gcd(d,N) = 1, and so

⟨cτ
′ + d

N
+ Λτ ′⟩ = ⟨ d

N
+ Λτ ′⟩ = ⟨ 1

N
+ Λτ ′⟩.

In conclusion, the isomorphism [m] : C/Λτ → C/Λτ ′ sends ⟨1/N+Λτ ⟩ to ⟨1/N+Λτ ′⟩.
Conversely, let m ∈ C such that

m · Λτ = Λτ ′ and ⟨m
N

+ Λτ ′⟩ = ⟨ 1
N

+ Λτ ′⟩.

From the first condition and from Lemma 1.4.3, we can choose γ =

(
a b
c d

)
∈ SL2(Z)

such that (
mτ
m

)
= γ ·

(
τ ′

1

)
. (2.3)

Moreover, from the second condition, there exists k ∈ Z with gcd(k,N) = 1 such
that

cτ ′ + d

N
+ Λτ ′ =

m

N
+ Λτ ′ =

k

N
+ Λτ ′ .

Hence (cτ ′ + d− k)/N ∈ Z⊕Zτ ′, which implies c ≡ 0 (mod N), i.e., γ ∈ Γ0(N). In
conclusion, from (2.3):

mγ(τ ′) = m · aτ
′ + b

cτ ′ + d
= aτ ′ + b = mτ,

that is γ(τ ′) = τ .

2.3 Eichler–Shimura theory

In this section we briefly introduce the Eichler–Shimura theory, which will be crucial
in the next chapters. The aim is to construct a morphism defined over Q

ψ : X0(N) −→ E,

where E is an elliptic curve defined over Q. We call ψ the modular parametrization
of the elliptic curve E; it will be a fundamental tool for mapping points from X0(N)
to E while preserving the field of definition of these points. Before stating the main
theorem of this section, due to Eichler and Shimura, we need some preliminary
results and definitions.

2.3.1 Preliminaries

The first important object that we want to define is the Jacobian variety associated
to a compact Riemann surface.
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Definition 2.3.1. Let X be a compact Riemann surface and let {(Ui, φi)i∈I} be an
atlas. A system {ωi}i∈I of scalar-valued functions ωi on Ui is called a meromorphic
differential if

ωi ◦ φ−1
i = (ωj ◦ φ−1

i ) · (φj ◦ φ−1
i )′ on φi(Ui ∩ Uj) ⊆ C (2.4)

whenever Ui ∩ Uj ̸= ∅.

We will denote the C-vector space of meromorphic differentials by Ω(X). The
derivative factor in (2.4) ensures that meromorphic differentials can be integrated,
since the value of the integral does not depend on the choice of the chart Ui. For this
reason, the classical notation that is used for ωi ◦ φ−1

i is ωi(φ
−1
i (z))dz, where z is a

local parameter. If ω = {ωi}i∈I is a meromorphic differential and ωi is holomorphic
on Ui for all i ∈ I we will call ω a holomorphic differential and we will denote by
Ωhol(X) the corresponding vector space.

Examples 2.3.2. Let E be an elliptic curve over C described by the weierstrass
equation

f(x, y) = y2 + a1xy + a3y − (x3 + a2x
2 + a4x+ a6) = 0.

Since by definition E is smooth, we have(
∂f

∂x
(P ),

∂f

∂y
(P )

)
̸= (0, 0)

for all points P ∈ E. Since the two variables x, y can be viewed as meromorphic
functions E → C, then also ∂f

∂x
, ∂f
∂y

are meromorphic. Moreover, f |E ≡ 0, then

df =
∂f

∂x
dx+

∂f

∂y
dy = 0

on E. In other words we obtain the equality

dx

2y + a1x+ a3
=

dy

3x2 + 2a2x+ a4 − a1y
.

At points of E(C) where ∂
∂y

̸= 0, x is a local coordinate of E(C) and the left side

defines locally a holomorphic differential. At points where ∂
∂x

̸= 0, y is a local
coordinate and the right side defines locally a holomorphic differential. By a suitable
change of coordinates, one can check that the holomorphy can be extended at the
point ∞.

With the notations of the example 2.3.2 we give the following definition.

Definition 2.3.3. Let fx := ∂f
∂x

and fy := ∂f
∂y
. By the previous argument, it makes

sense to define the holomorphic differential on E

ω :=
dx

fy
= −dy

fx

and we will call it the invariant differential for E.
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Let X be a compact Riemann surface of genus g = g(X). Since X is in particular
a closed orientable surface, the ordinary homology group H1(X,Z) is a free abelian
group with 2g generators. Moreover, a consequence of the Riemann–Roch theorem
is that Ωhol(X) has dimension g as C-vector space. For this reasons we give the
following.

Definition 2.3.4. With notation above, let ω1, . . . , ωg be a basis of Ωhol(X) over C
and let c1, . . . , c2g be a Z−basis for H1(X,Z). We define the Jacobian variety of X
as the g-dimensional complex torus J(X) := Cg/Λ(X) where

Λ(X) =


∫
c1
ω1

...∫
c1
ωg

Z⊕ · · · ⊕


∫
c2g
ω1

...∫
c2g
ωg

Z

One can check that the 2g vectors
∫
ck
ω1

...∫
ck
ωg

 , k = 1 . . . 2g

in Cg are linearly independent over R. Moreover, the lattice Λ(X) is unchanged if
{ck} is replaced by a different Z−basis and one can show that if {ωi} is replaced by
another basis of Ωhol(X), the effect is to transform Λ(X) by an element of Glg(C).

The Jacobian variety is the first step for the construction of the modular parametriza-
tion since we will define ψ by a composition that passes through J0(N) = J(X0(N)).

Definition 2.3.5. Let X be a compact Riemann surface of genus g and fix a point
x0 ∈ X. The Abel–Jacobi map with base point x0 is

Φ : X −→ J(X)

given by

x 7−→
(∫ x

x0

ω1, . . . ,

∫ x

x0

ωg

)
.

The Abel–Jacobi map with base point x0 ∈ X has the following universal prop-
erty.

Proposition 2.3.6. If F : X → T is a holomorphic mapping of a compact Riemann
surface of genus g ≥ 1 into a complex torus, then F factors through the Jacobian
variety: F = f ◦Φ for some holomorphic mapping f : J(X) → T that is the sum of
a translation and a holomorphic homomorphism. In other words the diagram

X T

J(X)

F

Φ
f

is commutative.
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Proof. See [Kna92, Theorem 11.19].

Recall that an abelian variety A is a nonsingular projective variety over C with a
distinguished point O and with an abelian group structure such that O is the identity
and the operations of addition and negative are morphisms. A morphism F : A→ B
of abelian varieties is a morphism of varieties that is also a homomorphism of groups.
Moreover, the abelian variety is said to be defined over Q if A is defined over Q as
projective variety, O is in A(Q) and addition and negative are defined over Q.

The following theorem says that the Riemann surface X and the complex torus
J(X) can be actually viewed as nonsingular projective varieties, so it makes sense
the name ”Jacobian variety”.

Theorem 2.3.7. Let C be a nonsingular projective curve and consider J(C) as the
Jacobian variety of its underlying Riemann surface. Then J(C) is an abelian variety,
Φ : C → J(C) is a morphism of abelian varieties and we can rewrite the universal
property in Proposition 2.3.6 in the following form:
each morphism of varieties F : C → A into an abelian variety, factors through J(C)
as F = f ◦Φ+ F (x0), where Φ is the Abel–Jacobi mapping with basis point x0 ∈ C.
Moreover, if C is defined over Q, then J(C) can be defined over Q and the universal
properties holds with all the structures defined over Q.

Another concept that we need to develop for the Eichler–Shimura theory is that
of so-called newforms. First of all we define the Hecke operators Tk(n) on the vector
space Mk(Γ0(N)). To begin with consider

M(n) =

{
A =

[
a b
c d

]
∈M2(Z) : det(A) = N

}
and let

M(n,N) =

{[
a b
c d

]
∈M(n) : c ≡ 0 (mod N) and gcd(a,N) = 1

}
.

One can check that the matrices of the form[
a b
0 d

]
with ad = n, d > 0, gcd(a,N) = 1 and 0 ≤ b < d are a complete set of coset
representatives for the right cosets of Γ0(N) on M(n,N). In particular we have a
finite disjoint union

M(n,N) =
∐
i

Γ0(N)αi

where αi satisfies the above condition for all i. Moreover, for all f ∈ Mk(Γ0(N))
and for all i, we define

(f ◦ JαiKk)(τ) := δ(αi, τ)
−kf(αi · τ)det(αi)

k
2

where τ ∈ H. Now we are ready for the definition of Hecke operator.
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Definition 2.3.8. With notation above, the Hecke operator is the map

Tk(n) : Mk(Γ0(N)) −→ Mk(Γ0(N))

given by

Tk(n)f := n
k
2
−1
∑
i

f ◦ JαiKk.

Proposition 2.3.9. The Hecke operator Tk(n) is well defined, i.e.

Tk(n)(Mk(Γ0(N))) ⊆ Mk(Γ0(N)).

Moreover, it carries Sk(Γ0(N)) to itself.

Proof. See [Kna92, Proposition 9.13].

Moreover, the following propetries holds.

Proposition 2.3.10. On the space Mk(Γ0(N)), the Hecke operators satisfy:

(a) for a prime power pr with r ≥ 1 such that p ∤ N ,

Tk(p
r)Tk(p) = Tk(p

r+1) + pk−1Tk(p
r−1);

(b) for a prime power pr with r ≥ 1 such that p | N ,

Tk(p
r) = Tk(p)

r;

(c) Tk(m)Tk(n) = Tk(mn) if m and n are relatively prime;

(d) The algebra generated by the Tk(n) for n = 1, 2, 3, . . . is generated by the Tk(p)
with p prime and is commutative.

Proof. See [Kna92, Theorem 9.17].

Now we introduce the Petersson inner product on cusp forms that that will be
a crucial ingredient in the definition of the newforms.

Definition 2.3.11. The Patersson inner product on Sk(Γ0(N)) is

⟨f, h⟩ =
∫
RN

f(τ)h(τ)σk
dρdσ

σ2

for all f, h ∈ Sk(Γ0(N)), where RN is a fundamental domain for Γ0(N).

Theorem 2.3.12 (Petersson). The Hecke operators Tk(n) with gcd(n,N) = 1, on
the space of cusp forms Sk(Γ0(N)), are self adjoint relative to the Petersson inner
product. In other words, if gcd(n,N) = 1, then

⟨Tk(n)f, h⟩ = ⟨f,Tk(n)h⟩

for all f, h ∈ Sk(Γ0(N)).
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Proof. See [Kna92, Theorem 9.18].

Before we continue, we need the following definition.

Definition 2.3.13. An eigenvector cusp form under the Tk(n) with gcd(N, n) = 1
is called an eigenform.

Since the Hecke operators Tk(n) commute and are self adjoint relative to the
Petersson product whenever gcd(N, n) = 1, we can conclude that Sk(Γ0(N)) splits
into the orthogonal sum of simultaneous eigenspaces for the operators Tk(n) with
gcd(N, n) = 1. However, the dimension of these simultaneous eigenspaces is, in
general, greater than 1. This degeneracy is due to some modular forms that arise
from lower levelsM (whereM is a proper divisor of N) and are naturally embedded
into Sk(Γ0(N)). More precisely we have two types of these cusp forms.

(a) Consider f(τ) ∈ Sk(Γ0(N/r)), where r | N . Then, since

Γ0(N) ⊆ Γ0(N/r),

f is a cusp form of weight k also for Γ0(N). Moreover, if in addition f is an
eigenform for

Tk(N) : Sk(Γ0(N/r)) −→ Sk(Γ0(N/r))

where gcd(N, n) = 1, then the formula for Tk(n)f is the same relative to Γ0(N)
as relative to Γ0(N/r). Summing up, an eigenform for Γ0(N/r) becomes an
eigenform for Γ0(N) with the same eigenvalues.

(b) Consider f(τ) ∈ Sk(Γ0(N/r)), where r | N . Then one can easily check that

f(rτ) ∈ Sk(Γ0(N))

and letting Ak(r) be the operator

Ak(r)f = f ◦
[
r 0
0 1

]
k

,

it carries Sk(Γ0(N/r)) to Sk(Γ0(N)) and satisfies

Ak(r)Tk(n) = Tk(n)Ak(r) if gcd(N, n) = 1.

Consequently, if f(τ) is an eigenform for Γ0(N/r), then f(rτ) is an eigenform
for Γ0(N) with the same eigenvalues.

Definition 2.3.14. We call olforms the two types of eigenforms described above and
we denote their spanned vector space

Sold
k (Γ0(N)) := Span{oldforms in Sk(Γ0(N))}.
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Thanks to the Petersson inner product we can consider the orthogonal comple-
ment of Sold

k (Γ0(N)) in Sk(Γ0(N))

Snew
k (Γ0(N)) := Sold

k (Γ0(N))⊥.

Definition 2.3.15. We call newforms the eigenforms in Snew
k (Γ0(N)).

A deep result by Atkin and Lehner shows that newforms are eigenvector for
Tk(n) for all n. The following result explains why newforms are so important in our
discussion.

Proposition 2.3.16. Suppose f ∈ Sk(Γ0(N)) is an eigenform that is an eigenvector
for all Tk(n), say with Tk(n)f = λ(n)f . If the q expansion of f is f(τ) =

∑+∞
n=1 cnq

n,
then

cn = λ(n)c1. (2.5)

Consequently

(a) f ̸≡ 0 implies c1 ̸= 0;

(b) the system of eigenvalues {λ(n)} determines f up to scalar.

Proof. See [Kna92, Proposition 9.20].

Under the assumption of Proposition 2.3.16, we can normalize f so that the q
expansion f(τ) =

∑+∞
n=1 cnq

n has c1 = 1. In particular equation (2.5) says that cn is
the eigenvalue of Tk(n).

Now we restrict our attention on cusp forms of weight 2 and on the compact
Riemann surface X = X0(N) of genus g = g(X0(N)). Recall that we defined, at the
beginning of this section, the Jacobian variety J0(N) associated to X0(N): fixed a
point x0 ∈ X0(N) (for example one can take x0 = π(∞), where π : H∗ → X0(N)
is the projection map), this two objects were moreover related by the Abel–Jacobi
map

Φ : X0(N) −→ J0(N), x 7→
(∫ x

x0

ω1, . . . ,

∫ x

x0

ωg

)
where ω1, . . . , ωg is a C-basis for Ωhol(X0(N)). The goal is to associate to each Hecke
operator T2(n), an element tn ∈ End(J0(N)). To do this, we will use the universal
property of the couple (J0(N),Φ) and the following proposition.

Proposition 2.3.17. Let ω = {ωi}i∈I be a holomorphic differential on X0(N),
where by definition, each ωi is defined on the chart (Ui, φi). Define the map fω :
H → C by

fω(τ) := ωi(π(τ))(φi ◦ π)′(τ), where τ ∈ Ui.

Then the association ω 7→ fω defines an isomorphism

Ωhol(X0(N)) ∼= S2(Γ0(N)).

Proof. See [Kna92, Proposition 11.6].
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In order to define an element of End(J0(N)) from each Hecke operator T2(n), we
will use the following other operator. As we did for the definition of Hecke operators,
write

M(n,N) =
k∐
i=1

Γ0(N)αi

and define

T(n) : X0(N) −→ Div(X0(N)), π(τ) 7→
k∑
i=1

π(αiτ).

One can easily check that T(n) is well defined, i.e. that, if τ = τ ′ ∈ H∗ are such
that π(τ) = π(τ ′), then

k∑
i=1

π(αiτ) =
k∑
i=1

π(αiτ
′).

Now let

Φ# : Div(X0(N)) −→ J0(N)

be the linear extension of the Abel–Jacobi map Φ to the group of divisors on X0(N)
and consider the composition

T(n)# := Φ# ◦ T(n) : X0(N) −→ J0(N).

We want to check that T(n)# is holomorphic and to do this we must understand
how it acts. Recall that by Proposition 2.3.17, we have an isomorphism Ωhol(X) ∼=
S2(Γ0(N)). Thus, fixed a basis {ω1, . . . , ωg}, one have that {f1, . . . , fg} is a basis of
S2(Γ0(N)) where fi satisfies

π∗(ωi) = fi(τ)dτ

for all i. Hence, if Φ has basis point x0 and τ0 ∈ π−1(x0), we obtain

T(n)#(π(τ)) = (Φ# ◦ T(n))(π(τ)) = Φ#

(
k∑
i=1

π(αiτ)

)

=
k∑
i=1

(Φ ◦ π)(αiτ) =


∑

i

∫ αiτ

τ0
f1(ζ) dζ
...∑

i

∫ αiτ

τ0
fg(ζ) dζ

 .

Then T(n)# is holomorphic. Actually, T(n)# is a morphism of varieties and we
will use this fact to apply the universal property of (J0(N),Φ) to T(n)#. This fact
follows directly by the following theorem by Chow.

Theorem 2.3.18 (Chow). Let V1, V2 be smooth projective varieties over C and let
F : V1 → V2 be a holomorphic map between their underlying complex manifolds.
Then F is a rational morphism over C.
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Applying the universal property we obtain a commutative diagram

X0(N) J0(N)

J0(N)

T(n)#

Φ
tn

with tn ∈ End(J0(N)). In particular for all τ ∈ H∗, we have the equality

T(n)#(π(τ)) = tn(Φ(τ)) + T(n)#(π(τ0))

that is

tn


∫ τ
τ0
f1(ζ) dζ
...∫ τ

τ0
fg(ζ) dζ

 =


∑

i

∫ αiτ

τ0
f1(ζ) dζ
...∑

i

∫ αiτ

τ0
fg(ζ) dζ

 .

Moreover, one can calculate the differential dtn from the previous formula, and one
finally obtains the relation between tn and the Hecke operator T2(n):

dtn

f1(τ)...
fg(τ)

 =


∑

i f1 ◦ JαiK2(τ)
...∑

i fg ◦ JαiK2(τ)

 =

T2(n)f1(τ)
...

T2(n)fg(τ)

 . (2.6)

Another important property of the endomorphisms tn is the following.

Proposition 2.3.19. The element tn ∈ End(J0(N)) is defined over Q for all ≥ 1.

Proof. See [Kna92, Lemma 11.76].

Another ingredient for the main statement of the Eichler–Schimura theory is the
map

µ : S2(Γ0(N)) −→ Ωhol(J0(N))

defined as follows. We can use z1, . . . , zg as cordinates on J0(N) and the space
Ωhol(J0(N)) is the C-linear span of dz1, . . . , dzg. Moreover, if e1, . . . , eg is the stan-
dard basis for the tangent space of J0(N) in O, then we have the natural pairing

⟨dzi, ej⟩ = δij.

Consider now

Φ̃ = Φ ◦ π : H∗ −→ J0(N)

and let us check that for all j = 1, . . . , g

Φ̃∗(dzj) = fj(τ)dτ (2.7)
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where Φ̃∗ : Ωhol(J0(N)) → Ωhol(H∗) denotes the induced maps at the level of holo-
morphic differntials. In fact, at any point τ1,

Φ̃(τ1) =


∫ τ1
τ0
f1(ζ)dζ
...∫ τ1

τ0
fg(ζ)dζ


and the natural pairing gives

⟨Φ̃∗(dzj),
d

dτ

∣∣
τ1
⟩ = ⟨dzj, dΦ̃

(
d

dτ

∣∣
τ1

)
⟩ = ⟨dzj,

f1(τ1)...
fg(τ1)

⟩ = fj(τ1).

Since by definition ⟨dτ, d
dτ

∣∣
τ1
⟩ = 1, we obtain (2.7). Since Φ̃∗ maps basis to basis, we

conclude that it is a vector space isomorphism. Therefore it makes sense to define

µ : S2(Γ0(N)) −→ Ωhol(J0(N))

given by
µ(f) := (Φ̃∗)−1(f(τ)dτ).

We now state the Shimura–Taniyama formula, that will help us in the proof of
the Eichler–Shimura Theorem. Let f be an element in End(J0(N)) and consider the
endomorphism δf of Ωhol(J0(N)) defined by

⟨(δf)u, v⟩ := ⟨u, (df)Ov⟩ for u ∈ Ωhol(J0(N)) and v ∈ TO(J0(N)).

Here, TO(J0(N)) denotes the tangent space of J0(N) at O and (df)O : TO(J0(N)) →
TO(J0(N)) is the map induced at the level of tangent spaces.

Proposition 2.3.20 (Shimura–Taniyama). For f in S2(Γ0(N)),

(δtn)(µ(f)) = µ(T2(n)f).

Proof. See [Kna92, Lemma 11.73].

2.3.2 The main theorem

Now we are ready to state and prove the main theorem of Eichler–Shimura theory
that gives for each newform f ∈ Snew

2 (Γ0(N)), an elliptic curve constructed as a
quotient of the Jacobian variety of X0(N), but first we have to explain exactly how
we can consider the quotient of an abelian variety. Let A be an abelian variety and
let B be an abelian subvariety of A, i.e. a subvariety that is an abelian group with
the same group law of A. In this case the inclusion map i : B → A is a morphism.
One can prove that if F : A→ A′ is a morphism of abelian varieties, then Ker(F ) is
abelian subvariety of A and Im(F ) is an abelian subvariety of A′. Further, if A,A′

and F are defined over Q, then Ker(F ) and Im(F ) can be defined over Q. The
following proposition explains how we can define the quotient A/B as an abelian
variety.
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Proposition 2.3.21. Let A be an abelian variety and let B be an abelian subvariety
of A. Then there exists a pair (C, p) such that

i) C is an abelian variety;

ii) p : A→ C is a surjective morphism of abelian varieties with Ker(p) = B;

iii) (C, p) satisfies the following universal property: for each morphism of abelian
varieties F : A → C ′ with B ⊆ Ker(F ), there exists a morphism of abelian
varieties F ′ : C → C ′ such that the diagram

A C ′

C

F

p
F ′

is commutative.

