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Abstract

Reinforcement Learning is a powerful learning paradigm inspired by the way humans
learn during childhood, through trial and error and exploration.

This framework has been extensively studied, and many approaches have been proposed
to address reinforcement learning problems. With the advent of deep learning methods,
the role of supervised techniques and function approximation has become particularly
relevant and widely investigated.

This thesis investigates reinforcement learning with function approximation, focusing on
the guarantees associated with approximate solutions and the factors that influence their
quality. Particular attention is devoted to sampling strategies, as reinforcement learning
inherently violates the independent and identically distributed (i.i.d.) assumption that
underlies essentially all standard supervised learning theory.

Different sampling techniques are analyzed and combined with various machine learning
approaches for value function approximation. Their performance is evaluated within
a Linear Quadratic Regulator environment, allowing for a controlled and theoretically
grounded comparison. The empirical results are critically analyzed to assess stability,
approximation accuracy, and convergence behavior.
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Chapter 1

Introduction

When considering how complex behaviors are acquired by humans, a natural example
is how a child learns to walk. This process does not rely on explicit instructions or a
predefined model of movement. Instead, it emerges from continuous interaction with
the surrounding environment. A child attempts to take a step, observes the outcome of
that attempt, and adjusts subsequent actions accordingly. Through repeated testing of
different movements across varying conditions and surfaces, the child progressively refines
his behavior. What initially appears as a difficult and unstable task gradually becomes
smooth and natural through this process of exploration and adaptation.

This type of problem can be addressed using a learning paradigm called Reinforcement
Learning. The idea is to maximize an unknown reward function that comes from the en-
vironment. This reward function is usually impossible to calculate exactly and therefore
impossible to maximize perfectly. For this reason, we typically refer to approximate solu-
tion methods in Reinforcement Learning that allow us to maximize this type of function
approximately.

In this thesis, we will focus primarily on approximation methods that involve function
approximation and solve the problem using supervised learning techniques. Even though
these methods have already been studied and defined, there is still no satisfactory answer
to some questions.

The principal problem is that, unlike standard supervised learning, the samples collected
in reinforcement learning are not independent and identically distributed (i.i.d.), since
each state and action in a trajectory depends on the previous ones through the environ-
ment dynamics and the policy. Furthermore, the distribution of states and actions can
vary at each time step, meaning that the data collected in the early stages of an episode
may follow a very different distribution from the data collected in later stages. These
properties make the design and analysis of sampling methods critical, as poor sampling
can lead to biased estimates or unstable learning.

The current literature is more focused on explaining methods and algorithms that solve
the reinforcement learning problem using approximation techniques, or on identifying the
algorithms that achieve the best performance with the smallest errors. Some works focus
on theoretical guarantees of the algorithms and on the quality of the solution; however,
there is relatively little focus on what the algorithms are actually learning and in which
way.



The idea of this thesis is therefore to analyze two algorithms, Fitted Value Iteration (FVI)
and Fitted Q-Tteration (FQI), using machine learning methods and different sampling
techniques in a fully known environment such as a Linear Quadratic Regulator. In this
way, we can compare our solutions with the true one and better understand what is
happening behind the scenes, aiming to identify the guarantees required to learn a good
solution from an experimental and empirical perspective.

Following this idea, in Chapter 2, we formalize the Reinforcement Learning paradigm
and present the theoretical foundations underlying it. This allows us to clarify why
approximate methods are necessary to address this class of problems.

In Chapter 3, we describe the methods employed in our experimental analysis. We
begin with the algorithms Fitted Value Iteration (FVI) and Fitted Q-Iteration (FQI),
then discuss the sampling techniques adopted, and finally present the machine learning
models used for function approximation.

Moving forward, in Chapter 4, we introduce the Linear Quadratic Regulator environment
and formally define the problem under consideration.

Finally, in Chapters 5 and 6, we analyze and discuss the experimental results, with the
aim of understanding what the models are effectively learning and why. We conclude by
summarizing the main findings and presenting the key takeaways of this work.



Chapter 2

Background

Reinforcement learning [Ber19] is a mathematical approach to sequential decision-making
where an agent interacts with a dynamic system in order to achieve a goal. At each time
step, the agent observes the current state of the system and chooses a control action. The
system, usually called environment, responds by evolving to a new state and returning a
measure of performance, called a reward. Over time, the agent learns to select actions
that maximize its cumulative performance.
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Figure 2.1: Dynamic system of reinforcement learning

Generally, states, rewards and actions are random variables, so they are sampled from a
probability distribution.