Moreover, if A,B, p are defined over Q, then C can be defined over Q and in the
universal property, if C ′ and F are defined over Q, then the map F ′ is defined over
Q.

Proof. See [Pol03, Section 9.5].

Then, given an abelian variety A and an abelian subvariety B, we define the
quotient A/B to be the abelian variety C of the theorem, with projection map
p : A→ A/B.

Theorem 2.3.22. Let f(τ) =
∑∞

n=1 cne
2πinτ be a newform in S2(Γ0(N)) normalized

to have c1 = 1 and suppose that all cn are in Z. Let Φ : X0(N) → J0(N) be the
Abel–Jacobi map with base point x0 ∈ X0(N) and let τ0 ∈ H∗ such that π(τ0) = x0.
Then there exists a pair (E, ν) such that

i) E is an elliptic curve defined over Q and ν : J0(N) → E is a surjective
morphism defined over Q;

ii) the abelian subvariety A := Ker(ν) of J0(N) is stable under the action of each
tn ∈ End(J0(N)) and the action of tn on E corresponds to the multiplication
by cn for all n ≥ 1;

iii) the properties i), ii) characterize the pair (E, ν) up to isomorphism over Q;

iv) µ(f) is a non zero multiple of ν∗(ω), where ω is the invariant differential of E

v) if

Λf =

{∫ γ(τ0)

τ0

f(ζ)dζ : γ ∈ Γ(N)

}
,

then Λf is a lattice of C and E is isomorphic over C to C/Λf .
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In the course of proving Theorem 2.3.22 we will make crucial use of the following
result by Wedderburn.

Lemma 2.3.23 (Wedderburn). Let T be a finite-dimensional associative and com-
mutative algebra with identity defined over a field K and let R = Nil(T) =

√
(0)

be its nilradical. Then there exists K1, . . . , Kr finite algebraic extensions of K such
that

T = R⊕K1 ⊕ · · · ⊕Kr

as vector spaces.

Proof of Theorem 2.3.22. We want to give only a sketch of the proof of Theorem
2.3.22.

Let EndQ(J0(N)) := End(J0(N)) ⊗Z Q and let TQ be the Q-subalgebra of
EndQ(J0(N)) generated by the set {tn : n ≥ 1}. We want to apply Lemma 2.3.23 to
TQ. Note that the members of End(J0(N)) are holomorphic and their differentials
are consequently C-linear maps from the tangent space (for example in the origin O)
TO(J0(N)) ∼= Cg into itself. In this way we get an injective ring homomorphism of
End(J0(N)) into the algebra of all g-by-g complex matrices End(J0(N)) →Mg(C).
Since Q is a flat Z-module, we obtain

End(J0(N)) ↪→Mg(C) given by f 7→ (df)O.

By (2.6), dtn corresponds to the matrix of T2(n), then by Proposition 2.3.10, TQ is
commutative and by proposition 2.3.19 this homomorphism restricts to

TQ −→Mg(Q).

In conclusion, TQ is a commutative Q-subalgebra ofMg(Q). Applying Wedderburn’s
Lemma to the algebra TQ defined over Q, we obtain a decomposition

TQ = R⊕ (K1 ⊕ · · · ⊕Kr)

where R is the nilradical of TQ and the Ki’s are finite extensions of Q. Thanks to
the Shimura–Taniyama formula

δtn(µ(f)) = µ(T2(n)f) = µ(cnf) = cnµ(f)

we have a well defined homomorphism

ρ : TQ −→ Q, tn 7→ cn.

Note that if t ∈ R, then there exists r ≥ 1 such that tr = 0, hence

ρ(t)r = ρ(tr) = ρ(0) = 0 ∈ Q.

In other words, ρ(R) = 0 and ρ acts only on the Ki’s. Since the unit 1 ∈ TQ \ R,
we can write

1 = e1 + · · ·+ er,
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with ei the unit of Ki for all i = 1, . . . , r. Applying ρ, we obtain

1 = ρ(1) = ρ(e1) + · · ·+ ρ(er).

Without any loss of generality we can suppose that ρ(e1) = 1 and ρ(ei) = 0 for
i > 1, that is ρ(K1) = Q. Finally, we define the ideal

U := R⊕ (K2 ⊕ · · · ⊕Kr)

and
A :=

∑
α∈U∩End(J0(N))

α(J0(N)).

The latter will be in particular, the abelian subvariety of J0(N) that we will use to
construct the elliptic curve E; more precisely, E will be the quotient J0(N)/A, and
ν will denote the projection map. We now show the main step of the proof.

(a) First one has to check that A is an abelian subvariety of J0(N) defined over Q.
If α ∈ U ∩ End(J0(N)), then we know that α(J0(N)) = Im(α) is a subvariety
of J0(N). Moreover, if B and B′ are abelian subvarieties of J0(N), then we
can see their sum as the image of the composition

B ×B′ ↪→ J0(N)× J0(N)
+−→ J0(N), (b, b′) 7→ b+ b′.

In other words, A is an abelian subvarieties of J0(N). Moreover α, up to
multiplication by an integer, is a polynomial in the tn’s and so it is defined
over Q by Proposition 2.3.19. Then α(J0(N)) is an abelian subvariety defined
over Q then so it is A.

(b) One defines E := J0(N)/A.

(c) The fact that A = Ker(ν) is stable under the action of the tn’s follows by the
definition of A and by the fact that U is an ideal of TQ.

(d) To study the action of the tn’s on E one applies the universal property of
(E, ν) that we saw in Proposition 2.3.21 to the map ν ◦ tn and obtains the
following commutative diagram

J0(N) E

J0(N) E.

ν

tn tn

ν

(2.8)

Let ρ′ : Q → K1 be the inverse of ρ. Then, denoting by [cn] the multiplication
by cn,

tn − [cn] = tn − ρ′(cn)− ([cn]− ρ′(cn)) ∈ U ∩ End(J0(N)).

In particular, in the quotient E, tn = [cn] and ii) follows.
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(e) Then one sees that dim(E) > 0. To do this, one can prove equivalently that
A ̸= J0(N), showing a nontrivial element β ∈ End(J0(N)) that annihilates A.

(f) Then one shows that dim(E) = 1 and µ(f) = kν∗(ω) with k ̸= 0. By the
previous paragraph, we can find a nonzero member ω′ ∈ Ωhol(E). Let ν∗ be
the pullback mapping

ν∗ : Ωhol(E) −→ Ωhol(J0(N))

induced by ν. Applying (·)∗ to the commutative square (2.8) we have

ν∗ ◦ δtn = δtn ◦ ν∗

and since tn = [cn] implies δtn = cn · (·), we obatain

δtn(ν
∗(ω′)) = cnν

∗(ω′).

If we define f ′ = µ−1(ν∗(ω′)), then µ(f ′) = ν∗(ω′) and Shimura–Taniyama
formula gives

µ(T2(n)f
′) = δtn(µ(f

′)) = δtn(ν
∗(ω′)) = cnν

∗(ω′) = cnµ(f
′)

that is

T2(n)f
′ = cnf

′.

If one suppose that dim(E) > 1 then one can find ω′, ω′′ linearly independent.
If we set f ′′ = µ−1(ν∗(ω′′)), then f ′ and f ′′ are linearly independent and this
is a contradiction since by the above argument

T2(n)f
′′ = cnf

′′

for each n and two eigenforms with the same eigenvalues differ by the multipli-
cation by a scalar (this is a direct consequence of Proposition 2.3.16). More-
over, if we put ω′ = ω the invariant differential, since T2(n)f = cnf , one has
that f and f ′ are linearly dependent and then, up to a scalar, µ(f) = ν∗(ω).
Then we have i) and iv).

(g) To see that the pair (E, ν) is unique up to isomorphism letA′, (E ′ = J0(N)/A′, ν ′)
satisfying i) and ii) and let ω′, ω be the invariant differential of E ′, E respec-
tively. Then by the previous paragraph ν∗(ω′) = hν∗(ω) for some h ̸= 0. In
particular they annihilate the same elements of the tangent space at O of A
and A′ respectively. Using Lie theory one shows that this implies that A = A′

and so by Proposition 2.3.21 (E, ν) ∼= (E ′, ν ′). Then we have iii)

(h) One now proves that Λf is a lattice in C. Let µ(f) act on the tangent space
TO(J0(N)) via the identification Ωhol(J0(N)) ∼= TO(J0(N))∨. We know that if
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{c1, . . . , c2g} is a basis ofH1(X0(N),Z), then the lattice Λ(X0(N)) is generated
on R by {u1, . . . , u2g} where

uk =


∫
ck
f1(ζ)dζ
...∫

ck
fg(ζ)dζ

 , for k = 1, dots, 2g.

One can prove that

µ(f)(Λ(X0(N))) =
∑
k

Z
∫
ck

f(ζ)dζ = Λf .

Doing the calculation and with some consideration of Lie theory, from the
previous identity one proves that Λf is a lattice.

(i) Finally, the isomorphism E ∼= C/Λf follows applying the universal property
of (E, ν).

Before the ending of this section we briefly indroduce the concept of L-function
associated to a cusp form f ∈ Sk(Γ0(N)). First of all we define the Atkin–Lehner
involution wN .

Definition 2.3.24. Let f ∈ Mk(Γ0(N)). We define

wN(f) := f ◦ JαNKk

where αN :=

[
0 −1
N 0

]
.

It follows immediately by the definition of the matrix αN that ωN is an involution,
provided that one checks that is well defined. For this purpose we have the following
proposition.

Proposition 2.3.25. The Atkin–Lehner involution wN carries Mk(Γ0(N)) to itself
ans Sk(Γ0(N)) to itself.

Proof. See [Kna92, Proposition 9.7].

In particular from the previous proposition and by the fact that wN is an involu-
tion, the two spaces Mk(Γ0(N)) and Sk(Γ0(N)) split as the sum of the eigenspaces
for eigenvalues +1 and −1. For example for the cusp form we obtain the decompo-
sition

Sk(Γ0(N)) = Sk(Γ0(N))+ ⊕ Sk(Γ0(N))−

where
Sk(Γ0(N))ϵ = {f ∈ Sk(Γ0(N)) : wN(f) = ϵf}

with ϵ ∈ {±1}.
We now define the L-function attached to a cusp form f and analyze its region

of convergence.
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Definition 2.3.26. Let f ∈ Sk(Γ0(N)) be a cusp form and let f(τ) =
∑∞

n=1 cnq
n be

its q-expansion at the cusp ∞. The L-function of f is the Dirichlet series

L(s, f) =
∞∑
n=1

cn
ns
.

The convergence is established in a theorem of Hecke.

Theorem 2.3.27 (Hecke). Let f ∈ Sk(Γ0(N)) be a cusp form in one of the eigenspaces
Sk(Γ0(N))ϵ of wN , where ϵ = ±1. Then L(s, f) is initially defined for Re(s) > k

2
+1

and extends to be entire in s. Moreover, the function

Λ(s, f) = N
s
2 (sπ)−sΓ(s)L(s, f)

satisfies the functional equation

Λ(s, f) = ϵ(−1)
k
2Λ(k − s, f).

Proof. See [Kna92, Theorem 9.8].

Composing the Abel–Jacobi map with the morphism ν of Theorem 2.3.22, we
obtain a map defined over Q

ψ := ν ◦ Φ : X0(N)
Φ−→ J0(N)

ν−→ E

that we will call modular parametrization of the elliptic curve E. From a theorem
of Wiles we can deduce that the viceversa also holds over Q.

Theorem 2.3.28. Let E be an elliptic curve over Q of conductor N . Then, there
exists a newform f ∈ S2(Γ0(N)) such that:

L(E, s) = L(E, f).

Furthermore, from results on the Tate’s conjecture for abelian varieties proved
by Faltings, it can be deduced that E is isogenous to the elliptic curve Ef obtained
via the Eichler–Shimura construction.

Theorem 2.3.28 involves deep arithmetic invariants, specifically the conductor
and the L-function of an elliptic curve. While a full treatment of these topics is
beyond our current scope, we provide brief definitions to clarify the statement:

� The conductor N of an elliptic curve E/Q is a positive integer that encodes
the ”bad reduction” of the curve. Specifically, p|N if and only if E has singular
reduction at p.

� The L-function of E is defined via an Euler product L(E, s) =
∏

p Lp(E, s)
−1,

where the local factors Lp depend on the number of points of E modulo p. For
p ∤ N , Lp(E, s) = 1− app

−s + p1−2s, where ap = p+ 1−#E(Fp).

The equality L(E, s) = L(f, s) is the bridge to the geometry. By the Faltings’
Isogeny Theorem (formerly Tate’s Conjecture), if two abelian varieties (like E and
the Ef constructed via Eichler–Shimura) have the same L-function, they are isoge-
nous over Q.
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2.4 Galois cohomology

The arithmetic of an elliptic curve E over a field K is fundamentally governed by the
action of the absolute Galois group GK on its points. In this section, we introduce
the language of Galois cohomology as the formal tool to study the invariants of this
action and to measure the obstruction to the existence of K-rational points.

To begin with let G be a profinite group, i.e. a topological group that is Haus-
dorff, compact and totally disconnected and let A be a left discrete G-module. This
means that A is an abelian group together with an action of G

G× A −→ A (σ, a) 7→ σ · a = aσ

that is continuous if A is endowed with discrete topology.

Definition 2.4.1. We define

H0(G,A) := AG := {a ∈ A : σ(a) = a for all σ ∈ G}

the so called G-invariants of A.

For an example, let K be a number field (for example an imaginary quadratic
field) and consider the absolute Galois group

G := GK = Gal(K/K).

Recall that for an elliptic curve E defined over K, GK acts on its points via its
action on their coordinates. In this case, we have:

H0(GK , E(K)) = E(K)

by the definition of K-rational points on E.
Consider now a short exact sequence of left G-module

0 −→ A −→ B −→ C −→ 0.

Then it is induced another exact sequence

0 −→ AG −→ BG −→ CG. (2.9)

Unlikely the homomorphism BG −→ CG is in general not surjective. In other words
the functor

A 7→ AG

is covariant, left-exact but in general it is not right-exact.

Proposition 2.4.2. There exists a collection of functors {H i(G,−)}i≥0 such that
for every short exact sequence of G-modules

0 −→ A −→ B −→ C −→ 0

the exact sequence 2.9 extends to a long exact sequence of abelian groups

0 −→ H0(G,A) −→ H0(G,B) −→ H0(G,C) −→ H1(G,A) −→ . . .
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Proof. See [Sha72, Chapter 2]

Definition 2.4.3. The abelian group H i(G,A) is the i-th cohomology of G with
coefficients in A.

One way to define the groups H i(G,A) is to introduce the notions of i-cocycles
and i-coboundaries and to set

H i(G,A) =
{i-cocycles}

{i-coboundaries}
.

In what follows, we will only need the case i = 0 and i = 1. For i = 0 we already
have an explicit definition of H0(G,A), whereas in the case i = 1 we can proceed
with the following construction. A 1-cocycle (from G to A) is a continuous function
η : G −→ A such that

η(g1g2) = η(g1) + g1 · η(g2)

for all g1, g2 ∈ G. A 1-coboundary (from G to A) is a continuous function

G −→ A, g 7→ g · a− a

for some a ∈ A. In what follows we will denote a 1-coboundary with respect to an
element a ∈ A with χa. It is easy to see that

{1-coboundaries} ⊆ {1-cocylcles}

and so we can consider the quotient H1(G,A).

Remark 2.4.4. Note that if G acts trivially on A, then

H1(G,A) =
{continuous homomorphism G→ A}

{1}
= Homcont(G,A).

Consider now a closed subgroup H ⊆ G and take a left discrete G-module A.
Since we can view A as an H-module, it is induced an homomorphism

res := resi : H
i(G,A) −→ H i(H,A)

called the restriction homomorphism. In particular, if i = 0

AG ↪→ AH

is simply the inclusion. On the other hand, when i = 1, res is induced at the level
of 1-cocycles from the restriction

(η : G→ A) 7−→ (η|H : H → A).

In particular we can apply this construction to the special case of a local field whose
Galois group acts on the points of an elliptic curve. In this sense, let E be elliptic
curve over K, fix a place (finite or infinite) v of K and denote by Kv the completion
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of K at v. The injective homomorphism GKv ↪→ GK given by σ 7→ σ|K induces the
composition resv:

H1(GK , E(K)) H1(GKv , E(K)) H1(GKv , E(Kv))
res

resv

where the second map is induced by the inclusion E(K) ↪→ E(Kv) for a fixed
embedding K ⊆ Kv.

The restriction map res = res1 : H1(G,A) → H1(G,H) is moreover involved in
a short exact sequence of groups called the ”inflation–restriction” sequence. Since
H ⊆ G is a normal and closed subgroup of G, the quotient G/H is still a profinite
group and AH is a G/H-module. On the other hand, a 1-cocycle f : G/H → AH

induces another 1-cocycles G→ A via the composition

G↠ G/H
f−→ AH ↪→ A.

In other words we obtain a map called ”inflation” defined by

inf : H1(G/H,AH) −→ H1(G,A).

Proposition 2.4.5. The sequence of groups

0 −→ H1(G/H,AH)
inf−→ H1(G,A)

res−→ H1(H,A),

is exact; it is called the inflation–restriction sequence.

Proof. From the definitions, it is clear that res ◦ inf = 0.

First, we prove the injectivity of inf. Let ξ : G/H → AH be a 1-cocycle such
that inf([ξ]) = 0. This means there exists an a ∈ A such that ξ(σ) = σ · a− a for all
σ ∈ G. Since ξ depends only on the class of σ modulo H, for any τ ∈ H we have:

τ · a− a = ξ(τ) = ξ(1) = 0

where we used the fact that τ and 1 represent the same class in G/H. Thus τ ·a = a
for all τ ∈ H, which implies a ∈ AH . It follows that ξ is a coboundary and so [ξ] = 0
in H1(G/H,AH).

Next, we show that ker(res) ⊆ Im(inf). Let η : G → A be a 1-cocycle such that
[η|H ] = 0 in H1(H,A). This means there exists an a ∈ A such that η(τ) = τ · a− a
for all τ ∈ H. By subtracting the coboundary σ 7→ σ · a− a from η, we may assume
that η(τ) = 0 for all τ ∈ H.

Under this assumption, the cocycle condition yields η(στ) = η(σ)+σ·η(τ) = η(σ)
for all σ ∈ G and τ ∈ H. Thus η is constant on the right cosets of H, inducing a
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well-defined map η : G/H → A. Finally, since H is normal in G, for every τ ∈ H
and σ ∈ G there exists τ ′ ∈ H such that τσ = στ ′. Then:

τ · η(σ̄) = τ · η(σ)
= η(τ) + τ · η(σ)
= η(τσ) = η(στ ′)

= η(σ) + σ · η(τ ′)
= η(σ) = η(σ̄).

This shows that the image of η lies inAH . Therefore, η defines a class inH1(G/H,AH)
such that inf([η]) = [η], proving the exactness at H1(G,A).

Finally, in Section 2.4.2 we will give an idea of how to extend this sequence,
obtaining the so-called Hochschild–Serre exact sequence.

2.4.1 The Selmer group and the Shafaverich-Tate group

Let φ : E → E ′ be a nonconstant isogeny of elliptic curves defined over a number
field K and consider the induced exact sequence

0 −→ E[φ] −→ E
φ−−→ E ′ −→ 0,

where E[φ] dentotes the kernel of φ. Taking the Galois cohomology, we obtain the
long exact sequence

0 → E(K)[φ] → E(K)
φ−→ E ′(K)

δ−→ H1(GK , E[φ])
ι−→ H1(GK , E)

φ−→ H1(GK , E
′),

(2.10)
where we are writing E and E ′ meaning E(K) and E ′(K). From this we can form
the following short exact sequence

0 −→ E ′(K)/φ(E(K))
κ−−→ H1(GK , E[φ]) −→ H1(GK , E)[φ] −→ 0. (2.11)

Definition 2.4.6. The sequence above is called Kummer sequence and the homo-
morphism κ is called Kummer map.

Remark 2.4.7. Before we continue, we want to study κ. The Kummer map is
induced from the long exact sequence 2.10 in the following way:

0 Ker(ι) H1(GK , E[φ]) Im(ι) 0

Im(δ)

E ′(K)

Ker(δ)

E ′(K)

φ(E(K))

=

ι

∼ =
=

κ
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Hence, in order to see the image of a class [P ] ∈ E ′(K)/φ(E(K)) we have to compute

δ(P ) ∈ H1(GK , E[φ]).

Note that δ(P ) has the following explicit description. Since φ is surjective by Propo-
sition 1.1.5, we can find a point Q ∈ E(K) such that

P = φ(Q)

and we define

δ(P )(σ) = σ ·Q−Q.

for all σ ∈ GK. Since P is K-rational and φ is defined over K

φ(δ(P )(σ)) = φ(σ ·Q−Q) = φ(σ ·Q)− φ(Q)

= σ · P − P = P − P = 0

and so δ(P ) is a map from GK to E(K)[φ]. In other words for all [P ] ∈ E(K)/φ(E(K)),
δ(P ) = χQ for some Q ∈ E(K) such that φ(Q) = P .

Now we want to locally recreate an analogous of 2.11. For each place v of K,
denoting with Kv the completion of K at v, we obtain with the same argument
above an exact sequence

0 −→ E ′(Kv)/φ(E(Kv))
κv−−→ H1(GKv , E[φ]) −→ H1(GKv , E)[φ] −→ 0.

Summing up, we have the following commutative diagram with exact rows

0 E ′(K)/φ(E(K)) H1(GK , E[φ]) H1(GK , E)[φ] 0

0
∏

v E
′(Kv)/φ(E(Kv))

∏
vH

1(GKv , E[φ])
∏

vH
1(GKv , E)[φ] 0

κ

(2.12)
where the product is over all finite and infinite place of K.

Definition 2.4.8. With notation above we give the following definitions.

(a) The φ-Selmer group Sel(E/K)[φ] is the subgroup of H1(GK , E[φ]) defined as
the kernel of the map H1(GK , E[φ]) →

∏
vH

1(GKv , E)[φ] in the diagram 2.12.

(b) The Shafarevic–Tate group of E/K, detoted by X(E/K), is the subgroup of
of H1(GK , E) defined as the kernel of∏

v

resv : H
1(GK , E) −→ H1(GKv , E)

where v ranges over all finite and infinite places of K.
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Lemma 2.4.9. Let

0 A B C 0

0 A′ B′ C ′ 0

f

α

g

β γ

f ′ g′

be a commutative diagram of abelian groups. Then

0 → A
f−−→ Ker(g′ ◦ β) g|Ker−−→ Ker(γ) → 0

is a short exact sequence.

Proof. Immediate from the definition of exactness and from the commutativity of
the diagram.

By applying Lemma 2.4.9, we obtain the exact sequence

0 → E ′(K)/φ(E(K))
κ−→ Sel(E/K)[φ] → X(E/K)[φ] → 0, (2.13)

which will be a key tool in the following sections. For example, it allows us to
understand the meaning of the Shafarevic–Tate group. By definition

Sel(E/K)[φ] =
⋂
v

Ker
(
H1(GK , E[φ])

fv−−→ H1(GKv , E[φ])
gv−−→ H1(GKv , E)[φ]

)
and if we take [η : GK → E(K)[φ]] ∈ H1(GK , E[φ]), then

[ηv] := (gv ◦ fv)([η]) = [iv ◦ η ◦ resv]

where iv : E(K)[φ] ↪→ E(Kv) is the inclusion and resv : GKv ↪→ GK is the restriction
map. Thus, being in the Selmer group means that

[ηv] = [0] for all place v.

In other words a class η ∈ H1(GK , E[φ]) is in Sel(E/K)[φ] if for all v there exists a
point Pv ∈ E(Kv) such that

ηv = χPv ,

that is, it comes from a point in each of its localizations. Clearly, if a class comes
from a global point P ∈ E(K), then it comes from a point in each of its local version.
In particular, this explains the inclusion

E ′(K)

φ(E(K))

κ
↪−−−−→ Sel(E/K)[φ]

and allow us to view the left quotient as the subgroup of Sel(E/K)[φ] made of the
classes of the form [χQ], for some Q ∈ E(K) (note that [χQ] in this case is not
always the zero class, since it is so only when Q lies in Ker(φ)). Finally, thanks to
the short exact sequence (2.13) we can interpret the Shafarevic–Tate group as the
group of cohomology classes that come from points locally but not globally.
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2.4.2 Spectral sequences

As announced earlier, this section aims to extend the inflation–restriction exact
sequence

0 → H1(G/H,AH)
inf−→ H1(G,A)

res−→ H1(H,A).

To this end, spectral sequences will play a crucial role, and we will now proceed to
define them.

Definition 2.4.10. Let R be a ring. A spectral sequence E consists of the following
data:

� a family {Ep,q
r }(p,q)∈Z2,r∈Z+

of R-modules;

� for each r ∈ Z+ and for each (p, q) ∈ Z2, a map of R-modules

dp,qr : Ep,q
r −→ Ep+r,q−r+1

r

such that

– dp,qr ◦ dp+r,q−r+1
r = 0;

– Ep,q
r+1 = Ker(dp,qr )/Im(dp−r,q+r−1

r ).

It is useful to imagine the spectral sequence E as a ”book” whose r-th page
contains the family {Ep,q

r }(p,q) seen as a lattice, with homomorphisms {dp,qr }(p,q).

Definition 2.4.11. Let E be a spectral sequence of R-modules and let {En}n∈Z be
a family of R-modules. We say that E is eventually constant if there exists r0 ∈ Z+

such that Ep,q
r = Ep,q

ro for all r ≥ r0 and all (p, q) ∈ Z2. In this case we denote
Ep,q

∞ = Ep,q
r0

for each (p, q).

For eventually constant spectral sequences we have the notion of convergence.

Definition 2.4.12. Fix an eventually constant spectral sequence E of R-modules
and a family {En}n∈Z of R-modules. We say that E converges to {En}n∈Z and we
write

Ep,q
r ⇒ Ep+q

if for each n there is a filtration of submodules of En

· · · ⊆ F p+1En ⊆ F pEn ⊆ F p−1En ⊆ . . .

such that:

�

⋂
p∈Z F

pEn = 0;

�

⋃
p∈Z F

pEn = En;

� Ep,q
∞

∼= F pEp+q/F p+1Ep+q for all (p, q).
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The following theorem allows in many cases to construct eventually convergent
spectral sequences.

Theorem 2.4.13. Let A,B, C be abelian categories and let

F : A → B, G : B → C

be two additive left exact functors such that also the composition G ◦F is left exact.
Suppose that we can construct the right derived functors of F,G and G ◦F and that
for each injective object I of A it holds RiG(F (I)) = 0 for all i > 0. Then for each
object A of A there is a spectral sequence E(A) such that

Ep,q
2 (A) = RpG(RqF (A))

and
Ep,q
r (A) ⇒ Rp+q(G ◦ F )(A).

The spectral sequence in Theorem 2.4.13 is called Groethendieck spectral sequence
of A. From it, we can obtain an exact sequence.

Proposition 2.4.14. In the hypotheses of Theorem 2.4.13, if we denote Lp+q :=
Rp+q(G ◦ F )(A), there is an exact sequence

0 → E1,0
2 → L1 → E0,1

2 → E2,0
2 → Ker(L2 → E0,2

2 ) → E1,1
2 → E3,0

2 .

Now we want to apply these results to our situation. Let L/K be a finite Galois
extension and consider the functors

� F := (·)GL : [GK −mod] → [Gal(L/K)−mod]

� G := (·)Gal(L/K) : [Gal(L/K)−mod] → Ab.

Then they are left exact, and their composition G ◦ F = (·)GK is left exact as
well. Moreover the right derived functors of F,G and G ◦ F give exactly the Galois
cohomologies, then for each GK-module M we have the Groethendieck spectral
sequence E(M) of M , with

Ep,q
2 (M) = RpG(RqF (A)) = Hp(Gal(L/K), Hq(GL,M))

and
Ep,q
r (M) ⇒ Hp+q(GK ,M).

Then the exact sequence of Proposition 2.4.14 is

0 H1(Gal(L/K),MGL) H1(GK ,M)

H1(GL,M)Gal(L/K) H2(Gal(L/K),MGL) H2(GK ,M)

inf

res

(2.14)
This sequence is called the Hochschild–Serre sequence and following the proofs of
Theorem 2.4.13 and Proposition 2.4.14, one sees that the first part of it is the
restriction–inflation sequence.
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Heegner points

3.1 Orders in number fields

Let K be a number field.

Definition 3.1.1. A subset O ⊆ K is said to be an order in K if all the following
conditions holds:

(a) O is a subring of K;

(b) O is finitely generated as Z-module;

(c) O ⊗Z Q = K.

Since O is clearly torsion free, (b) and (c) are equivalent to O being a free Z-
module of rank two. Moreover (c) tell us that K is the field of fraction of O.

Remark 3.1.2. If K = Q(
√
d) is a quadratic field with d ∈ Z \ {0, 1}, we have an

explicit description of orders in K. First of all we have the equality

{Orders in K} = {Z[a] : a ∈ OK \ Z}

where OK is the ring of integers of K. Let us check the double inclusion. Let
a ∈ OK \ Z. Then a = x+ y

√
d for some x ∈ Q and y ∈ Q×. Hence

Z[a]⊗Z Q = Q(a) = Q(x+ y
√
d) = Q(

√
d) = K.

Moreover, Z[a] is clearly a subring of K and is finitely generated as Z-module since
a is an algebraic integer. Conversely, le O ⊆ K be an order of K. Since

rankZ(O) = 2,

applying the elementary divisor theorem, we can find a basis of O over Z {1, a}, for
some a ∈ O. In other words O = Z[a], a /∈ Z, and a ∈ OK since Z[a] is a finitely
generated Z-module.

65



66 Chapter 3. Heegner points

More explicitly, since OK = Z[ωd] with

ωd =


√
d if d ≡ 2, 3 (mod 4),

1 +
√
d

2
if d ≡ 1 (mod 4).

one has

{Orders in K} = {Z[a] : a ∈ OK \ Z} = {Z[cωd] : c ∈ Z+} .

Summing up, if K is a quadratic field, every order is contained in the maximal
order OK = Z[ωd] and is uniquely determined by a positive non-zero integer c such
that

O = Z⊕ Zcωd =< 1, cωd >Z .

Moreover, Q(
√
d) = Q(ωd), where ωd ∈ C is the algebraic element defined in the

previous remark.

Definition 3.1.3. Let O be an order in a quadratic field K. We will call the unique
integer c such that

O = Z⊕ Zcωd
the conductor of O. Moreover, the discriminant of O of conductor c is the integer

dO = c2dk

where dk is the discriminant of K.

Given any order O in a quadratic field K, our goal is now to define a certain
class group Cl(O) associated to O in analogy with the classical ideal class group of
OK . We give the following definitions:

Definition 3.1.4. An ideal a of O is said to be proper if

{β ∈ K : βa ⊆ a} = O.

Note that the inclusion
O ⊆ {β ∈ K : βa ⊆ a}

always holds since a is an ideal of O.

Definition 3.1.5. A fractional ideal of O (or a fractional O-ideal) is a subset of K
which is a nonzero finitely generated O-module.

Remark 3.1.6. Every fractional ideal is of the form αa, where α ∈ K× is an ideal
of O. Then a fractional O-ideal b is proper provided that

{β ∈ K : βb ⊆ b} = O.

Once we have fractional ideals, we can talk about invertible ideals.
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Definition 3.1.7. A fractional O-ideal a is said to be invertible if there is another
fractional O-ideal b such that ab = O.

Note that any principal nonzero fractional ideal αO with α ∈ K× is invertible
since

(αO)(α−1O) = αα−1O = O.

The basic result is that for orders in quadratic fields, the notions of proper and
invertible coincides:

Proposition 3.1.8. Let O be an order in a quadratic field K, and let a be a frac-
tional O-ideal. Then a is proper if and only if a is invertible.

Proof. See [Cox22, Chapter 2, Section 7, Proposition 7.4].

We now give a useful characterization of nonzero fractional ideal of a given order
O in a quadratic field K

Proposition 3.1.9. Let K = Q(ωd) be a quadratic field and fix an order O ⊆ K.
Then, every nonzero fractional ideal b of O is a free Z-module of rank 2.

Proof. Let b = α · a be a nonzero fractional ideal of O with α ∈ K× and a ⊆ O an
ideal. We divide the proof into several steps.

Step 1. First, we show that Z∗ ∩ a ̸= ∅. Let α be a nonzero element of a. Since

a ⊆ O = Z+ cωdZ,

where c is the conductor of the order O, there exists m,n ∈ Z, not both zero, such
that

α = m+ cωdn.

Consider now α′ = σ(α) with σ ∈ Gal(K/Q) the non trivial automorphism of K.
Thus

α′ = σ(α) = σ(m+ cωdn) = m+ cnσ(ωd).

There are two cases to consider for ωd. If ωd =
√
d, then

α′ = m− cωdn ∈ Z+ cωdZ = O.

Since a is an ideal, α ·α′ = m2 − c2dn2 is an integer of a. Moreover, we may assume
that d is not a square. Then c2dn2 cannot be a square, and hence α · α′ is nonzero.

Otherwise, if ωd =
1+

√
d

2
,

α′ = m+ cn

(
1−

√
d

2

)
= (m+ cn)− cωdn ∈ Z+ cωdZ = O.

Hence,

α · α′ = m2 + cnm− c2n2d− 1

4
∈ a.
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Moreover, it is an integer since in this case d ≡ 1 (mod 4). Suppose, for the sake of
contradiction, that

m2 + cnm− c2n2d− 1

4
= 0.

Then
4(m2 + cnm) + c2n2 = c2n2d

that is
(2m+ cn)2 = c2n2d.

In other words c2n2d, would be a square, and we then conclude as in the previous
case.

Step 2. Next, we prove that the quotient O/a is finite. From the previous step, we
can choose a nonzero integer m ∈ a. Then mO ⊆ a and since

O/mO =
Z+ cωdZ

m(Z+ cωdZ)
∼=

Z⊕ Z
m(Z⊕ Z)

∼= (Z/mZ)2

we obtain
|O/a| ≤ |O/mO| ≤ m2.

Step 3. Finally, we complete the prove. Since O ∼= Z⊕Z and a ⊆ Z⊕Z, a is a free
Z-module of rank less then 2. Since the quotient O/a is finite for the the previous
step, we conclude.

Thanks to the proof of Proposition 3.1.9 (Step 2), we can define the norm of an
ideal of an order.

Definition 3.1.10. Let O ⊆ K be an order of an imaginary quadratic field and let
a ⊆ O be an ideal. We define the norm of a to be

N(a) = |O/a|.

Moreover from Proposition 3.1.9, we obtain the following corollary.

Corollary 3.1.11. Let O be an oder in a quadratic field K . Then, every proper
fractional O-ideal b is a lattice in C.

Remark 3.1.12. Let b ⊆ O be a proper fractional ideal in an order of a quadratic
imaginary field K. Then

End(C/b) = {α ∈ K : α · b ⊆ b} = O.

In other words, we can define a map

I(O) −→ {C/Λ : End(C/Λ) = O}, b 7→ C/b

That we will study in more details in the next section.
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Given an order O of a quadratic field K, denote by I(O) the set of proper
fractional O-ideals. By Proposition 3.1.8, I(O) is a group under multiplication.
The principal O-ideals give a subgroup P(O) ⊆ I(O). Hence we can form the
quotient.

Definition 3.1.13. The ideal class group of the order O is

Cl(O) = I(O)/P(O).

Now we want to give two alternative definitions of the ideal class group. Let n
be a positive integer, K = Q(

√
d) an imaginary quadratic field and consider

On = Z⊕ Znωd

the order of K of conductor n.

Definition 3.1.14. Let a be an ideal of On. We say that a is prime (or relatively
prime) to n (or to nOn) if

a+ nOn = On

Lemma 3.1.15. Let a, b be invertible ideals of On. The following properties hold.

(a) N(ab) = N(a)N(b);

(b) if τ denotes the non trivial element of Gal(K/Q), then

aτ(a) = N(a)On.

Proof. See [Cox22, Chapter 2, Section 7, Lemma 7.14].

Lemma 3.1.16. Let a be an ideal of On.

(a) a is prime to n (i.e., a+ nOn = On) if and only if gcd(N(a), n) = 1.

(b) Every ideal of On prime to n is invertible.

Proof. (a) Let mn : On/a → On/a be the multiplication-by-n map. Since On/a is
a finite abelian group of order N(a), we have:

a+ nOn = On ⇐⇒ mn is surjective

⇐⇒ mn is an isomorphism

⇐⇒ gcd(N(a), n) = 1.

where the last equivalence follows from the structure theorem for finite abelian
groups.
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(b) Let a be an On-ideal which is prime to n. By Proposition 3.1.8, it suffices to
prove that a is proper. Recall that a is proper if and only if its stabilizer in K
is exactly On, i.e., {β ∈ K : βa ⊆ a} ⊆ On.

Let β ∈ K such that βa ⊆ a. Since a is an ideal, β is necessarily an integral
element, so β ∈ OK . Using the hypothesis a+ nOn = On, we have:

βOn = β(a+ nOn)

= βa+ n(βOn)

⊆ a+ nOK .

Since a ⊆ On and nOK ⊆ On (as n is the conductor), it follows that:

βOn ⊆ On +On = On.

This implies β ∈ On, proving that a is proper and thus invertible.

We now fix the following notation

� I(On, n):= the subgroup of I(On) generated by the On-ideals prime to n;

� P(On, n) := {a ∈ I(On, n) : a is principal}.

Our goal is to prove that the quotient I(On, n)/P(On, n) is isomorphic to the
ideal class group Cl(On). We need a lemma.

Lemma 3.1.17. Let O be an order in an imaginary quadratic field. Given a nonzero
integer M , then every ideal class in Cl(O) constains a proper fractional O-ideal
whose norm is relatively prime to M .

Proof. See [Cox22, Chapter 2, Section 7, Corollary 7.17].

Proposition 3.1.18.
I(On, n)

P(On, n)
∼=

I(On)

P(On)
= Cl(On)

Proof. Consider the composition

I(On, n) → I(On) → I(On)
/
P(On) = Cl(On)

where the first map is the inclusion. Combining the two previous lemmas we obtain
that it is surjective, hence to conclude we have to show that its kernel I(On, n) ∩
P(On) coincides with P(On, n). Clearly we have an inclusion

P(On, n) ⊆ I(On, n) ∩ P(On).

On the other hand, let αOn ∈ I(On, n) ∩ P(On), then by definition, we can write
αOn = ab−1, for some invertible ideals of On prime to n. Note that by Lemma



3.1. Orders in number fields 71

3.1.15, bτ(b) = N(b)On, that is N(b)b−1 = τ(b), where τ denotes the complex
conjugation. Thus

N(b)αOn = N(b)ab−1 = aN(b)b−1 = aτ(b) ⊆ On.

Then N(b)αOn ∈ P(On, n) and finally we conclude that

αOn = N(b)αOn(N(b)On)
−1 ∈ P(On, n).

Finally we see the third equivalent definition of the ideal class group of On. We
denote

� IK(n):= the subgroup of I(OK) generated by the ideals of OK prime to n;

� PK,Z(n) := {αOK : α ≡ a (mod nOK), a ∈ Z, gcd(a, n) = 1}.

Proposition 3.1.19. There is a bijection

IK(n) −→ I(On, n)

given by a 7→ a∩On. Its inverse is given by b 7→ bOK. Moreover, this map preserves
the norm and restricts to a bijection

PK,Z(n) −→ P(On, n).

Proof. First of all, we check that f : IK(n) → I(On, n), a 7→ a∩On is well-defined.
Given a ∈ IK(n), consider the composition

On ↪→ OK → OK/a.

The kernel is a ∩ On = f(a). The induced injection On/f(a) ↪→ OK/a implies
N(f(a)) | N(a). By Lemma 3.1.16, f(a) is prime to n since a is. To show N(f(a)) =
N(a), consider

ϕ : On/f(a) ↪→ OK/a
n·−→ OK/a

. Since gcd(n,N(a)) = 1, the multiplication-by-n map is an isomorphism. For any
[a] ∈ OK/a, let [a′] be the unique class such that [na′] = [a]. Since nOK ⊆ On,
na′ ∈ On, so ϕ([na

′]) = [a], proving ϕ is surjective. Thus ϕ is an isomorphism and
N(f(a)) = N(a).

Now define g : I(On, n) → IK(n) by b 7→ bOK . It is well-defined because
g(b) + nOK = (b + nOn)OK = OK . To show f ◦ g = id, let b ∈ I(On, n). The
inclusion b ⊆ bOK ∩ On is trivial. Conversely,

bOK ∩ On = (bOK ∩ On)(b+ nOn) ⊆ b+ n(bOK ∩ On) ⊆ b+ b(nOK) ⊆ b.

To show g ◦ f = id, let a ∈ IK(n). Then (a ∩ On)OK ⊆ a is trivial. Conversely,

a = a(a ∩ On + nOn) ⊆ (a ∩ On)OK + na.
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Since na ⊆ nOK ⊆ On, we have na ⊆ a ∩ On, hence a ⊆ (a ∩ On)OK .
Finally, for the restriction to principal ideals: If αOK ∈ PK,Z(n), then α ∈ OK

and α ≡ a (mod nOK) with gcd(a, n) = 1. Since nOK ⊆ On, we have α ∈ On.
Thus f(αOK) = αOn. Since α ≡ a (mod nOn) in On, αOn ∈ P(On, n). Conversely,
if αOn ∈ P(On, n), then α ∈ On and α ≡ a (mod nOn) for some a ∈ Z prime to n.
Since nOn ⊆ nOK , α ≡ a (mod nOK), so g(αOn) = αOK ∈ PK,Z(n).

In conclusion we have

Cl(On) =
I(On)

P(On)
∼=

I(On, n)

P(On, n)
∼=

IK(n)
PK,Z(n)

. (3.1)

3.2 The endomorphism ring

Let E be an elliptic curve over C. By results of chapter 2, E is of the form

E = C/Λ

for some lattice Λ ⊆ C. Moreover, by Proposition 1.4.5 and Corollary 1.4.6 the
endomorphism ring is

End(E) = {φ : E → E : φ is an isogeny}
= {[α] : C/Λ → C/Λ : α ∈ C, αΛ ⊆ Λ}
= {α ∈ C : αΛ ⊆ Λ}.

where [α] is the multiplication by α ∈ C. We have the following classification
theorem for End(E).

Theorem 3.2.1. Let E = C/Λ be an elliptic curve over C and let ω1, ω2 ∈ C be a
basis for Λ over Z. Consider the endomorphism ring of E

End(E) = {α ∈ C : αΛ ⊆ Λ}.

Then one and only one of the following is true:

� End(E) = Z;

� Q(ω1

ω2
) is an imaginary quadratic field and End(E) is an order in Q(ω1

ω2
).