The aim of reinforcement learning in such systems is not only to determine the immediate
best action, but to design a policy that performs optimally over all the steps, taking into
account system dynamics, constraints, and future consequences of current actions. If the
probability distributions are knwon the problem can be solved directly by dynamic pro-
gramming [Ber76], otherwise reinforcement learning provides a more complex paradigm
in order to solve this problem. The key idea is that the agent learns from the environment,
interacting with it and understanding when it makes mistakes through the reward mech-
anism. The agent, like a human being throughout its life, will try and explore various
dynamics and choices, learning along the way and iteratively improving its knowledge.
This perspective is formalized using the mathematical notion of Markov Decision Process



(MDP).

2.1 Markov Decision Process

First of all we need to define some notation:

T horizon length (number of time steps)
t discrete time index, t =0,1,...,7T
n dimension of the state

S CR™  set of all the possible states
s €8 state at time ¢

m dimension of the action

A CR™  set of all the possible actions
a; € A action at time ¢

We can now define our reward distribution as:
Rt(' | St,a/t> c A(R), Ty o~ Rt( | St,at). (21)

where A(-) represents all the possible distributions over a set.

This distribution specifies the immediate reward received at time ¢ when taking action
a; in state s;.

In our setting, both the actions and the states are continuous, and we consider only finite-
horizon problems, that is, with T" < oco. In the finite-horizon case, the reward distribution
may depend explicitly on time t.

At the terminal time 7T, there is no action to be taken, and the terminal reward depends
only on the terminal state. We define:

RT(' | ST) € A(R), 41 o~ RT( | ST>. (22)

To simplify the notation and to make the terminal reward more similar to the other
rewards, we also define a terminal reward that explicitly depends on the action, even
though it is artificial and, in reality, the agent does not take any action.

RT(' | ST,CLT) = RT( | ST) VCLT S A (23)

The key property is that the system evolves without memory (Markov property), so the
transition distribution is defined as:

P(- | s,a0) € A(S), Ser1 ~ P(- | st,a4). (2.4)

In this formulation, we omit the joint distribution between the reward and the state tran-
sition, assuming that the reward and transition dynamics are statistically independent.
This simplification is common among Markov Decision Process models and allows us to
treat the reward function and transition model independently during the definition of our
problem.

Since the reward function is time-dependent, it should always formally be denoted by
R;. However, to simplify the notation, throughout this thesis R should be understood as
denoting the collection of reward distributions { R;}7_,, with the appropriate R; implicitly
selected at each time step t.



Our Markov decision process is defined as the 4-tuple M = {S, A, R, P}.

Thanks to this formalization, we can introduce the building blocks necessary to under-
stand the reinforcement learning paradigm. The central idea is to define a policy that
specifies how the agent should behave based on the situation it finds itself in. We define a
stochastic, time-dependent, policy as a probability distribution over actions conditioned
on the current state:

m(- | st) € A(A), ag ~ (- | st). (2.5)

As with the reward function, throughout this thesis the notation 7 denotes the collection
of time-indexed policies {m};, with the appropriate 7, implicitly selected at each time
step t.

Using this concept of policy, we can define a metric to evaluate the quality of a policy
and formalize the decision-making objective in reinforcement learning. We define the
state-value function as the expected cumulative reward starting from a state s at time ¢,
with future rewards discounted by a factor v € [0, 1]:

T
Vi'(s) = Er pp [Z 'Yk_tTk:Jrl | s¢ = 3] (2.6)

k=t

Here, the expectation E, pp[-] is taken over all sources of randomness: the stochastic
policy ay ~ mg(- | sx), the stochastic rewards ri 1 ~ Ry(- | sk, ax), and the stochastic
state transitions sgiq ~ P(- | S, ax).

Usually in finite-horizon problems the discount factor is not included, setting v = 1
recovers the standard finite-horizon formulation without discounting future rewards.

Another closely related metric is the action-value function, which represents the expected
cumulative reward starting from state s at time ¢, after taking the initial action a, while
all subsequent actions from time t 4+ 1 onward are determined by the stochastic policy.

T
Q7 (s,a) =Ezrp [Z’Ykitmﬂ | 8¢ = s,a4 = a] (2.7)
k=t

Having introduced the state-value function V;"(s), describing the expected cumulative
reward obtained by following a policy w, we now focus on the concept of optimality.
The optimal value function is defined as the supremum of the value functions over all
admissible policies. Formally:

Vii(s) =supV/"(s) VseS (2.8)

Intuitively, V;*(s) represents the maximum expected return achievable from state s at
time ¢, when acting optimally over the remaining horizon.