Proof. To begin with, up to lattice isomorphism, we may suppose that Λ = Λτ with
τ = ω1

ω2
(see Remark 1.4.7). By Remark 1.4.9, Z ⊆ End(E), and if equality holds,

there is nothing to prove. Suppose now that Z ⊊ End(E).
First of all, we prove that End(E) is integral over Z. Let α ∈ End(E) and

consider the associated map
[α] : Λ −→ Λ

λ 7−→ αλ.
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Since [α] is a homomorphism of Z-modules of rank 2, we can consider its character-
istic polynomial, which is of the form

pα(X) = X2 + aX + b ∈ Z[X].

By the Cayley–Hamilton theorem, pα([α]) is the zero map, hence pα(α) = 0.
We now prove that Q(τ) is an imaginary quadratic field. Since Z ⊊ End(E), we

may choose α0 ∈ End(E) \ Z. Since α0 = α0 · 1 ∈ Λ, we can write

α0 = n+mτ

for some n,m ∈ Z with m ̸= 0. Using the notation above, we obtain

0 = pα0(α0) = α2
0 + aα0 + b = (n+mτ)2 + a(n+mτ) + b.

In other words, sincem ̸= 0, the element τ ∈ C\R is a root of a quadratic polynomial
with coefficients in Z, and the claim follows.

It remains to prove that End(E) is an order in Q(τ). The endomorphism ring
End(E) is a subring of Q(τ), since for all α ∈ End(E) we have

α = α · 1 ∈ Λ = Z+ Zτ ⊆ Q(τ).

Moreover, since End(E) ⊆ OQ(τ) and OQ(τ) is finitely generated as a Z-module, it
follows that End(E) is finitely generated as a Z-module.

Finally, we show that
Q⊗Z End(E) = Q(τ).

Since Q(τ) is a field and End(E) ⊆ Q(τ) is a subring, the inclusion “⊆” is clear.
Conversely, choosing α0 ∈ End(E) \ Z as above, we have

Q(τ) = Q(α0) = Q⊕Qα0 = Q⊗Z (Z⊕ Zα0) ⊆ Q⊗Z End(E).

Definition 3.2.2. An elliptic curve E over C is said to have complex multiplication
if its endomorphism ring is isomorphic to an order in a quadratic imaginary field.
More precisely, given such an order O, one says that E has complex multiplication
by O if End(E) ∼= O.

Proposition 3.2.3. Let O be a an order in an imaginary quadratic field K. Then
the map

Cl(O) −→
{
Elliptic curves E
such that End(E) ∼= O

}
/ ∼=

[a] 7−→ JC/aK

is a bijection.
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In order to prove Proposition 3.2.3, we need a lemma whose proof can be found
in [Cox22, Chapter 3, Section 10, Theorem 10.14].

Lemma 3.2.4. Let Λ ⊆ C be a lattice, and let ℘(z) be the ℘-funcion with respect to
Λ (Definition 1.4.10). Then, for a number α ∈ C \ Z, the following statements are
equivalent:

(a) ℘(αz) is a rational function in ℘(z).

(b) αΛ ⊆ Λ.

(c) There is an order O in an imaginary quadratic field K such that α ∈ O and
there exists a ∈ I(O) such that

C/Λ ∼= C/a.

Now we are ready to prove proposition 3.2.3.

Proof. First of all we want to prove that the map is well defined. By Remark 3.1.12,
C/a is an elliptic curve over C for all proper fractional ideal a of O. Moreover, by
proposition 1.4.5

[a] = [b] ⇐⇒ C/a ∼= C/b

for all a, b ∈ I(O). This proves also injectivity. Finally, the equivalence of (b) and
(c) of lemma 3.2.4 guarantees the surjectivity.

3.3 Heegner points

Definition 3.3.1. Let E,E ′ be two elliptic curves over C and let φ : E −→ E ′ be
an isogeny. We say that φ has degree N ∈ Z>0 if

|Ker(φ)| = |N |.

Moreover, we say that φ is cyclic of order N if Ker(φ) ∼= Z/NZ.

Given a positive integer N , the points of Y0(N) = Γ0(N)\H may also be viewed
as classifying triples (E,E ′, ϕ), where ϕ : E −→ E ′ is a cyclic isogeny of order
N . Indeed, fixed a such triple, the couple (E, ker(ϕ)) is a point of Y0(N) from the
results of Section 2.2.2. Conversely, given any pair (E,C), with E an elliptic curve
over C and C a cyclic subgroup in E of order N , we can consider E ′ = E/C and
the projection map

ϕ : E −→ E ′

which has clearly kernel isomophic to the cyclic group Z/NZ.
Let now K be an imaginary quadratic field.

Definition 3.3.2. Let O ⊆ K be an order in K. We say that x = (E,E ′, ϕ) ∈
Y0(N)(C) is a Heegner point associated to the order O, if both E and E ′ have
complex multiplication by O.
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We have the following characterization of the set of Heegner points.

Proposition 3.3.3. The set of heegner points is non-empty if and only if there
exists an order O and an ideal N ⊆ O such that

O/N ∼= Z/NZ.

Proof. Suppose we have a Heegner point x = (E,E ′, ϕ) with

End(E) = End(E ′) = O

for some order O ⊆ K and ϕ : E −→ E ′ such that

Ker(ϕ) ∼= Z/NZ.

By proposition 3.2.3 there exist a, b ∈ I(O) such that

E ∼= C/a, E ′ ∼= C/b.

Then there exists some α ∈ K× such that ϕ = [α]. In other words, ϕ is the
multiplication by α

ϕ : C/a −→ C/b
x 7−→ αx.

Note that
(α−1b)/a = Ker(ϕ) ∼= Z/NZ.

If we now set N := αab−1, then N ⊆ bb−1 = O is an ideal and

O/N = (bb−1)/αab−1 ∼= b/αa ∼= (α−1b)/a ∼= Z/NZ.

Conversely, suppose that there is an ideal N of an order O such that

O/N ∼= Z/NZ.

Choose an invertible fractional ideal a and set E = C/a and E ′ = C/aN−1. Note
that both End(E) and End(E ′) are isomorphic to O by proposition 3.2.3. Consider
now the isogeny

ϕ : C/a −→ C/aN−1, x 7→ x

which has kernel

Ker(ϕ) = (aN−1)/a ∼= a/Na ∼= O/N ∼= Z/NZ.

By proposition 3.3 we deduce that a Heegner point x ∈ Y0(N) can be described
as a triple

(O,N , [a])

where O is an order in an imaginary quadratic field K, N ⊆ O is an O-ideal such
that O/N is cyclic of order N and [a] ∈ Cl(O).
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Proposition 3.3.4. Let K be a quadratic number field and let N be a positive
integer. Suppose that every prime p dividing N splits in K. Then there exists an
ideal N of OK such that OK/N ∼= Z/NZ.

Proof. Write N = pe11 · · · perr and suppose

p1OK = p11p12, . . . , prOK = pr1pr2.

Since for all i pi splits in K, we have that

f = [OK/pij : Z/piZ] = 1.

Thus
OK/p11 ∼= Z/p1Z, . . . ,OK/pr1 ∼= Z/prZ

and
OK/p

e1
11

∼= Z/pe11 Z, . . . ,OK/p
er
r1

∼= Z/perr Z.

Set now N = pe111 · · · perr1, then by chinese remainder theorem

OK/N ∼= OK/p
e1
11 × · · · × OK/p

er
r1

∼= Z/pe11 Z× · · · × Z/perr Z ∼= Z/NZ.

Remark 3.3.5. Let K be a quadratic field, O ⊆ K an order with conductor c and
N be a positive integer. Suppose now that

(a) (c,N) = 1;

(b) every prime p dividing N splits in K.

By proposition 3.3.4 we can find an ideal N ⊆ OK such that

OK/N ∼= Z/NZ.

Since (c,N) = 1, by construction of N we have

N + cOK = OK .

In other words N is relatively prime to cOK, hence by (3.1) NO := N ∩ O is an
O-ideal such that

O/NO = O/(O ∩N ) ∼= OK/N ∼= Z/NZ.

Finally, by Proposition 3.3.3 the set of Heegner points in Y0(N) associated to the
order O is non-empty. Hence we can give the so called ”Heegner hypothesis”.

HEEGNER HYPOTHESIS. In the above setting, the integer N is relatively
prime to the conductor of the order and every prime p dividing N splits in K.



3.4. Ring class field 77

3.4 Ring class field

In this section, we introduce the theory of ring class fields, which provides the natural
arithmetic framework for studying the rationality of Heegner points. As we shall
see, these abelian extensions of imaginary quadratic fields are precisely the fields of
definition for the points constructed via the theory of complex multiplication.

3.4.1 The Artin map

Let L/K be a Galois extension of number fields, p be a nonzero prime ideal of OK

and P ⊆ OL be a nonzero prime ideal lying over p. Set

FP := OL/P, Fp := OK/p.

Definition 3.4.1. We define the decomposition group of P (relatively to the exten-
sion L/K) to be the following subgroup of the Galois group:

DP := {σ ∈ Gal(L/K) : σ(P) = P}.

One can show that there is a surjective homomorphism

ΦP : DP −→ Gal(FP/Fp)

σ 7−→ σ

where

σ : FP −→ FP

x 7−→ σ(x).

Definition 3.4.2. We define the inertia group of P (relatively to the extension
L/K) to be

IP := Ker(ΦP) = {σ ∈ DP : σ(x)− x ∈ P, for all x ∈ OL}.

Suppose now that p does not ramifies in L, that is the ramification index e of P
over OK is simply 1. In this case

|IP| = e = 1

hence
DP = DP/IP = DP/Ker(ΦP) ∼= Gal(FP/Fp)

is cyclic. Since Gal(FP/Fp) is canonically generated by

σP : FP −→ FP x 7→ xq

where q = |OK/p|, we can give the following.
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Definition 3.4.3. We call the unique automorphism σP ∈ DP such that

σP(x) ≡ xq (mod P), ∀x ∈ OL

the Frobenius automorphism at P.

Remark 3.4.4. Let σ ∈ Gal(L/K) be a K-automorphism of L. Since

Dτ(P) = τDPτ
−1

then
στ(P) = τσPτ

−1.

If moreover Gal(L/K) is abelian

στ ′(P) = σP for all τ ′ ∈ Gal(L/K).

In other words, the Frobenius automorphism does not depend on the prime P lying
on p.

Definition 3.4.5. Let L/K be an abelian extension of number fields and p be a
prime of K which does not ramify in L. The Artin symbol is(

L/K

p

)
= σP

where P is a prime lying on p.

Suppose now that L/K is an unramified abelian extension. In this case the Artin
symbol is defined for all primes p of K. Let a ∈ I(OK) be a fractional ideal with
prime factorization

a =
∏
i

prii , ri ∈ Z.

We can define the Artin symbol(
L/K

a

)
=
∏
i

(
L/K

pi

)ri
.

Moreover, it follows from the definition that(
L/K

ab

)
=

(
L/K

a

)
·
(
L/K

b

)
for all a, b ∈ I(OK)

Definition 3.4.6. Let L/K be an unramified abelian extension. The homomorphism

ΦL/K :=

(
L/K

·

)
: I(OK) −→ Gal(L/K)

is called The Artin map.
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3.4.2 Ring class field of conductor n

Let K be an imaginary quadratic field and fix an ideal m ⊆ OK . In this setting,
denote by

� IK(m):= the subgroup of I(OK) generated by the ideals of OK prime to m;

� PK,1(m) := {αOK : α ∈ OK , α ≡ 1 (mod m)}.

Definition 3.4.7. A subgroup H ⊆ IK(m) is called congruence subgroup for m if it
contains PK,1(m).

Definition 3.4.8. Let L/K be an abelian extension such that for all prime ideal
p ⊆ OK

p ∤ m ⇒ p does not ramify in L.

We define the Artin map

Φm = ΦL/K,m : IK(m) −→ Gal(L/K)

by putting

Φm(p) :=

(
L/K

p

)
and extending the map to an homomorphism to every ideal b =

∏
pvp(b) as we did

before.

Fix now an imaginary quadratic field K = Q(ωd), a positive integer n and set

On := Z⊕ Znωd

the order in K of conductor n. With this assumption, our goal is to find an abelian
extension Kn/K such that

Gal(Kn/K) ∼= Cl(On).

The existence of such extension is assured by the following important theorem.

Theorem 3.4.9 (Existence Theorem for quadratic imaginary fields). Let m be an
ideal of K quadratic imaginary field and let H ⊆ IK(m) be a congruence subgroup.
Then there exists an unique abelian extension L/K such that

(a) if p is a prime of K that ramifies in L, then p | m;

(b) the kernel of the Artin map ΦL/K,m is H.

Clearly it follows from the definition that PK,Z(n) is a congruence subgroup for
nOK , i.e.

PK,1(nOK) ⊆ PK,Z(n) ⊆ IK(nOK).

This motivates the following definition.
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Definition 3.4.10. The ring class field of K of conductor n is the abelian extension
Kn of K corresponding to m = nOK and H = PK,Z(n) in Theorem 3.4.9.

Concretely, the ring class field of conductor n is an abelian extension Kn of K
such that:

(a) if a prime ideal p of K does not divide nOK , then it does not ramify in Kn;

(b) the prime ideals p ∈ IK(nOK) that split completely in Kn are exactly those in
PK,Z(n). Indeed, if p ∈ IK(nOK), it does not ramify by the previous condition;
hence:

p ∈ PK,Z(n) ⇐⇒
(
Kn/K

p

)
= id

⇐⇒ FP = Fp

⇐⇒ p splits completely in Kn,

where P is any prime ideal of Kn lying over p, and FP,Fp denote the respective
residue fields.

We now state the Tchebotarev density theorem which will be an useful tool
during this work.

Definition 3.4.11. Let K be a number field. Given a set M of prime ideals of K,
we define the density of M to be the limit, if it exists,

lim
n→∞

#{p ∈M : N(p) ≤ n}
#{p prime of K : N(p) ≤ n}

.

where N(·) is the norm of ideals of K in the extension K/Q.

Remark 3.4.12. Note that if the limit is not zero, then M is infinite.

With the notion of density, we can give the theorem

Theorem 3.4.13 (Tchebotarev Density Theorem). Let L/K be a finite Galois ex-
tension of degree N , let σ ∈ Gal(L/K), let c be the cardinality of the conjugacy class
of σ ∈ Gal(L/K) and let M be the set of prime ideals p of K, unramified in L, such
that there exists a prime ideal P of L lying over p with σ = σP. Then M has density
c/N .

We recall that the conjugacy class of σ ∈ Gal(L/K) is

Gal(L/K)σGal(L/K)−1 = {τστ−1 : τ ∈ Gal(L/K)}.

Remark 3.4.14. Let L/K be an abelian extension, N = #Gal(L/K) = [L : K]
and let m be an ideal in OK divisible by all the prime ideals of K that ramify in L.
Then the Artin map

Φm : IK(m) −→ Gal(L/K)
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is surjective. Indeed, if we take σ ∈ Gal(L/K) and if we consider the set

M =

{
p ∈ Spec(OK) : p is unramified in L and σ =

(
L/K

p

)}
,

Theorem 3.4.13 assures that M has density

c/N ̸= 0

where c is the cardinality of the conjugacy class of σ. Hence M has to be infinite
and so, by our choice of m, there exists at least a prime ideals p ∈ IK(m) such that

Φm(p) =

(
L/K

p

)
= σ.

Hence, for any positive integer n we can consider m = nOK and set

H = PK,Z(n).

By Theorem 3.4.9 and the three definitions of Cl(On) in (3.1) we obtain

Gal(Kn/K) = Im(ΦnOK
) ∼= IK(m)

/
Ker(ΦnOK

)

= IK(m)
/
H = IK(m)

/
PK,Z(n)

∼= Cl(On).

(3.2)

Moreover, if p is a prime ideal of K such that p ∤ nOn, then it does not ramify
in Kn.

3.4.3 Concrete construction

Let K be an imaginary quadratic field and let On be the order in K of conductor n
for a positive integer n. We denote

EllOn(C) = {j(E) ∈ C : End(E) ∼= On}

the set of the j-invariants of all the elliptic curves with complex multiplication by
On. We define an action of the ideal class group Cl(On) on the set EllOn(C) that
will help us during the section. In order to fix the notation, for any [a] ∈ Cl(On),
consider

Ea := C/a and j(a) = j(Ea).

Definition 3.4.15. The action of Cl(On) on EllOn(C) is defined as follows:

(a) For all Ea with complex multiplication by On and for all [b] ∈ Cl(On), we
define

[b] ⋆ Ea := Eab−1 = C/ab−1;

(b) For all j(Ea) = j(a) ∈ EllOn(C) and for all [b] ∈ Cl(On), we define

[b] ⋆ j(Ea) := j([b] ⋆ Ea).
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Before proceeding, it is necessary to make an observation that will be crucial for
the results to follow.

Remark 3.4.16. Given al elliptic curve Ea with complex multiplication by On and
given [b] ∈ Cl(On) with [b] an ideal in On there is a natural isogeny

φ : Ea −→ Eab−1 = [b] ⋆ Ea

induced by the inclusion a ⊆ ab−1. Moreover, φ has degree N(b) since

Ker(φ) = (ab−1)/a ∼= a/ab ∼= On/b

that is |Ker(φ)| = N(b).

Lemma 3.4.17. If p is a prime number, then, the leading coefficient of Φp(X, Y )
is −1.

Lemma 3.4.18. Every class of Cl(On) contains infinitely many ideals of prime
norm.

Proof. Recall that from (3.2) we have an isomorphism

Cl(On) ∼= Gal(Kn/K)

which sends a class [p ∩ On] to the Frobenius

FrobKn/K(p) :=

(
Kn/K

p

)
with p ∈ IK(n). Thus, fix a class in Cl(On) and consider its corresponding Frobe-
nius σ ∈ Gal(Kn/K). By the Tchebotarev density Theorem 3.4.13 applied to the
extension Kn/K, there exist infinitely many prime ideals p ∈ IK(n) such that

σ = FrobKn/K(p).

We want to show that infinitely many of these prime ideals have prime norm. Let
p ⊆ OK be such a prime and let p = p ∩Q be the corresponding prime ideal in Q.
Since K/Q is quadratic, we have three possibilities:

� p is inert in K, then N(p) = p2;

� p ramifies in K, then N(p) = p;

� p splits in K, then N(p) = p.

Thus, the norm N(p) is prime if and only if p is not inert. This is equivalent to
saying that the Frobenius automorphism of p over Q in the extension K/Q is trivial
(for the split case) or the prime is ramified.

Since Kn/Q is a Galois extension and σ ∈ Gal(Kn/K) ≤ Gal(Kn/Q), we can
apply the Tchebotarev density Theorem 3.4.13 again to Kn/Q for the element σ.
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Then, there are infinitely many prime ideals p of Z such that their Frobenius class
in Gal(Kn/Q) is the conjugacy class of σ. For any such prime p, let P be a prime
of Kn above it such that FrobKn/Q(P) = σ. Then, if we let p = P ∩ OK , we have:

FrobK/Q(p) = FrobKn/Q(P)|K = σ|K = id

since σ ∈ Gal(Kn/K) by assumption. This implies that p is not inert in K. There-
fore, N(p) = p, and since FrobKn/K(p) = σ, the ideal p∩On belongs to the required
class.

Theorem 3.4.19. If E is an elliptic curve with complex multiplication, then its
j-invariant j(E) is an algebraic integer.

Proof. Let E be an elliptic curve with complex multiplication by some order On in
a quadratic field K. Applying lemma 3.4.18 to the trivial class 1 ∈ Cl(On), we can
find a prime ideal p of On such that 1 = [p] and N(p) = p with p a prime number.
Then,

j([p] ⋆ E) = [p] ⋆ j(E) = 1 ⋆ j(E) = j(E),

that is by proposition 1.2.4
[p] ⋆ E ∼= E.

As we saw in remark 3.4.16 we have a natural isogeny

φ : E −→ [p] ⋆ E

that is cyclic of degree N(p) = p. Hence, by proposition 2.1.11, we have that

Φp(j(E), j(E)) = 0.

In other words, j(E) is a root of the polynomial −Φp(X,X), that is in Z[X] by
proposition 2.1.10 and it is monic by lemma 3.4.17.

Remark 3.4.20. Let E be an elliptic curve with complex multiplication. The fact
that j(E) is algebraic integer, implies that E can be defined over Q(j(E)), that is a
number field. Indeed, let

E ′ :


y2 + xy = x3 − 36

j(E)−1728
x− 1

j(E)−1728
if j(E) ̸= 0, 1728

y2 + y = x3 if j(E) = 0

y2 = x3 + x if j(E) = 1728.

Then E ′ is clearly defined over Q(j(E)) and its j-invariant satisfies

j(E ′) = j(E).

In other words by Proposition 1.2.4 E and E ′ are isomorphic over Q.

A consequence of these facts is the following explicit characterization of the ring
class field of K.
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Theorem 3.4.21. Let j ∈ EllOn, then

Kn = K(j).

Proof. See [Cox22, Chapter 3, Section 11, Theorem 11.1].

Remark 3.4.22. A fundamental property of the extension Km/K that we will use
frequently is the following: let l ∤ m be a prime of Q which is inert in K, and let
λ = lOK be the corresponding prime ideal of K. By the definition of the ring class
field, λ is unramified in Km since l does not divide the conductor m. Furthermore,
λ splits completely in Km. Indeed, considering the Artin map:

ΦmOK
: IK(mOK) −→ Gal(Km/K), p 7−→

(
Km/K

p

)
,

note that λ = (l) is a principal ideal of OK generated by the integer l ∈ Z. Since
l ≡ l (mod mOK) and in our hypothesis gcd(l,m) = 1, it follows that λ ∈ PK,Z(m),
and thus ΦmOK

(λ) is the identity in Gal(Km/K). This is equivalent to saying that
the inertia group Iλm is trivial for each prime ideal λm of Km lying over λ. Finally,
if n = lm, the prime λ divides the conductor of Kn; consequently, each prime λm of
Km above λ is totally ramified in the extension Kn/Km.

3.5 The rationality of Heegner points

One of the key properties of Heegner points, which will be essential for the arguments
developed later, is their rationality over ring class fields. To begin with, let N be an
integer and let On ⊆ K be an order of conductor n in an imaginary quadratic field
satisfying the Heegner hypothesis. This means that N is relatively prime to n and
every prime p dividing N splits in K. In this setting, we can consider a Heegner
point (On,N , [a]) which consists explicitly of the isogeny

φ : E1 −→ E2,

where E1 = C/a and E2 = C/aN−1. By Proposition 3.2.3, both E1 and E2 have
complex multiplication by the ring On; hence, by Remark 3.4.20, they are defined
over Q(j1) and Q(j2), respectively, where j1 (resp. j2) denotes the j-invariant of
E1 (resp. E2). Applying Corollary 1.2.15 to F = K(j1, j2), that is by Theorem
3.4.21 the ring class field Kn, we obtain that φ is defined over Kn. Moreover, also
C := Ker(φ) is defined overKn by the characterization of Corollary 1.2.15. Summing
up, we obtain a pair (E1, C) defined over Kn. In view of the moduli interpretation
discussed in Section 2.2.2, this pair corresponds to a Kn-rational point of Y0(N) via
the map

αSpec(Kn) : F0(N)(Spec(Kn)) −→ HomZ[1/N ](Spec(Kn), Y0(N))

induced by the natural transformation α : F0(N) → HomZ[1/N ](·, Y0(N)).
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Kolyvagin’s Theorem

4.1 Statement and first considerations

Let N be a squarefree positive integer and let X0(N) be the usual modular curve.
Let K = Q(

√
−D) be an imaginary quadratic field of discriminant −D satisfying

the Heegner hypotheses, i.e.

every prime p dividing N splits in K.

For simplicity, we assume D ̸= 3, 4, so the integers OK of K have unit group
O×
K = {±}. Let f ∈ Snew

2 (Γ0(N)) be a newform and consider E = Ef the elliptic
curve defined over Q obtained via the Eichler–Shimura construction. In particular,
we have a parametrization, that is, with notation used in Section 2.3, a map defined
over Q

ψ = ν ◦ Φ : X0(N) −→ E

where Φ is the Abel–Jacobi mapping. Note that without loss of generality, we may
assume that Φ has base point [∞] = π(∞) so that it is sent to the origin of E. The
goal of this chapter is to study the rank of the group of K-rational point E(K).
More precisely, we will construct a point yK ∈ E(K) and what we want to prove is
the following theorem by Kolyvagin.

In what follows, ifm is an integer, we will denote byQ(E[m]) the Galois extension
of Q generated by them-torsion points of E. Let us check that this definition is well-
defined. More precisely, Q(E[m]) is obtained from Q by adjoining the coordinates of
all m-torsion points. Since the multiplication-by-m isogeny is defined over Q, note
that if P ∈ E[m], then for each σ ∈ GQ = Gal(Q/Q):

mσ(P ) = σ(mP ) = σ(O) = O.

In other words, the set E[m] is invariant under the action of GQ, and thus the
extension Q(E[m])/Q is indeed Galois.

Theorem 4.1.1 (Kolyvagin). Assume that the modular curve E has not complex
multiplication and that the point yK has infinite order in E(K). Then the group
E(K) has rank 1. Moreover, if p is an odd prime such that

85
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i) E has good reduction at p,

ii) the point yK is not divisible by p in E(K); that is, the equation pQ = yK has
no solution Q ∈ E(K),

iii) Gal(Q(E[p])/Q) ∼= GL2(Fp),

then the p-torsion subgroup of the Shafarevic–Tate group X(E/K) is trivial.

Remark 4.1.2. First of all, look at the hypothesis of the prime p in the statement
of theorem 4.1.1: these hold for almost all primes. Indeed,

i) the prime p in which E has bad reduction are those that divides the discrimi-
nant and the discriminant admits only a finite number of prime divisors.

ii) The set of prime numbers p such that yK ∈ pE(K) is finite, since yK has
infinite order. Indeed, suppose by contradiction that there exists an infinite set
A ⊂ Z≥1 such that for each n ∈ A there exists a point Pn ∈ E(K) with nPn =
yK. By the Mordell–Weil theorem, we may choose a system of generators of
E(K) {Q1, . . . , Qr, q1, . . . , qt}, where the Qi have infinite order and the qj are
torsion points. Then, for each n ∈ A, we can write

yK =
r∑
i=1

aiQi +
t∑

j=1

bjqj and Pn =
r∑
i=1

a
(n)
i Qi +

t∑
j=1

b
(n)
j qj

for suitable integer coefficients. Since nPn = yK, it follows that ai = na
(n)
i

for all i = 1, . . . , r, hence n divides ai for every n ∈ A. As A is infinite, this
implies that ai = 0 for all i, and therefore yK is a torsion point, contradicting
our assumption.

iii) The action of the absolute Galois group GQ on the the p-torsion subgroup E[p]
induces a representation

ρE,p : Gal(Q/Q) −→ Aut(E[p]) ∼= GL2(Fp),

where the isomorphism holds because E[p] ∼= F2
p. A Serre’s theorem says that

ρE,p is surjective for p >> 0, then for almost all p

Gal(Q(E[p])/Q) ∼=
Gal(Q/Q)

Gal(Q/Q(E[p]))
=

Gal(Q/Q)

Ker(ρE,p)
∼= GL2(Fp).

To make the statement of Theorem 4.1.1 complete, we need to define the point
yK . The Heegner hypothesis on the number field K assures that we can find a point
of Y0(N) ⊆ X0(N) of the form

(OK ,N , [1])

with N ⊆ OK such that OK/N ∼= Z/NZ. This Heegner point corresponds to the
isogeny

C/OK −→ C/N−1

that is by definition cyclic of order N .
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Definition 4.1.3. We define x1 as the point of X0(N) corresponding to the cyclic
N-isogeny

C/OK −→ C/N−1.

Moreover, denoting by K1 the ring class field of the maximal order OK , we know
from Section 3.5 that x1 ∈ X0(N)(K1).

Definition 4.1.4. We define

y1 := ψ(x1) ∈ E,

where ψ is the modular parametrization fixed at the beginning of the chapter.

Note that, since ψ is defined over Q, it preserves fields of definition, and hence
y1 ∈ E(K1).

Definition 4.1.5. Finally we define

yK := TrK1/Ky1 =
∑

σ∈Gal(K1/K)

σ(y1) ∈ E(K)

where the sum is in E(K1).

Remark 4.1.6. Although the construction of the point depends crucially on the
choice of the ideal, we are only interested in the fact that the point has infinite
order. Indeed, one can check that every other point y′K constructed as above is such
that yK = ±y′K + (torsion) (thus yK has infinite order if and only if y′K has infinite
order).

We will not prove directly Theorem 4.1.1 but we will pass through the following
theorem.

Theorem 4.1.7. Let p be an odd prime such that Gal(Q(E[p])/Q) ∼= GL2(Fp), p ∤ D
and assume that p does not divide yK ∈ E(K). Then the Selmer group Sel(E/K)[p]
is cyclic, generated by the image of the class of yk under the Kummer map κ.

Remark 4.1.8. Let’s see why Theorem 4.1.7 implies Theorem 4.1.1. Recall that,
from Section 2.4, we have the short exact sequence of Fp-vector spaces

0 → E(K)/p(E(K))
κ−→ Sel(E/K)[p] → X(E/K)[p] → 0 (4.1)

with κ the Kummer map. We want to show that the dimension over Fp of E(K)/p(E(K))
is exactly the rank of E(K). To begin with, consider the following tower

Q(E[p]) ·K

Q(E[p]) K

Q(E[p]) ∩K.
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Note that Q(E[p]) · K = K(E[p]) and Q(E[p]) ∩ K = Q. Indeed, looking at the
ramified primes, we want to show that Q(E[p]) ∩K is a finite unramified extension
of Q and so it has to coincide to Q itself. Let l be a prime number.

� If l ∤ D, then by definition of the discriminant, l does not ramify in K, then
in Q(E[p]) ∩K.

� If l | D, it is sufficient to show that the finite extension of local fields

Ql(E[p])/Ql

is unramified. First of all we want to use Proposition 1.3.19. Note That

– The residue field of Ql is finite since κQl
∼= Zl/lZl ∼= Fl.

– E has good reduction at l. Indeed, since l | D, l ∤ N because we are
assuming that every prime factor of N splits in K. Thus l does not
divide the conductor of the elliptic curve E, that is, E has good reduction
at l.

– Since by hypothesis p ∤ D, i.e. p ̸= l, we have

gcd(Char(κQl
), p) = gcd(l, p) = 1.

Hence by Proposition 1.3.19, the set E[m] is unramified, that is the inertia
group IQl

acts trivially on it. In particular

Ql(E[p]) ⊆ Ql
IQl = Ql

Gal(Ql/Qur
l )

= Qur
l

that is, Ql(E[p])/Ql is unramified.

Then we have

Gal(K(E[p])/K) ∼= Gal(Q(E[p])/Q) ∼= GL2(Fp)

and this implies that

E(K)[p] = E[p]Gal(K(E[p])/K) ∼= E[p]GL2(Fp) ∼= (F2
p)

GL2(Fp) ∼= (F2
p)

AutFp (F2
p) = 0.

This means that E(K) does not contain nontrivial p-torsion points, then, writing

E(K) ∼= Zr ⊕ Etors(K)

we must have E(K)/pE(K) ∼= Zr/pZr ∼= Frp that is,

dimFp (E(K)/pE(K)) = r = Rank(E(K)).

In the hypothesis of Theorem 4.1.1 the rank of E(K) is nonzero since the point yK
has infinite order. Summing up, if Theorem 4.1.7 holds, from the exactness of the
sequence (4.1)

1 = dimFp(Sel(E/K)[p])

= dimFp(E(K)/pE(K)) + dimFp(X(E/K)[p])

= rank(E(K)) + dimFp(X(E/K)[p])

≥ 1 + dimFp(X(E/K)[p]).

that is Rank(E(K)) = 1 and X(E/K)[p] = 0.
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The next sections are devoted to the proof of Theorem 4.1.7. Following Kolyva-
gin, we divide the argument into three steps:

(a) First, we construct certain cohomology classes c(n) ∈ H1(GK , E[p]) from Heeg-
ner points of conductor n for K.

(b) Second, we study their local properties.

(c) Third, we use these results to calculate the Selmer group.

4.2 Construction of the cohomology classes c(n)

The goal of this section is to construct a family of cohomology classes {cn}. The
main idea is to regard y1 as belonging to a family of additional rational points
yn. From them we will ultimately obtain certain cohomology classes that will play
a crucial role in what follows. We will impose some conditions on the integers n
indexing these families; chief among them is the requirement that n is squarefree
and every prime factor l of n does not divide N ·D · p. This last condition has an
important consequence.

Proposition 4.2.1. Under the above conditions, l does not ramify in the Galois
extension K(E[p])/Q.

Proof. Note that, since by hypothesis l ∤ D, it suffices to show that λ does not ramify
in K(E[p]) for all prime ideals λ of OK lying above l. By assumption, such a λ does
not divide the conductor NOK , hence the elliptic curve E has good reduction at λ.
Moreover, since

gcd(p, char(κKλ
)) = gcd(p, l) = 1,

it follows from Proposition 1.3.19 that the action of the inertia group Iλ on E[p]
is trivial. This implies that the local extension of the completions Kλ(E[p])/Kλ is
unramified. Since ramification is a local property, the fact that the extension of the
completions is unramified directly implies that the prime ideal λ does not ramify in
the global extension K(E[p])/K. This concludes the proof.

It follows from the previous proposition that, if p is a prime ideal of K(E[p])
lying above l, the Frobenius automorphism at p is well-defined; in this chapter, we
will denote it by

Frob(p) := FrobK(E[p])/Q(p).

Recall that for all σ ∈ Gal(K(E[p])/Q) one has Frob(σ(p)) = σFrob(p)σ−1. Thus
we can consider the conjugacy class

Frob(l) = {Frob(σ(p)) : σ ∈ Gal(K(E[p])/Q)}.

We assume that:
τ ∈ Frob(l), (4.2)
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where τ is the complex conjugation. One often says that a prime l satisfying (4.2)
is a ”Kolyvagin prime”. Note that by Theorem 3.4.13 there is an infinite number of
Kolyvagin primes.

Remark 4.2.2. A consequence of the assumption (4.2) is that l remains inert in K.
Note that, since K is an imaginary quadratic field, K/Q is abelian, and the conjugacy
class FrobK/Q(l) consists of a single element, which, by an abuse of notation, we will
also denote by FrobK/Q(l). Moreover, one has

FrobK/Q(l) = (FrobK(E[p])/Q(l))|K = τ,

that is the nontrivial element of Gal(K/Q). Thus l is inert in K. Another useful
fact in this context is that the prime ideal λ := lOK ⊆ OK splits completely in
K(E[p]) since

FrobK(E[p])/K(λ) = (FrobK(E[p])/Q(l))
2 = τ 2 = id.

Another consequence of assumption (4.2) is the following proposition

Proposition 4.2.3. Assumption (4.2) implies that

al ≡ l + 1 ≡ 0 (mod p).

Proof. Note that since the complex conjugation τ is an involution, it satisfies the
equation

X2 − 1 = 0.

On the other hand, the characteristic polynomial of FrobQ(E[p])/Q(l) acting on E[p] ∼=
F2
p is X2 − alX + l (see [Sil09, Theorem 2.3.1]). Hence, assumption (4.2) implies

the congruence
X2 − 1 ≡ X2 − alX + l (mod p)

from which we deduce that al ≡ l + 1 ≡ 0 (mod p).

Now, we want to introduce some families of objects that will play a fundamental
role in the proof of Theorem 4.1.7. More precisely, we will need:

� a family {xn}n of points of X0(N) such that each xn ∈ X0(N)(Kn);

� a family {yn}n of points of E such that each yn ∈ E(Kn);

� a family {Pn}n of points of E such that each Pn ∈ E(Kn);

� a family {c(n)}n of cohomology classes such that each c(n) ∈ H1(GK , E[p]).

For the considerations made before, the index n of all these families will run over

R := { squarefree integers n relatively prime to pND such that if n = l1 · · · lr,
then τ ∈ Frob(li), where τ is the complex conjugation }.
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Let On = Z⊕ nOK be the order in K of conductor n with n ∈ R and consider

Nn := N ∩On.

This is an ideal of On such that On/Nn
∼= Z/NZ and as we saw in Chapter 3, the

isogeny
C/On −→ C/N−1

n

is cyclic of order N . Note that this construction is consistent since the conductor of
the order is coprime with N .

Definition 4.2.4. Let n ∈ R. We define xn as the point of X0(N) corresponding
to the isogeny

C/On −→ C/N−1
n .

Note that, similarly to the case n = 1, we have xn ∈ X0(N)(Kn), where Kn is
the ring class field of K of conductor n.

Definition 4.2.5. Let n ∈ R. We define

yn := ψ(xn)

where ψ is the modular parametrization. In particular, since ψ is defined over Q,
then yn ∈ E(Kn). We will again call each yn a Heegner point and the family {yn}n∈R
an Euler system.

Once we have the family {yn}n∈R we may study its properties. Fix the following
notation:

� n ∈ R;

� Gn := Gal(Kn/K);

� Gn := Gal(Kn/K1);

� Trl =
∑

σ∈Gl
σ ∈ Z[Gl] if l is a prime factor of n.

Here Z[Gl] is the free abelian group generated by the elements of Gl, i.e.

Z[Gl] =
⊕
σ∈Gl

Zσ.

Note that Z[Gl] has a natural ring structure defined as follows. If
∑

σ nσσ,
∑

τ mττ
are in Z[Gl], then(∑

σ

nσσ

)
·

(∑
τ

mττ

)
=
∑
σ,τ

nσmτστ =
∑
γ

(∑
τ

nγτ−1mτ

)
γ.

Remark 4.2.6. Let n = l ·m ∈ R with l a prime factor. Then Gn and Gl have the
following properties.
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(a) Since Kn = Kl ·Km and Kl ∩Km = K1, we have

Gl = Gal(Kl/K1) ∼= Gal(Km ·Kl/Km) = Gal(Kn/Km).

In particular we can apply Trl to yn.

(b) There is a decomposition Gn =
∏

l|nGl. Indeed, if n = ll′,

Gn = Gal(Kl ·Kl′/K1) ∼= Gal(Kl/K1)×Gal(Kl′/K1)

and we conclude by induction.

(c) The group Gl is cyclic of order l + 1. Indeed, by (3.1)

Gl
∼=

Gal(Kl/K)

Gal(K1/K)
∼=

Cl(Ol)

Cl(OK)
∼=

IK(l) ∩ P(OK)

PK,Z(l)

and by the short exact sequence

1 → (Z/NZ)× −→ (OK/lOK)
× −→ IK(l) ∩ P(OK)

PK,Z(l)
→ 1

we have

Gl
∼=

(OK/lOK)
×

(Z/lZ)×
.

Moreover, since l is inert in K by Remark 4.2.2, if λ is the unique prime ideal
of K over l and Fλ is its residue field, then

Gl
∼=

(OK/lOK)
×

(Z/lZ)×
∼=

F×
λ

F×
l

∼=
F×
l2

F×
l

.

In particular, Gl is cyclic of order l + 1.

Proposition 4.2.7. Let l be a prime factor of n ∈ R, write n = lm and let al be
the l-th coefficients of the Fourier series of the new form associated to E. Then

(a) Trl(yn) = alym in E(Km)

(b) Each prime factor λn ⊆ OKn of λ = lOK divides a unique prime ideal λm of
Km and we have the identity

redλn(yn) = redλm
(
FrobKm/Q(λm)(ym)

)
where redλn : E(Kn) → E(Fλn) is the reduction map.

In order to prove this proposition, we need to interpret the Hecke operator Tl :=
T2(l) as an action on Div(X0(N)).
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Definition 4.2.8. Let C1, C2 be two curves. A correspondence C1 ⇝ C2 is a curve C
together with two non constant morphisms

C

C1 C2.

α β

In our case, we want to consider the Hecke operator Tl as a correspondence
X0(N)⇝ X0(N) of the form

X0(lN)

X0(N) X0(N).

α β

Recall that X0(N) classifies elliptic curves together with a cyclic subgroup of
orderN , up to isomorphism. More precisely, a point ofX0(N) is a pair (E,C), where
E is defined over C and C ⊂ E is a cyclic subgroup with C ∼= Z/NZ. Similarly,
a representative of a point of X0(lN) is a pair (E,C ⊕ D), where C ∼= Z/NZ and
D ∼= Fl. Using these notations, we can define α and β.

Definition 4.2.9. We define

� α : X0(lN) → X0(N), (E,C ⊕D) 7→ (E,C);

� β : X0(lN) → X0(N), (E,C ⊕D) 7→ (E, (C +D)/D).

One can check, in the language of complex varieties, that

� α corresponds to the morphism α : H/Γ0(lN) → H/Γ0(N) induced by the
inclusion Γ0(pN) ⊆ Γ0(N);

� β corresponds to the composition

β : H/Γ0(lN) ∼= H/
[
l o
0 1

]
Γ0(lN)

[
l 0
0 1

]−1

→ H/Γ0(N)

where the isomorphism is given by z → lz and the second map is induced by
the inclusion [

l o
0 1

]
Γ0(lN)

[
l 0
0 1

]−1

⊆ Γ0(N).
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Correspondences induce maps of divisors, let’s see it in our case. Let x ∈ X0(N),
then we can view α−1(x) as a divisor on X0(lN) as

α−1(x) =
∑

P∈α−1(x)

multP (α)P ∈ Div(X0(lN)).

In this sense, β(α−1(x)) ∈ Div(X0(N)) and we obtain a map

Div(X0(N))
β◦α−1

−−−→ Div(X0(N))

given by

(E,C) 7→
∑
D⊆E[l]
#D=l

(E,C ⊕D) 7→
∑
D⊆E[l]
#D=l

(E, (C ⊕D)/D).

Another equation that we will use in the proof of Proposition 4.2.7 involves
the reduction modulo l of Tl. One can prove that if l ∤ N , then X0(N) has good
reduction at l, i.e. the curve X0(N) obtained reducing modulo l the equation of
X0(N) is nonsingular. In this sense we obtain an action on Div(X0(N))

Tl : Div(X0(N)) → Div(X0(N)).

Proposition 4.2.10. The reduction of the Hecke operator Tl admits the decompo-
sition

Tl = Frl + Frtl

where Frl is the l-th Frobenius and Frtl is its transpose. In other words, for all
P ∈ X0(N)

Tl([P ]) = [Frl(P )] + l[Q]

where Q ∈ X0(N) satisfies Fr(Q) = P .

Now we are ready for the proof of Proposition 4.2.7.

Proof of Proposition 4.2.7. Doing explicit calculation one can check that we have,
at the level of divisors of X0(N), an equality

Trl(xn) = Tl(xm) ∈ Div(X0(N)).

Moreover, by Theorem 2.3.22 Tl, acts on E as multiplication by al and applying the
modular parametrization, we have

alym = alψ(xm) = ψ(Tl(xm)) = ψ(Trl(xn)) = Trl(ψ(xn)) = Trl(ym).

Then we have proved (a).
Recall that by Remark 3.4.22 if λm is a prime ideal of Km lying over l then it

totally ramifies in Kn. In particular, if λn is the unique prime ideal of Kn lying over
λm, then the residue fields coincide, that is

Fλn ∼= Fλm ∼= Fλ ∼= Fl2 .
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By Proposition 4.2.10 we have the congruence

Tl ≡ Frl + Frtl (mod l).

Hence, passing modulo λn we have

Tl(xm) ≡ Frl(xm) + Frtl(xm) (mod λn).

In particular, there exists at least a point of the divisor Tl(xm) that is equal to
Frl(xm) = Frob(Km/Q)(λm)(xm) modulo λn. On the other hand, from part (a), we
know that

Tl(xm) = Trl(xn) =
∑

σ∈Gal(Kn/Km)

σ(xn).

Since λm is totally ramified in Kn, all the σ(xn)’s are congruent to xn modulo λn,
so by the previous discussion we have that

xn ≡ FrobKm/Q(λm)(xm) (mod λn).

Finally, applying the modular parametrization, we obtain the desired result.

Now we are going to use the Euler system to construct cohomology classes in
H1(GK , E[p]). Recall that by Remark 4.2.6

Gl = Gal(Kl/K1) ∼= Gal(Kn/Km) ≤ Gal(Kn/K1) = Gn

is a cyclic subgroup of order l + 1 and let σl be a fixed generator.

Definition 4.2.11. The augmentation ideal of the group ring Z[Gl] is the kernel of
the map

∑
σ∈Gl

nσσ.

Note that, with notation above, the augmentation ideal is principal and gener-
ated by σ− 1 where 1 ∈ Gl is the identity. Indeed, the augmentation ideal is clearly
generated by the element of the form σ − σ′, with σ, σ′ ∈ Gl. This is exactly the
set of elements of Z[Gl] of the form σ − 1 and the ideal generated by this set is the
ideal (σl − 1).

Definition 4.2.12. We define Dl as the solution in Z[Gl] of the equation

(σl − 1)X = l + 1− Trl. (4.3)

Remark 4.2.13. Note that a solution exists. For example Kolyvagin takes

D0
l =

l∑
i1

i · σil = −
l+1∑
i=1

σil − 1

σl − 1
.

Indeed:

(σl − 1) ·D0
l = −

l+1∑
i=1

(σil − 1) = l + 1−
l+1∑
i=1

σil = l + 1− Trl.
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Remark 4.2.14. The solution Dl is well defined up to addition of elements in ZTrl.
In fact, let

∑l
i=0 niσ

i
l be a generic element of Z[Gl] and suppose that

(σl − 1) ·
l∑

i=0

niσ
i
l = 0

or equivalently, that

l∑
i=0

n−1σ
i
l −

l∑
i=0

niσ
i
l =

l∑
i=0

(ni−1 − ni)σ
i
l = 0

where n−1 := nl. Then ni = ni−1 for all i = 0, . . . , l that is

l∑
i=0

niσ
i
l = kTrl

for some k ∈ Z. If we now have Dl, D
′
l ∈ Z[Gl] satisfying 4.3, then

(σl − 1) · (Dl −D′
l) = 0

and by the previous discussion

D′
l = Dl + kTrl

for some k ∈ Z.

Definition 4.2.15. Let n ∈ R and fix a solution Dl ∈ Z[Gl] for all prime factor
l | n. We define Dn as the product

Dn =
∏
l|n

Dl ∈ Z[Gn].

Proposition 4.2.16. Let n ∈ R. The point Dn(yn) ∈ E(Kn) gives a class [Dn(yn)] ∈
E(Km)/pE(Kn) which is fixed by Gn.

Proof. It suffices to show that for all l | n, [Dn(yn)] is fixed by the generator σl of
Gl. In other words, we have to show that

(σl − 1) ·Dn(yn) ∈ pE(Kn).

Note that

(σl − 1) ·Dn = (σl − 1) ·Dl ·Dm = (l + 1− Trl) ·Dm ∈ Z[Gn].

Hence in yn we have that

(σl − 1) ·Dn(yn) = (l + 1) ·Dm(yn)−Dm(Trl(yn))

= (l + 1) ·Dm(yn)− al ·Dm(ym).

where the last equality is guaranteed by Proposition 4.2.7. Finally, from Proposition
4.2.3 we have that

al ≡ l + 1 ≡ 0 (mod p)

and the claim follows.
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Now we are ready to define the family {Pn}n where the index n runs over R.
Consider the exact sequence of groups

0 → Gn −→ Gn −→ Gal(K1/K) → 0

and let S be a complete set of representatives for Gn in Gn.

Definition 4.2.17. We define

Pn :=
∑
σ∈S

σ(Dn(yn)) ∈ E(Kn)

with the request that if m | n, then we use the same set S to define Pm

Note that when n = 1, we recover the point yK ∈ E(K). Indeed, in this case we
have

� G1 = {1},

� Gn = Gal(K1/K),

� S = G1.

Thus
P1 =

∑
σ∈G1

σ(D1(y1)) =
∑
σ∈G1

σ(y1) = TrK1/K(y1) = yK .

Proposition 4.2.18. Let n ∈ R. The point Pn ∈ E(kn) defines a class [Pn] ∈
E(kn)/pE(kn) which is fixed by the action of the Galois group Gn = Gal(kn/K).

Proof. Let g ∈ Gn and let S be a fixed complete set of representatives for the cosets
of Gn in Gn. By elementary group theory, the set

S ′ = gS = {g ◦ η : η ∈ S}

is still a complete set of representatives for Gn in Gn. By the definition of Pn, we
have:

g(Pn) = g

(∑
η∈S

η(Dnyn)

)
=
∑
η∈S

(g ◦ η)(Dnyn) =
∑
η′∈S′

η′(Dnyn).

By the property of coset representatives, for each η′ ∈ S ′ there exists a unique
η ∈ S such that η′ = η◦γη′ for some γη′ ∈ Gn. Substituting this into the summation,
we obtain:

g(Pn) =
∑
η∈S

(η ◦ γη′)(Dnyn) =
∑
η∈S

η
(
γη′(Dnyn)

)
.

By Proposition 4.2.16, the class of Dnyn is fixed by Gn modulo pE(kn), which
means γη′(Dnyn) = Dnyn+ pQη′ for some Qη′ ∈ E(kn). Since η is an automorphism
of E(kn), it maps pE(kn) into itself. Thus:

g(Pn) =
∑
η∈S

η(Dnyn + pQη′) =
∑
η∈S

η(Dnyn) + p
∑
η∈S

η(Qη′) ≡ Pn (mod pE(kn)).

This shows that the class [Pn] is invariant under the action of Gn.
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The family {Pn}n∈R plays a crucial role in defining the cohomology classes
{c(n)}n∈R. For this purpose, we construct an important commutative diagram.
To begin with, consider the isogeny [p] : E → E. Recall from section 2.4 that the
short exact sequence

0 → E[p] −→ E
[p]−−→ E → 0 (4.4)

induces the kummer sequence

0 −→ E(K)/pE(K)
κ−−→ H1(GK , E[p]) −→ H1(GK , E)[p] −→ 0.

In the same way, taking the Galois cohomology with respect to

GKn = Gal(Kn/Kn) = Gal(K/Kn)

to the sequence 4.4, we obtain the short exact sequence

0 −→ E(Kn)/pE(Kn)
κn−−→ H1(GKn , E[p]) −→ H1(GKn , E)[p] −→ 0.

Finally, applying the left-exact functor (·)Gn to the latter sequence, we obtain the
exact sequence

0 −→ (E(Kn)/pE(Kn))
Gn κn−−→ H1(GKn , E[p])

Gn −→ H1(GKn , E)[p]
Gn .

Recall that the short exact sequence of Galois group acting on E

0 → GKn −→ GK −→ Gal(Kn/K) → 0

induces the inflation–restriction sequence

0 → H1(Gal(Kn/K), E)
inf−−→ H1(GK , E)

res−−→ H1(GKn , E).

Putting all these sequences together, we finally obtain the following commutative
diagram with exact rows and column

0

H1(Gn, E(Kn))[p]

0 E(K)/pE(K) H1(GK , E[p]) H1(GK , E)[p] 0

0 (E(Kn)/pE(Kn))
Gn H1(GKn , E[p])

Gn H1(GKn , E)[p]
Gn .

inf

κ

res res

κn

(4.5)

Note that the image of the map res : H1(GK , E[p]) → H1(GKn , E[p]) is fixed by
Gn by the Hochschild–Serre sequence. Moreover, we want to prove that it is an
isomorphism.
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Lemma 4.2.19. E has no p-torsion rational over Kn.

Proof. Suppose that E(Kn)[p] ̸= 0. then there are only two possibilities:

� E(Kn)[p] ∼= Fp. In this case we have a tower of Fp-subspaces of E[p]

1 ≤ Fp ∼= E(Kn)[p] ≤ F2
p = E[p].

Since Kn/Q is Galois and hence normal, then Gal(Q(E[p])/Q) has to pre-
serve this tower of subspaces, but this cannot happen since in our hypothesis
Gal(Q(E[p])/Q) ∼= GL2(Fp).

� E(Kn)[p] ∼= F2
p. In this case the entire p-torsion of E is Kn-rational, that is

Q(E[p]) ⊆ Kn. Thus, as observed in Remark 4.1.8, we have

GL2(Fp) ∼= Gal(Q(E[p])/Q) ∼= Gal(K(E[p])/K) ∼=
Gn

Gal(Kn/K(E[p]))
.

In other words, we have a surjective homomorphism

Gn −→ GL2(Fp)

and this is impossible whenever p > 2.

It follows immediately from Lemma 4.2.19 that

res : H1(GK , E[p]) → H1(GKn , E[p])

is an isomorphism. Indeed, writing the Hochschild–Serre sequence

0 H1(Gn, E(Kn)[p]) H1(GK , E[p])

H1(GKn , E[p])
Gn H2(Gn, E(Kn)[p]) H2(GK , E[p])

inf

res

we note by Lemma 4.2.19 that

H1(Gn, E(Kn)[p]) = H2(Gn, E(Kn)[p]) = 0

i.e. the restriction map is an isomorphism.

We can now rewrite the diagram by incorporating the isomorphism just obtained,
and finally define the cohomology classes.
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0

H1(Gn, E(Kn))[p]

0 E(K)/pE(K) H1(GK , E[p]) H1(GK , E)[p] 0

0 (E(Kn)/pE(Kn))
Gn H1(GKn , E[p])

Gn H1(GKn , E)[p]
Gn .

inf

κ

∼ = res res

κn

(4.6)

Definition 4.2.20. Let n ∈ R. We define

� c(n) ∈ H1(GK , E[p]) the unique element such that res(c(n)) = κn([Pn]);

� d(n) ∈ H1(GK , E)[p] as the image of c(n);

� d̃(n) ∈ H1(Gn, E)[p] such that inf(d̃(n)) = d(n).

Note that by the commutativity of the diagram and by the exactness of rows
and columns d̃(n) is well defined. Directly from the construction we deduce the
following.

Proposition 4.2.21. (a) The class c(n) ∈ H1(GK , E[p]) is trivial if and only if
Pn ∈ pE(Kn).

(b) The classes d(n) ∈ H1(GK , E)[p] and d̃(n) ∈ H1(Gn, E)[p] are trivial if and
only if Pn ∈ pE(Kn) + E(K).

Proof. (a) By definition, c(n) is the image of κn(Pn) under the inverse of the
restriction map (which is an isomorphism in this context). Thus, c(n) = 0 if
and only if κn(Pn) = 0 in H1(GKn , E[p]). By the injectivity of the local Kum-
mer map κn : E(Kn)/pE(Kn) → H1(GKn , E[p]), this is equivalent to Pn = 0 in
E(Kn)/pE(Kn), which means Pn ∈ pE(Kn).

(b) Since the inflation map inf : H1(Gn, E(Kn)) → H1(GK , E) is injective, we
have

d(n) = 0 ⇐⇒ d̃(n) = 0.

Consider the following part of the diagram 4.6:

E(K)/pE(K)
κ−−→ H1(GK , E[p])

↓ ↓ res

(E(Kn)/pE(Kn))
Gn

κn−−→ H1(GKn , E[p])
Gn

The class d(n) is defined as the image of c(n) in H1(GK , E)[p]. From the exactness
of the Kummer sequence

0 → E(K)/pE(K)
κ−→ H1(GK , E[p]) → H1(GK , E)[p] → 0,
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we have d(n) = 0 if and only if c(n) ∈ im(κ). By the commutativity of the diagram
and the fact that res is an isomorphism, this is equivalent to κn(Pn) being in the
image of E(K)/pE(K) via the map κn ◦ res. This happens if and only if Pn ∈
pE(Kn) + E(K) as an element of E(Kn).

Remark 4.2.22. William McCallum found a concrete description for the classes we
have just constructed. More precisely, he observed that the class c(n) is represented
by the 1-cocycle

f : GK → E[p], σ 7→ σ

(
1

p
Pn

)
− 1

p
Pn −

(σ − 1)Pn
p

and the class d̃(n) by

f̃ : Gn → E, σ 7→ −(σ − 1)Pn
p

.

4.3 Preliminaries for the proof of theorem 4.1.7

In the last section we have introduced a family {c(n)}n∈R of cohomology classes in
H1(GK , E[p]) and now the goal is to study their properties. Recall that, in order to
prove Theorem 4.1.1 we want to show that if p is an odd prime such that

� Gal(Q(E[p])/Q) ∼= GL2(Fp),

� p ∤ D,

� yK /∈ pE(K),

then the Selmer group Sel(E/K)[p] is cyclic generated by the image of the class
of yK under the Kummer map. To this end, we decompose the Selmer group into
eigenspaces under the action of an involution. We then establish that one eigenspace
is trivial, whereas the other is cyclic, generated by κ(yK).

Let τ be the complex conjugation, or equivalently, the nontrivial element of
Gal(K/Q) and consider the following action on Sel(E/K)[p]

τ : Sel(E/K)[p] −→ Sel(E/K)[p], [η] 7→ τ · [η] := [τ · η]

where (τ · η)(σ) = τ(η(τ−1στ)) ∈ E[p] for all σ ∈ GK . Since τ
2 = 1, then its action

on Sel(E/K)[p] is clearly an involution and we obtain a decomposition

Sel(E/K)[p] = Sel(E/K)[p]+ ⊕ Sel(E/K)[p]−.

The existence of a such decomposition is guaranteed by the following general lemma.

Lemma 4.3.1. Let G be an abelian group endowed with an action of an involution
τ such that the multiplication-by-2 map [2] is invertible in End(G). then we can
decompose G as

G = G+ ⊕G−

where Gα = {g ∈ G : τ · g = αg} for α ∈ {±1}.
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Remark 4.3.2. Note that in our hypotheses Sel(E/K)[p] is a finite dimensional
Fp-vector space and p is odd. Then [2] ∈ End(Sel(E/K)[p]) is invertible and we can
apply the Lemma.

Let f be the newform associated with E via Eichler–Shimura theory. Following
the results of Section 2.3, we let ϵ ∈ {±1} be the eigenvalue of f under the Atkin–
Lehner involution, so that f ∈ S2(Γ0(N))ϵ. With this notation, it is useful for our
purpose to write the decomposition as

Sel(E/K)[p] = Sel(E/K)[p]−ϵ ⊕ Sel(E/K)[p]ϵ.

4.3.1 A generalization of the Selmer group

For a more precise study of the family {c(n)}n∈R we need to generalize the Selmer
group. Let T be a finite dimensional Fp-vector space vith a discrete action of GK

(for example one can take T = E[p]). Note that if v ∈MK is a place of K, then the
restriction map

GKv → GK , σ 7→ σ|K
induces via composition an action on T . In this sense we can consider

H1(GK , T ), H1(GKv , T ).

Recall that

Gal(Kur
v /Kv) ∼=

Gal(Kv/Kv)

Gal(Kv/Kur
v )

=
GKv

Iv

where Iv is the inertia group.

Definition 4.3.3. Let v ∈MK be a place of K.

� A local Selmer structure F fot T is a vector subspace H1
f,F(GKv , T ) of H

1(GKv , T ).

� The singular quotient of H1
f,F(GKv , T ) is the quotient

H1
s,F(GKv , T ) := H1(GKv , T )/H

1
f,F(GKv , T ).

� The unramified structure at v is the local Selmer structure

H1
f,F(GKv , T ) := H1(Gal(Kur

v /Kv), T
Iv).

Remark 4.3.4. It follows directly from the definition that the sequence

0 7→ H1
f,F(GKv , T ) −→ H1(GKv , T ) −→ H1

s,F(GKv , T ) → 0

is exact. Moreover, in the case of the unramified structure, the previous exact se-
quence becomes the following inflation–restriction sequence:

0 → H1(Gur
Kv
, T Iv)

inf−−→ H1(GKv , T )
res−−→ H1(Iv, T )

Gur
Kv → 0

where Gur
Kv

:= GKv/Iv
∼= Gal(Kur

v /Kv).
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Given a local Selmer structure F , we now proceed to construct a corresponding
dual object F∗. To begin with, we consider the Fp vector space µp of the p-th roots
of unity in Kv and we give the following.

Definition 4.3.5. With notation above, we define:

� T ∗ := HomFp(T,µp);

� the cup product pairing is

∪ : H1(GKv , T )⊗Fp H
1(GKv , T

∗) −→ H2(GKv , T ⊗Fp T
∗)

given by
(η ∪ ψ)(σ1, σ2) := η(σ1)⊗ σ1 · ψ(g2).

Note that the evaluation map

ev : T ⊗Fp T
∗ → µp, x⊗ φ 7→ φ(x)

induces a map in cohomology

ev ◦ (·) : H2(GKv , T ⊗Fp T
∗) −→ H2(GKv ,µp)

and we can consider the composition

H1(GKv , T )⊗Fp H
1(GKv , T

∗)
∪−−→ H2(GKv , T ⊗Fp T

∗)
ev◦(·)−−−→ H2(GKv ,µp).

This is what we will call the Tate pairing. Before giving its definition, however, we
slightly simplify the situation.

Lemma 4.3.6. We have
H2(GKv ,µp) ∼= Fp.

Proof. Taking the GKv -cohomology of the exact sequence of abelian group

0 → µp −→
(
Kv

)× (·)p−−→
(
Kv

)× → 0

we obtain the long exact sequence

H1
(
GKv , Kv

×)→ H2
(
GKv ,µp

)
→ H2

(
GKv , Kv

×) (·)p−−→ H2
(
GKv , Kv

×)
.

Note that by Hilbert’s Theorem 90, the first term is 0:

H1
(
GKv , Kv

×)
= 0.

Hence, by the exactness

H2(GKv ,µp) ∼= Ker ((·)p) ∼=
1

p
Z/Z ∼= Fp

where the second isomorphism is due to the fact that

H2
(
GKv , Kv

×) ∼= Q/Z.

For more details, see [Mil11, Chapter 3].
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Using the previous lemma we can give the following.

Definition 4.3.7. The Tate pairing is the map

< ·, · >v: H
1(GKv , T )⊗Fp H

1(GKv , T
∗) −→ Fp

given by the composition

(ev ◦ (·)) ◦ ∪ : H1(GKv , T )⊗Fp H
1(GKv , T

∗) −→ H2(GKv ,µp) ∼= Fp

Proposition 4.3.8. The Tate pairing is perfect. Moreover, let v ∈ M0
K a finite

place of K and let (l) = v∩Z. If l ̸= p, then H1(Gur
Kv
, T ) and H1(Gur

Kv
, T ∗) are exact

orthogonal complements under the Tate pairing.

Proof. See [Mil06, Chapter 3].

Definition 4.3.9. Given a local Selmer structure F on T , we define its Cartier dual
local Selmer structure F∗ on T ∗ as the orthogonal complement H1

f,F∗(GKv , T
∗) with

respect to the Tate pairing. In other words

H1
f,F∗(GKv , T

∗) = {ψ ∈ H1(GKv , T
∗) :< η, ψ >v= 0 for all η ∈ H1

f,F(GKv , T )}.

Remark 4.3.10. Denote by V ∨ = HomFp(V,Fp) the dual space of a Fp-vector space
V . Then the Tate pairing induces a perfect pairing

H1
s,F(GKv , T )⊗Fp H

1
f,F∗(GKv , T

∗) −→ Fp

and the resulting isomorphism

H1
s,F(GKv , T )

∼= H1
f,F∗(GKv , T

∗)∨.

The local Selmer structures defined above serve as the building blocks for the
global theory. Specifically, a global Selmer structure F on T is obtained by a col-
lection of such local conditions, which in turn determines a subspace of the global
Galois cohomology group H1(GK , T ).

Definition 4.3.11. A global Selmer structure is a collection

{H1
f,F(GKv , T )}v∈MK

of local Selmer structure, such that H1
f,F(GKv , T ) is the unramified structure at v for

almost all v ∈ MK. Given a global Selmer structure F on T {H1
f,F(GKv , T )}v, the

Selmer group is the subspace of H1(GK , T ) defined by

SelF(K,T ) := {c ∈ H1(GK , T ) : cv ∈ H1
f,F(GKv , T ) for all v ∈MK}.

Here, the element cv denotes the image of c under the restriction map

H1(GK , T ) → H1(GKv , T ).
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Returning to our setting with T = E[p], the following definitions determine the
local Selmer structure used to recover the classical Selmer group Sel(E/K)[p]. Recall
that for each place v of K we have the Kummer local map

κv : E(Kv)/pE(Kv) ↪→ H1(GKv , E[p]).

Definition 4.3.12. We define

� the geometric local Selmer structure at v F on E[p] as

H1
f,F(GKv , E[p]) := Im(κv) ⊆ H1(GKv , E[p]);

� the geometric global Selmer structure F on E[p] as the collection of all the
geometric local Selmer structures on E[p].

Remark 4.3.13. Note that by the Kummer sequence, Im(κv) is a subspace of
H1(GKv , E[p]) and it coincides to the unramified local structure for each v ∈ MK

such that E[p] is unramified at v. But by Proposition 1.3.19 this happens for each
place v of K where E has good reduction and such that gcd(p,Char(Fv)) = 1, where
Fv is the residue field of the local field Kv. In other words Im(κv) coincides to
the unramified structure for almost all place of K. Moreover, the geometric global
Selmer structure gives

SelF(K,E[p]) = {c ∈ H1(GK , E[p]) : cv ∈ H1
f,F(GKv , E[p]) for all v ∈MK}

= {c ∈ H1(GK , E[p]) : cv ∈ Im(κv) for all v ∈MK}
= Ker(F )

= Sel(E/K)[p]

where F is the map apperaring in the diagram

0 E ′(K)/φ(E(K)) H1(GK , E[φ]) H1(GK , E)[φ] 0

0
∏

v E
′(Kv)/φ(E(Kv))

∏
vH

1(GKv , E[φ])
∏

vH
1(GKv , E)[φ] 0

κ

F

(4.7)

We now proceed to a further generalization. Nevertheless, we keep in mind that
in our setting T will be the Fp-vector space E[p], and in what follows we will identify
the finite places of K with the corresponding prime ideals.

Definition 4.3.14. Fix a global Selmer structure F on T and let a be an ideal of
OK. We define:

� Sela(K,T ) :=
{
c ∈ H1(GK , T ) : cv ∈ H1

f,F(GKv , T ) for all v ∤ a
}
;

� Sela(K,T ∗) :=
{
c ∈ H1(GK , T

∗) : cv ∈ H1
f,F∗(GKv , T

∗) for all v, and cv = 0 if

v | a
}
.
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Note that it follows from the definition that

Sel(GK , E)[p] = SelF(K,E[p]) = SelOK
(K,E[p])

where F is the geometric global Selmer structure on E[p]. More generally, for a
Fp-vector space T , one has

SelF(K,T ) = SelOK
(K,T ) and SelF∗(K,T ∗) = SelOK (K,T ∗).

Furthermore, if a is an ideal of OK and T is the GK-module under consideration,
we obtain the following short exact sequences, whose exactness is immediate from
the definition.

0 SelF(K,T ) Sela(K,T ) ⊕v|aH
1
s,F(GKv , T )

0 Sela(K,T ∗) SelF∗(K,T ∗) ⊕v|aH
1
f,F∗(GKv , T

∗).

d1 d2

e1 e2

Using the isomorphism of Remark 4.3.10, one can splice these exact sequences
together to obtain the following long exact sequence:

0 SelF(K,T ) Sela(K,T ) ⊕v|aH
1
s,F(GKv , T )

SelF∗(K,T ∗)∨ Sela(K,T ∗)∨ 0

(4.8)

4.3.2 Properties of the cohomology classes c(n)

Thanks to the generalized notion of Selmer groups introduced in the previous sec-
tion, we now have the appropriate framework to formalize the local behavior of the
cohomology classes c(n). The first step consists in analyzing the action of complex
conjugation on the classes c(n), a property that will be crucial in the subsequent
arguments.

As in the case of Selmer groups, complex conjugation acts on the entire cohomol-
ogy group H1(GK , E[p]), yielding a decomposition analogous to that of the Selmer
case

H1(GK , E[p]) = H1(GK , E[p])
ϵ ⊕H1(GK , E[p])

−ϵ.

Proposition 4.3.15. Let n ∈ R and consider r := #{l prime factor of n}. Then

c(n) ∈ H1(GK , E[p])
(−1)rϵ.

Proof. One can chek that the complex conjugation τ acts on Gn = Gal(Kn/K) as a
conjugation, i.e.

τσ = σ−1τ for all σ ∈ Gn.
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Hence, if S ⊆ Gn is a complete set of representatives of Gn in Gn

τ(Pn) = τ

(∑
σ∈S

σDn(yn)

)
=
∑
σ∈S

τσDn(yn) =
∑
σ∈S

σ−1τDn(yn)

=
∑
σ∈S

σ−1τ
∏
l|n

Dl(yn) =
∑
σ∈S

σ−1
∏
l|n

τDl(yn).

We now rewrite the terms τDl(yn), where l | n is a prime factor. Recall that Dl

satisfies the relation
(σl − 1)Dl = l + 1− Trl,

where σl is a fixed generator of the cyclic group Gl. Since both (l + 1) and Trl
commute with τ , it follows that (σl − 1)Dl also commutes with τ . Thus, we have

(σl − 1)Dlτ = τ(σl − 1)Dl = (σ−1
l τ − τ)Dl

= (σ−1
l − 1)τDl = −σ−1

l (σl − 1)τDl.

in Z[Gl]. Applying σl to the last equality we have

σl(σl − 1)Dlτ = −(σl − 1)τDl

that is
(σl − 1)(σlDlτ + τDl) = 0

in Z[Gl]. By Remark 4.2.14 this means that

τDl = −σlDlτ + kTrl

for some k ∈ Z. Then, applying these operators to yn, we finally obtain

τDl(yn) = −σlDlτ(yn) + kTrl(yn) = −σlDlτ(yn) + kalyn
l

where the last equality follows from Proposition 4.2.7. Thus, returning to the com-
putation of τ(Pn) we have

τ(Pn) =
∑
σ∈S

σ−1
∏
l|n

τDl(yn)

=
∑
σ∈S

σ−1
∏
l|n

(
−σlDlτ(yn) + kalyn

l

)
≡ (−1)r

∏
l|n

σl
∑
σ∈S

σ−1Dnτ(yn) (mod pE(Kn)).

where the congruence follows from Proposition 4.2.3. By Proposition 5.3 of [Gro91]
there exists σ0 ∈ Gal(Kn/K) such that

τ(yn) = ϵσ0(yn) + (torsion) (4.9)
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in E(Kn). Note that if T is a torsion point of order m ∈ Z appearing in the equation
4.9, then gcd(m, p) = 1, since by Proposition 4.2.19 E(Kn)[p] = 0. Thus

pa+ bm = 1

for some a, b ∈ Z and we have

T = 1 · T = (pa+ bm) · T = p · aT.

In other words, we have

τ(yn) = ϵσ0(yn)

in the quotient E(Kn)/pE(Kn). Since {σ−1}σ∈S remains a complete set of rep-
resentatives for Gal(Kn/K) and since the class of Pn is fixed by Gal(Kn/K) in
E(Kn)/pE(Kn) (by Proposition 4.2.18), it follows that

τ(Pn) = ϵ(−1)r
∏
l|n

σl σ0
∑
σ∈S

σ−1Dn(yn)

= ϵ(−1)r
∏
l|n

σl σ0Pn

= ϵ(−1)r
∏
l|n

σlPn

= ϵ(−1)rPn

in E(Kn)/pE(Kn), where the last equality follows from the inclusions

Gl ⊆ Gl ⊆ Gn.

Finally, since the maps of the diagram 4.6 preserves the action of τ , we conclude.

Recall that, under our hypotheses, every prime factor of n ∈ R is inert in K (cf.
Remark 4.2.2). The following proposition is fundamental to characterizing the local
behavior of the resulting cohomology classes.

Proposition 4.3.16. Let n = l1 · · · lr ∈ R, let λi := liOK for all i ∈ {1, . . . , r}, and
let a := λ1 · · ·λr. Then c(n) ∈ Sela(K,E[p]).

Proof. We have to prove that for each place v of K which does not divide a, the
class [c(n)]v in H

1
s,F(GKv , E[p]) is trivial. We have three cases for v.

� v = ∞. In this case Kv = C and then

GKv = Gal(C/C) = {1}

that is H1(GKv , E[p]) = {0} regardless of the vector space E[p].
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� v is a finite place at which E has good reduction. In this case, since v ∤ p, the
set E[p] is unramified by Proposition 1.3.19, that is Iv acts trivially on E[p].
Then the local geometric structure is the unramified one and we have

H1
s,F(GKv , E[p]) =

H1(GKv , E[p])

H1
f,F(GKv , E[p])

=
H1(GKv , E[p])

H1(Gur
Kv
, E[p]Iv)

∼= H1(Iv, E[p])
Gur

Kv = Hom(Iv, E[p])
Gur

Kv

where the isomorphism follows from Remark 4.3.4 and the last equality from
Remark 2.4.4. Now let ω be a place of Kn lying over v. Thanks to the
characterization of the extension Kn/K (cf. Theorem 3.4.9) and since v does
not divide the conductor n of the extension, v does not ramify in Kn. In other
words, (Kn)ω/Kv is unramified. This implies that (Kn)

ur
ω = Kur

v and since we
can suppose (Kn)ω = Kv, we have

Iω = Gal((Kn)ω/(Kn)
ur
ω ) = Gal(Kv/K

ur
v ) = Iv.

Then we have the following commutative diagram with exact rows

E(Kv)/pE(Kv) H1(GKv , E[p]) Hom(Iv, E[p])
Gur

Kv

E((Kn)ω)/pE((Kn)ω) H1(G(Kn)ω , E[p]) Hom(Iv, E[p])
Gur

Kv .

κv

res id

(κn)ω

The first row is the sequence of Remark 4.3.4, recalling that, by definition,

H1
f,F(GKv , E[p]) = Im(κv) ∼= E(Kv)/pE(Kv).

The second row is the same sequence for (Kn)ω and then the vertical restriction
is the composition

H1(GK , E[p])
resn−−→ H1(GKn , E[p])

resω−−→ H1(G(Kn)ω , E[p]).

By definition of c(n)
res(c(n)v) = (κn)ω((Pn)ω)

where c(n)v ∈ H1(GKv , E[p]) is the image of c(n) via resn. Thus, from the
exactness of the bottom row, the class [c(n)]v = 0 in Hom(Iv, E[p])

Gur
Kv =

H1
s,F(GKv , E[p]).

� v is a finite place at which E has good reduction. See [Gro91, Proposition
6.2].

Before stating the main theorem of this section, we need one more lemma.

Lemma 4.3.17. Let n = ml ∈ R with l a prime number and let λ = lOK. Then
the class [c(n)]λ is zero in H1

s,F(GKλ
, E[p]) if and only if Pm ∈ pE(Kλ).
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Proof. [Gro91, Proposition 6.2].

The preceding results can be summarized in the following theorem.

Theorem 4.3.18. Suppose that the point yK /∈ pE(K) and let z ∈ E(K) such that
[p]z = yK. Let l be a Kolyvagin prime such that l does not split completely in the
extension K(E[p], z)/K(E[p]). Let λ := lOK. Then the class c(l) ∈ H1(GK , E[p])
lies in the eigenspace Selλ(K,E[p])

−ϵ. Moreover, the class [c(l)]λ of c(l) in the
quotient H1

s,F(GKλ
, E[p]) is nonzero.

In other words, Theorem 4.3.18 states that c(l) satisfies the local conditions
defined by the geometric Selmer structure F at all primes ω ̸= lOK , whereas it fails
to lie in the local subgroup H1

f,F(GKω , E[p]) when ω = lOK .

Proof. Propositions 4.3.15 and 4.3.16 imply directly that

c(l) ∈ Selλ(GK , E[p])
−ϵ.

For the second part, recall that P1 = yK , hence by Lemma 4.3.17

[c(l)]λ = 0 ⇐⇒ yK ∈ pE(Kλ).

Note that L = K(E[p], z) is the minimal extension of L0 = K(E[p]) in which yK is
divisible by p. In other words

yK ∈ pE(Kλ) ⇐⇒ L ⊆ Kλ(E[p]).

Indeed, if yK is divisible by p in Kλ, by the minimality of L, L ⊆ Kλ(E[p]). Con-
versely, since z ∈ Kλ, then necessarely yK ∈ pE(Kλ). Let now P be a prime ideal
of L lying over λ, then trivially

yK ∈ pE(Kλ) ⇐⇒ L ⊆ Kλ(E[p]) ⇐⇒ LP ⊆ Kλ.

But λ splits completely in L0 by remark 4.2.2 and p = L0 ∩P is a prime ideal of L0

lying over λ, thus (L0)p = Kλ and we have

yK ∈ pE(Kλ) ⇐⇒ LP = (L0)p.

But LP = (L0)p holds if and only if λ splits completely in the extension L/L0 and
this cannot happen in our hypothesis.

Another crucial result that we will apply in conjunction with Theorem 4.3.18 is
the following.

Proposition 4.3.19. Let l be a prime in R, λ := lOK and let η ∈ {±}. Suppose
that there exists an element c ∈ Selλ(GK , E[p])

η such that [c]λ ̸= 0 in H1
s (GKλ

, E[p]).
Then, for all s ∈ Sel(E/K)[p]η, it holds that sλ = 0 in Im(κλ).



4.3. Preliminaries for the proof of theorem 4.1.7 111

Proof. Thanks to Remark 4.3.23 (that we will discuss soon), we can rewrite the
exact sequence (4.8) as follows:

0 Sel(K,E[p])η Selλ(K,T )
η H1

s (GKv , E[p])
η

(Sel(K,E[p])∨)η (Selλ(K,E[p])∨)η 0.

α

β
γ

By hypothesis, α(c) ̸= 0 in H1
s (GKλ

, E[p])η and by the next Lemma (4.3.20)

dimFp(H
1
s (GKλ

, E[p])η) = 1,

that is α is surjective. Thus by the exactness of the above sequence, γ is an iso-
morphism. Indeed, it is clearly surjective and by the exactness β is the zero-map
since

H1
s (GKλ

, E[p])η = Im(α) = Ker(β).

In conclusion, we obtain an isomorphism

(Sel(K,E[p])∨)η ∼= (Selλ(K,E[p])∨)η

or equivalently
Sel(K,E[p])η ∼= Selλ(K,E[p])η.

This in particular means, by the definition of Selλ(K,E[p]), that for each s ∈
Sel(K,E[p])η, we have sλ = 0.

It remains to prove the following lemma.

Lemma 4.3.20. Let l ̸= p be a Kolyvagin prime at which E has good reduction and
let λ := lOK. Then

dimFp(H
1
s,F(GKλ

, E[p])±) = 1.

For the proof of Lemma 4.3.20, we need a special pairing

ep : E[p]× E[p] −→ µp,

called the ”Weil pairing”. We now briefly recall its definition.
Let T ∈ E[p]. Then, there exists a function fT ∈ K(E) such that

div(fT ) = p(T )− p(O).

Consider now a point T ′ ∈ E such that [p]T ′ = T . Since the order of T ′ is p2 (as
[p2]T ′ = [p]T = O), there exists a function gT ∈ K(E) such that

div(gT ) =
∑
R∈E[p]

(
(T ′ +R)− (R)

)
.
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Note that fT and gT satisfy

div(fT ◦ [p]) = div(gpT );

thus, up to scalar multiplication by an element in K
×
, we can assume that fT ◦ [p] =

gpT . Now, let S ∈ E[p]. For any X ∈ E, we have

gT (X + S)p = fT ([p]X + [p]S) = fT ([p]X) = gT (X)p.

Definition 4.3.21. Using the notation above, we define the Weil pairing as

ep : E[p]× E[p] → µp, (S, T ) 7→ gT (X + S)

gT (X)
,

where X ∈ E is any point such that gT (X + S) and gT (X) are both defined and
nonzero.

Although gT is defined only up to multiplication by scalars in K
×
, it can be

verified that ep does not depend on this choice (for more details see [Sil09, Chapter
3, Section 8]).

Proposition 4.3.22. The Weil pairing ep is an alternating perfect pairing. More-
over it is Galois equivariant, i.e. it holds

σ(ep(S, T )) = ep(σ(S), σ(T ))

for all S, T ∈ E[p] and σ ∈ GK.

Proof. see [Sil09, Chapter 3, Section 8, Proposition 8.1]

Remark 4.3.23. It follows directly from Proposition 4.3.22 that

E[p]∗ = HomFp(E[p],µp) ∼= E[p].

We are now ready for the proof of Lemma 4.3.20.

Proof of lemma 4.3.20. We divide the proof into two steps.

Step 1. We are going to prove that

H1
s,F(GKλ

, E[p]) ∼= E[p]∓.

Since E has good reduction at λ, by Remark 4.3.13 the geometric local Selmer
structure Im(κλ) coincides with the unramified one and by the exact sequence of
Remark 4.3.4, we have

H1
s,F(GKλ

, E[p]) =
H1(GKλ

, E[p])

H1(Gur
Kλ
, E[p]Iλ)

∼= H1(Iλ, E[p])
Gur

Kλ .
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Note that in our hypothesis, by Proposition 1.3.19 E[p] is an unramified set (i.e. Iλ
acts trivially on E[p]) and we can deduce that

H1
s,F(GKλ

, E[p]) ∼= Hom(Iλ, E[p])
Gur

Kλ .

Moreover, one can check that every homomorphism

Iλ −→ E[p]

factors through Iλ/pIλ ∼= Gal(Kur
λ (l

1
p )/Kur

λ ) ∼= µp. Finally, since λ splits completely
in K(E[p]) by Remark 4.2.2, if ω is a prime ideal of K(E[p]) lying over λ, then the
residue fields are the same and ω appears with multiplicity 1 in the factorization of
λ. This directly implies that

K(E[p]) ⊆ (K(E[p]))ω = Kλ,

that is E[p] ⊆ Kλ. Thus E[p] is fixed by Gur
Kλ

= Gal(Kur
λ /Kλ) and we get

H1
s,F(GKλ

, E[p]) ∼= Hom(µp, E[p])
Gur

Kλ = Hom(µp, E[p]).

Hence, we can conclude that

H1
s,F(GKλ

, E[p])± ∼= Hom(µp, E[p])
± ∼= E[p]∓

where the last isomorphism is given by

Hom(µp, E[p]) → E[p] φ 7→ φ(x0)

where x0 is a fixed primitive p-th root of unity.

Step 2. We now compute the dimensions of the eigenspaces. By the previous step
it suffices to show that

dimFp(E[p]
±) = 1.

Note that since dimFp(E[p]) = 2, then(
dimFp(E[p]

+), dimFp(E[p]
−)
)
∈ {(1, 1), (2, 0), (0, 2)}.

Suppose, for example, that dimFp(E[p]
+) = 2 (the case for E[p]− is symmetric).

In this case, we would have E[p]+ = E[p] and E[p]− = 0. Consequently, for all
S, T ∈ E[p], it holds that τS = S and τT = T . By the Galois equivariance of the
Weil pairing (cf. Proposition 4.3.22), we have

ep(S, T ) = ep(τS, τT ) = τ(ep(S, T )) = ep(S, T )
−1,

where the last equality follows from the fact that τ acts on µp by inversion. This
implies ep(S, T )

2 = 1, and for p > 2, this means ep(S, T ) = 1 for all S, T ∈ E[p].
This is a contradiction, as the Weil pairing is non-degenerate (perfect). Therefore,
we must have

dimFp(E[p]
+) = dimFp(E[p]

−) = 1,

which completes the proof.
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4.4 Computation of the Selmer group

In this final part of the chapter, our goal is to compute the Selmer groups Sel(E/K)[p]η,
for η ∈ {±ϵ}. As announced at the beginning of the chapter, we prove that

Sel(E/K)[p]−ϵ = 0 and Sel(E/K)[p]ϵ = ⟨κ(yK)⟩Fp .

As in the previous section, we want to understand how complex conjugation τ
acts on our objects, and we now turn to the case of yK .

Proposition 4.4.1. Whit notation above,

τ(yK) = ϵyK

that is yK ∈ (E(K)/pE(K))ϵ.

Proof. Recall that by Proposition 4.2.19 E(K1) has no nontrivial p-torsion and using
Proposition 5.3 of [Gro91], we can choose an automorphism σ ∈ Gal(K1/K) such
that

τ(yK) = ϵσ(yK)

in E(K1)/pE(K1). Recall that τ acts as conjugation on Gal(K1/K) and that the
operator

Tr =
∑

α∈Gal(K1/K)

α,

used for the definition of yK , preserves the inversion. Thus, since σ ∈ Gal(K1/K),
we obtain

τ(yK) = τ(Tr(y1)) = Tr(τ(y1))

= Tr(ϵσ(y1)) = ϵTr(σ(y1))

= ϵTr(y1) = ϵyK .

We now fix some notation that we will largely use in next results. Let

� L0 := K(E[p]);

� L = L0(z) = K(E[p], z) with z ∈ E(K) such that [p]z = yK .

Lemma 4.4.2. We have

H i(Gal(L0/K), E[p]) = 0

for all i.

Proof. We want to use Proposition 2.4.13. Let A := F2
p and fix the following left-

exact functors:

� F := (·)F×
p : [GL2(Fp)−mod] →

[
GL2(Fp)/F×

p −mod
]
;
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� G := (·)GL2(Fp)/F×
p :
[
GL2(Fp)/F×

p −mod
]
→ Ab.

Since A is an object in the category [GL2(Fp)−mod] and the composition G ◦ F =
(·)GL2(Fp) is still left-exact, we have the Groethendieck spectral sequence E(A) which
verifies for all p, q:

� E(A)p,q2 = RpG(RqF (A)) = Hp(GL2(Fp)/F×
p , H

q(F×
p ,F2

p));

� Hp(GL2(Fp)/F×
p , H

q(F×
p ,F2

p)) ⇒ Hp+q(GL2(Fp),F2
p).

Note that Hq(F×
p ,F2

p) = 0 for all q. Indeed, for q = 0

H0(F×
p ,F2

p) = (F2
p)

F×
p = {x ∈ F2

p : F×
p · x = x} = 0.

For q > 0, one can see [NSW13, Chapter 8, Corollary 1]. Thus

Hp+q(GL2(Fp),F2
p) = 0

for all p, q and we conlude.

Lemma 4.4.2 has an important consequence.

Proposition 4.4.3. The restriction map induces an isomorphism

res : H1(GK , E[p]) ∼= H1(GL0 , E[p])
Gal(L0/K) ∼= HomGal(L0/K)(GL0 , E[p]).

Proof. First of all we write the Hochschild–Serre exact sequence of Section 2.4.2
with M = E[p]. Then we have

0 H1(Gal(L0/K), E[p]GL0 ) H1(GK , E[p])

H1(GL0 , E[p])
Gal(L0/K) H2(Gal(L0/K), E[p]GL0 ) H2(GK , E[p]).

inf

res

Since E[p] ⊆ L0 is fixed by GL0 = Gal(K/L0), by Lemma 4.4.2, one obtains

0 = H i(Gal(L0/K), E[p]) = H i(Gal(L0/K), E[p]GL0 ).

Thus, by the exactness of the Hochschild-Serre sequence, the diagonal arrow

res : H1(GK , E[p]) → H1(GL0 , E[p])
Gal(L0/K)

is an isomorphism.

Thanks to Proposition 4.4.3, we can give the following.

Definition 4.4.4. The restriction map induces a pairing

[·, ·] : H1(GK , E[p])×GL0 → E[p]

given by
[s, ρ] := res(s)(ρ).
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In order to study the properties of this pairing, we need to fix some other nota-
tion:

� S will be a finite-dimensional Fp-vector space of H1(GK , E[p]) (for example
we will put S = Sel(E/K)[p]);

� GS
L0

:= {ρ ∈ GL0 : [s, ρ] = 0 for all s ∈ S}.

� LS0 will be the subfield of Q fixed by GS
L0
.

Note in particular that

GLS
0
= Gal(Q/LS0 ) = Gal(Q/QGS

L0 ) = GS
L0
.

Remark 4.4.5. The pairing of Definition 4.4.4 induces another pairing

S ×Gal(LS0 /L0) −→ E[p].

First of all note that if s ∈ S, then res(s) : GL0 → E[p] factors through the quotient

Gal(LS0 /L0) ∼=
GL0

GLS
0

.

Indeed, if σ ∈ GLS
0
= GS

L0
, by definition res(s)(σ) = [s, σ] = 0, that is σ ∈ Ker(res).

Thus it is induced another map

res(s) : Gal(LS0 /L0) → E[p], [σ] 7→ res(s)(σ)

which defines a pairing

[·, ·] : S ×Gal(LS0 /L0) → E[p] (s, ρ) 7→ [s, ρ] := res(s)(ρ).

Proposition 4.4.6. The induced pairing

[·, ·] : S ×Gal(LS0 /L0) −→ E[p]

is non-degenerate. It induces the following isomorphism of Gal(L0/K)-modules

Gal(LS0 /L0) ∼= Hom(S,E[p])

and the following isomorphism of Gal(K/Q)-modules

S ∼= HomGal(L0/K)(Gal(LS0 /L0), E[p]).

Proof. First of all we show that

Gal(LS0 /L0) → Hom(S,E[p]), ρ 7→ [·, ρ] (4.10)

and
S → HomGal(L0/K)(Gal(LS0 /L0), E[p]), s 7→ [s, ·] (4.11)
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are injective. Let ρ ∈ Gal(LS0 /L0) such that [s, ρ] = 0 for all s ∈ S. This means
that ρ = [σ] with

σ ∈ GL0 ∩GLS
0
= Gal(Q/L0) ∩Gal(Q/LS0 ) = GLS

0
.

Thus ρ = [σ] = 1 in GL0/GLS
0
and the map (4.10) is injective. As regards (4.11),

let s ∈ S such that res(s)(ρ) = [s, ρ] = 0 for all ρ ∈ Gal(LS0 /L0) = GL0/GLS
0
. Thus

res(s)(σ) = 0 for all σ ∈ GL0 and since the reduction map is an isomorphism by
Proposition 4.4.3, necessarely s = 0 and the map (4.11) is injective. Now we prove
that these two injections are actually isomorphisms. Since

Gal(L0/K) ∼= GL2(Fp) = Aut(E[p]),

E[p] is an irreducible Gal(L0/K)-module (this means that E[p] does not have non-
trivial submodule). Let r := dimFp(S). Then, by the injectivity of (4.10) we know
that Gal(LS0 /L0) is a Gal(L0/K)-submodule of

Hom(S,E[p]) ∼= E[p]r.

Hence, by the irreducibility of E[p], one has

Gal(LS0 /L0) ∼= E[p]t

for some t ≤ r. But from the injectivity of (4.11), S ∼= Frp is a subspace of

HomGal(L0/K)(Gal(LS0 /L0), E[p]) ∼= Ftp
and this means that t = r and (4.10) and (4.11) are isomorphisms.

Now we want to apply Proposition 4.4.6 to the vector space Sel(E/K)[p] and to
the following tower of fields

LS0

L

L0

K

Q.

To do so, we first establish the following lemma.

Lemma 4.4.7. There are isomorphisms between the eigenspaces

E[p]±ϵ ∼= Gal(L/L0)
±.

This in particular implies that dimFp(Gal(L/L0)
±) = 1.
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Proof. First of all consider

c := κ(yK)|GL0
: GL0 → E[p] ∈ H1(GL0 , E[p]) = Hom(GL0 , E[p])

where κ is the Kummer map. Recall that from Section 2.4 we have an explicit
description of c:

c(σ) = σ(z)− z.

Moreover, note that

Ker(c) = {σ ∈ GL0 : σ(z) = z} = GL.

Thus, if we prove that c is surjective, we obtain an induced isomorphism

c : GL0/GL
∼= Gal(L/L0)

∼=−→ E[p].

In order to prove that c is surjective, note that c is not the zero-map. Indeed, since
yK /∈ pE(K) and since the Kummer map κ is injective, one has

κ(yK) ̸= 0 in H1(GK , E[p]).

But from propostion 4.4.3 we have an isomorphism

res : H1(GK , E[p])
∼=−→ H1(GL0 , E[p])

Gal(L0/K) = Hom(GL0 , E[p])
Gal(L0/K).

In other words, c := κ(yK)|GL0
= res(κ(yK)) is a nonzero homomorphism GL0 →

E[p] that is also Gal(L0/K)-equivariant. Let x ̸= O be an element of E[p] such
that x = c(σ0) for some σ0 ∈ GL0 . Since the action of Gal(L0/K) is transitive,
for all y ∈ E[p], there exists φ ∈ Gal(L0/K) such that φ(x) = y. Thus, for the
Gal(L0/K)-equivariance, we obtain

y = φ(x) = φ(c(σ0)) = c(σφ0 ).

Summing up, we have an isomorphism

c : Gal(L/L0)
∼=−→ E[p]

induced by c. We now study the action of the complex conjugation τ on κ(yK). One
has for all σ ∈ GK

κ(yK)
τ (σ) = τ(στ (z)− z) = σ(τ(z))− τ(z).

On the other hand in the quotient E(K)/pE(K)

[p]τ(z) = τ(pz) = τ(yK) = ϵyK

where the last equality follows from Proposition 4.4.1. Hence

κ(yK)
τ (σ) = ϵκ(yK)(σ)
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and κ(yK) is an eigenvector for τ . Thus, if σ ∈ Gal(L/L0)
±, then

ϵc(σ) = cτ (σ) = τ(c(στ )) = τ(c(σ±))

and applying τ and multiplying by ϵ we finally obtain

τ(c(σ)) = ±ϵc(σ).

In other words, this means that via c we have the

E[p]±ϵ ∼= Gal(L/L0)
±

Now we let the complex conjugation τ act on the Galois groups and in particular
we consider the decompositions

Gal(LS0 /L0) = Gal(LS0 /L0)
+ ⊕Gal(LS0 /L)

−

Gal(LS0 /L) = Gal(LS0 /L)
+ ⊕Gal(LS0 /L)

−.

We denote H := Gal(LS0 /L0) and I := Gal(LS0 /L). For example, using this notation,

H+ = {h ∈ H : hτ = h}.

Proposition 4.4.8. The following properties hold.

(a) H+ = {(τh)2 : h ∈ H};

(b) I+ = {(τi)2 : i ∈ H};

(c) H+/I+ ∼= Fp;

(d) let s ∈ Sel(E/K)[p]. The following conditions are equivalent:

i) s = 0;

ii) [s, ρ] = 0 for all ρ ∈ H;

iii) [s, ρ] = 0 for all ρ ∈ H+;

iv) [s, ρ] = 0 for all ρ ∈ H+ \ I+.

Proof. (a) We claim that
Hτ+1 = H+

where Hτ+1 = {hτh : h ∈ H}. Note that

(Hτ+1)τ−1 = Hτ2−1 = H0 = {id}.

Hence, if τ ∈ H then (hτh)τ = hτh, that is

Hτ+1 ⊆ H+.
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Conversely, if h ∈ H+, then by definition hτh = h2 and since p is odd, 2 is an
automorphism of H and we can write

h = (h
1
2 )τ+1 ∈ Hτ+1.

Summing up, expliciting the action of τ , we finally obtain

H+ = Hτ+1 = {hτh : h ∈ H} = {(τh)2 : h ∈ H}.

(b) One uses the same argument of part (a).

(c) It follows directly from Lemma 4.4.7.

(d) By Proposition 4.4.6, we know that the map

S → HomGal(L0/K)(Gal(LS0 /L0), E[p]), s 7→ [s, ·]

is an isomorphism; thus, the equivalence (i) ⇐⇒ (ii) is proved. Moreover,
since the implications (ii) ⇒ (iii) ⇒ (iv) are trivial, it suffices to prove (iv) ⇒
(iii) ⇒ (ii).

Suppose that (iv) holds. Identifying s with a homomorphism H → E[p] via
the isomorphism of Proposition 4.4.6, we have that s|H+\I+ is the zero map.
Since I+ ⊊ H+ is a proper subgroup and s is a group homomorphism, the fact
that s vanishes on the complement of a subgroup implies that s|H+ must be
the zero map. Thus, the implication (iv) ⇒ (iii) follows.

Now, suppose that (iii) holds. Note that since σ([s, ρ]) = [s, ρ] for all σ ∈
Gal(L0/K) (by the equivariance of the pairing), the map s preserves the
eigenspaces, i.e.,

s|H+ : H+ −→ E[p]+ and s|H− : H− −→ E[p]−.

By (iii), we have s(H+) = 0. Consequently, the image s(H) = s(H−) is
contained in E[p]−. However, s(H) must be a Gal(L0/K)-submodule of E[p].
Since E[p] is irreducible (see proof of Proposition 4.4.6), its only submodules
are {0} and E[p] itself. Since E[p]− is a proper subspace, we must have
s(H) = 0, which proves (ii) and concludes the proof.

Before computing Sel(E/K)[p]−ϵ, we need one more proposition.

Proposition 4.4.9. Let l be a prime number inert in K and let λ = lOK. Assume
that λ splits completely in L0 and that λ is not ramified in LS0 . Let λS be a prime ideal
of LS0 lying over λ. Then FrobLS

0 /K
(λS) ∈ Gal(LS0 /K) actually lies in Gal(LS0 /L0) =

H. Let Frob(λ) be the Gal(L0/K)-orbit of FrobLS
0 /K

(λS) and let s ∈ Sel(E/K)[p].
The following conditions are equivalent:

(a) [s,FrobLS
0 /K

(λS)] = 0;
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(b) [s, ρ] = 0 for all ρ ∈ Frob(λ);

(c) sλ = 0 in H1(GKλ
, E[p]).

Proof. See [Gro91, Proposition 9.6].

Finally we are ready to prove that the negative eigenspace of Sel(E/K)[p] is
trivial.

Theorem 4.4.10. Sel(E/K)[p]−ϵ = 0.

Proof. Let s ∈ Sel(E/K)[p]−ϵ. By Proposition 4.4.8, in order to show that s = 0, it
suffices to prove that [s, ρ] = 0 for all ρ ∈ H+ \ I+. Fix such a ρ. Using Proposition
4.4.8 again, we can write ρ = (τh)2 for some h ∈ H. By the Chebotarev Density
Theorem (cf. Theorem 3.4.13), there exist infinitely many prime numbers l of Q
such that

τh ∈ FrobLS
0 /Q(l).

Fix such a prime l and let us study its properties. First, note that l is inert in K
since

τ = FrobK/Q(l) ∈ Gal(K/Q);

we denote the corresponding prime ideal by λ = lOK . Then, λ splits completely in
L0 because

id = (τh|L0)
2 ∈ FrobL0/K(λ).

Furthermore, FrobLS
0 /L0

(λ) is conjugated to (τh)2 = ρ ∈ H+ \ I+, which is non-

trivial. In other words, λ does not split completely in the extension LS0 /L0. Finally,
since FrobL/L0(λ) is conjugated to ρ|L /∈ I+, this Frobenius element is also non-
trivial; thus, λ does not split completely in the extension L/L0.

By Proposition 4.4.9, to prove that [s, ρ] = 0, it is equivalent to show that
sλ = 0 in H1(GKλ

, E[p]). Since λ does not split completely in L/L0, by Proposition
4.3.18 the cohomology class c(l) lies in Selλ(K,E[p]) and satisfies [c(l)]λ ̸= 0 in
H1
s,F(GKλ

, E[p]). Thus, applying Proposition 4.3.19 to the class c(l), we obtain the
thesis.

Now we gather several results, most of which have been proved at different points
earlier, into a single proposition.

Proposition 4.4.11. Let l be a prime number unramified in LS0 with FrobLS
0 /Q(l)

conjugate to τh for some h ∈ H = Gal(LS0 /L0). Let λ = lOK. Then the following
conditions are equivalent.

(a) c(l) = 0 in H1(GK , E[p]);

(b) c(l) ∈ Sel(E/K)[p];

(c) Pl ∈ pE(Kl);

(d) d(l) = 0 in H1(GK , E)[p];
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(e) d(l)λ = [c(l)]λ = 0 in H1
s,F(GKλ

, E[p]);

(f) yK ∈ pE(Kλ);

(g) hτ+1 = hτh ∈ I+ = Gal(LS0 /L)
+.

Proof. The implication (a) ⇒ (b) is clear. Regarding (b) ⇒ (a), we know from
Proposition 4.3.15 that c(l) ∈ H1(GK , E[p])

−ϵ. Hence, if we assume (b), then c(l) ∈
Sel(E/K)[p]−ϵ, which is trivial by Theorem 4.4.10; thus c(l) = 0.

The equivalence (c) ⇐⇒ (a) is exactly the first part of Proposition 4.2.21.
Since (E(K)/pE(K))−ϵ = 0 by Theorem 4.4.10, the equivalence (d) ⇐⇒ (a)
follows again from Proposition 4.2.21.

Moreover, the implication (d) ⇒ (e) is trivial by localization. Conversely, since
c(l) ∈ Selλ(K,E[p])−ϵ, if we suppose that [c(l)]λ = 0, then c(l) falls into the full
Selmer group Sel(E/K)[p]−ϵ, which is zero by Theorem 4.4.10.

The equivalence (e) ⇐⇒ (f) follows from Lemma 4.3.17, keeping in mind that
P1 = yK . Finally, for the equivalence (f) ⇐⇒ (g), we recall that yK ∈ pE(Kλ) if
and only if λ splits completely in L/L0.

Since λ splits completely in L0/K (because (τh|L0)
2 = id), the condition for

λ to split completely in the further extension L/L0 is that its Frobenius element
FrobL/L0(λ) is trivial. We calculate:

FrobL/L0(λ) = (τh|L)2 = τhτh|L = hτh|L.

Thus, FrobL/L0(λ) = id if and only if hτh fixes L. Since hτh already belongs to H+,
this is equivalent to:

hτ+1 = hτh ∈ Gal(LS0 /L) ∩H+ = I+ ∩H+ = I+.

In order to prove that Sel(E/K)[p]+ϵ is cyclic generated by κ(yK) we need a
lemma.

Lemma 4.4.12. H1(Gal(L/K), E[p]) ∼= Fp · κ(yK).

Note that there is a slight abuse of notation in the statement since, formally,
κ(yK) ∈ H1(GK , E[p]). However, by the explicit description of the Kummer map,
we have

κ(yK)(σ) = σ(z)− z.

If σ ∈ GL, then σ fixes z, hence κ(yK)(σ) = 0. This implies that the cocycle κ(yK)
factors through the quotient

Gal(L/K) ∼= GK/GL,

and the statement is well-defined.
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Proof. By an argument entirely analogous to the proof of Proposition 4.4.3, but
applied to the subgroup Gal(L/L0) ≤ Gal(L/K), we obtain an isomorphism

H1(Gal(L/K), E[p])
res−→ H1(Gal(L/L0), E[p])

Gal(L0/K).

Moreover, from Lemma 4.4.7 (more precisely, from its proof), we have Gal(L/L0) ∼=
E[p] as Gal(L0/K)-modules. Since Gal(L/L0) acts trivially on E[p], the H1 term
becomes a Hom group:

H1(Gal(L/K), E[p]) ∼= H1(Gal(L/L0), E[p])
Gal(L0/K)

= Hom(Gal(L/L0), E[p])
Gal(L0/K)

∼= Hom(E[p], E[p])Gal(L0/K).

In Remark 4.1.8, we have seen that Gal(L0/K) ∼= Gal(Q(E[p])/Q) ∼= GL2(Fp).
Therefore,

H1(Gal(L/K), E[p]) ∼= Hom(E[p], E[p])GL2(Fp)

= {scalar homomorphisms E[p] → E[p]}
∼= Fp.

Finally, since κ(yK) is non-zero , it generates this one-dimensional Fp-vector space,
which yields the thesis.

Now we are ready for the proof of the following Theorem.

Theorem 4.4.13. The eigenspace Sel(E/K)[p]+ϵ has dimension 1 over Fp and is
generated by κ(yK).

Proof. Recall that by Proposition 4.4.6, we have an isomorphism

Sel(E/K)[p] ∼= HomGal(L0/K)(H,E[p]).

Let s ∈ Sel(E/K)[p]+ϵ and suppose that [s, ρ] = 0 for all ρ ∈ I. This implies that
I ⊆ ker(s), so we can interpret s as an element of

HomGal(L0/K)(H/I,E[p]) = HomGal(L0/K)(Gal(L/L0), E[p]) ∼= Fp · κ(yK),

where the last isomorphism follows from the proof of Lemma 4.4.12. Thus, to
conclude the proof, it suffices to show that

s ∈ Sel(E/K)[p]+ϵ =⇒ [s, ρ] = 0 for all ρ ∈ I.

Furthermore, by the same argument used for Proposition 4.4.8, it suffices to prove
that [s, ρ] = 0 for all ρ ∈ I+.

Let q be a prime number of Q such that the class c(q) ∈ H1(GK , E[p]) is
non-trivial. As seen in the proof of Theorem 4.4.10, we may choose q such that
FrobLS

0 /Q(q) is conjugate to τσ for some σ ∈ H with στ+1 /∈ I+. Now, let c :=
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c(q)|GL0
: GL0 → E[p]. Since E[p] ⊆ E(L0), GL0 acts trivially on E[p], and hence

c is a homomorphism. Let L′ be the subfield of K fixed by ker(c). Explicitly, as
c(q) = κ(Pq), we have

ker(c) = {σ ∈ GL0 : σ(zq) = zq},

meaning L′ = L0(zq), where zq satisfies [p]zq = Pq. Moreover, since c(q) ̸= 0, thanks
to Proposition 4.4.11, c(l) ∈ Sel(E/K)[p] and with the same argument used to prove
Gal(L/L0) ∼= E[p] we obtain Gal(L′/L0) ∼= E[p].

Now, let s ∈ Sel(E/K)[p]+ϵ and ρ ∈ I+. To show [s, ρ] = 0, we write ρ = (τi)2

for some i ∈ I = Gal(LS0 /L) (using Proposition 4.4.8). Let l be a prime of Q such
that:

� τi ∈ FrobLS
0 /Q(l);

� τj ∈ FrobL′/Q(l) for some j ∈ Gal(L′/L) such that jτ+1 ̸= id.

Such a prime l exists because L′∩LS0 = L; thus, the two conditions are independent,
and by the Chebotarev Density Theorem (Theorem 3.4.13), there are infinitely many
such primes.

By Propositions 4.3.15 and 4.3.16, we have c(lq) ∈ Selλq(K,E[p])
+ϵ, where q =

qOK and λ = lOK . In fact, c(lq) lies in Selλ(K,E[p])
+ϵ. Indeed, since i ∈ I,

Proposition 4.4.11 implies Pl ∈ pE(Kλ), so c(l) = 0. Using Lemma 4.3.17, we
obtain

c(lq) ∈ Selλ(K,E[p])
+ϵ.

Again by Lemma 4.3.17, the local class [c(lq)]λ vanishes if and only if Pq ∈
pE(Kλ). As established in the proof of Theorem 4.3.18, this is equivalent to l
splitting completely in L′ = L0(zq), i.e.,

id = FrobL′/L0(l) = (τj)2 = jτ+1,

which contradicts our choice of j. Therefore, c(lq) ∈ Selλ(K,E[p])
+ϵ and its class

[c(lq)]λ ∈ H1
s,F(GKλ

, E[p]) is non-trivial.
Finally, applying Proposition 4.3.19, we conclude sλ = 0. By Proposition 4.4.9,

this is equivalent to [s, ρ] = 0, which completes the proof.
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