In many cases of interest, the supremum is attained and may therefore be written as a
maximum, from now on we will assume an optimal policy exists and that is deterministic.

This deterministic assumption is without loss of generality: at each time step whenever
the maximum over all actions is attained, we can form a deterministic optimal policy by
assigning probability 1 to any action that achieves the maximal expected value (computed
with respect to the stochasticity of the transitions and rewards), and probability 0 to all
other actions. Hence, randomization is unnecessary for attaining the optimal value.

10



In general, the supremum may fail to be attained when the structure of the action set
introduces restrictions, for example, when the set is not closed or when certain actions
cannot be taken in a given state due to the problem’s construction (e.g., state-dependent
constraints that remove some actions). In such cases, no action actually achieves the
supremum, and an optimal policy may not exist. Throughout this thesis, we will not
consider these pathological situations and will assume that the maximum is always at-
tained.

We can define the same optimality concept also for the action-value function, as:

Qi (s,a) =supQf(s,a) Vse S,Vae A (2.9)

™

2.2 Bellman Equation

A remarkable property of any state-value function is that it satisfies the following recursive
relation, known as the Bellman equation:

V7 (8) = Brnp [re + Vil (sen) | 50 = 5| (2.10)

This recursion is a direct consequence of the Markov property, which ensures that both
the immediate reward and the next state s;;; depend only on the current state-action
pair (s, a;), and not on the full history.

To see why it holds, we recall 2.6 and separate the immediate reward from the rest of the
future return:

T
VT(S) = ]EW,RJD [Tt+1 + Z ’)/k_tT‘k+1 | S = S] (2.11)

k=t+1

Because of the Markov property, the distribution of future rewards (from time ¢ + 1
onward) depends only on the next state s;,1. Therefore using the law of total expectation:

T

Vi (s) = Exrp [ml +7Eﬂ,3,p[ > A St—i-l] | s = S} (2.12)
k=t+1

But the inner expectation is precisely the state-value function at the next time step, as
defined earlier:

T

EW,R,'P[ Z P | 5t+1} = Vi (se41) (2.13)
k=t+1

Substituting this expression yields the Bellman equation 2.10. Thus the Bellman equation
compactly expresses the state-value function at time t as the expected immediate reward
plus the discounted state-value function at time ¢ + 1.

Under the assumption that an optimal deterministic policy exists, the optimal state-value
function satisfies the Bellman optimality equation:

V7 (s) = max {7i(s,0) + Y B, opisa [V (s101)] (2.14)

11



Where 74(s, a) is defined as the expected value of the reward, formally:

ft(87 CL) = ETtNR(~\s,a) [Tt] (215)

Crucially, the Bellman equation characterizes the optimal state-value function without
any explicit reference to policies; once V,;*(s) is known, an optimal policy 7/ (s) can be
recovered by selecting actions that maximize the optimal Bellman equation (Equation
(2.14)), this is called Bellman optimality condition:

7, (s) € argmax {7y (s, a) + Y Eq,\,op(isa) [ Vi (se41)] } (2.16)

acA

Therefore, even in cases where the policy class is complex or the rewards and the state
transitions distributions are unknown, the Bellman equation provides a conceptual and
computational framework for optimal decision-making.

The same concept can be applied to the action-value function, so we can write it recur-
sively as:

Q7 (5,0) = Exnp 11 +1Q5 (5141, 0001) | 50 = 5,00 = a (2.17)

We can demonstrate that this formulation is correct similarly to before, so we have to
recall 2.7 and split the first reward:

T

Qi (s,a) =Errp [Tt+1 + Z Vg | s = 5,0, = a] (2.18)
k=t+1

Then we know that future rewards depend only on the s;,; state, and thanks to the law
of total expectation we can also add the action a;y; as given.

T

Qi (s,a) =Errp [Tt+1 + ’YEw,R,P[ Z A Dy | 5t+17at+1] | s =s,a, = a] (2.19)
k=t+1

Finally we can define the inner expectation as the next action-value function:

T

EW,R,P[ Z ’Yki(tﬂ)?”lcﬂ ’ St+1a@t+1} = Q::T+1(5t+1,(lt+1) (2.20)
k=t+1

We can also define the optimal action-value function as:

a*eA

Q;(s,a) =T(s,a) + VEs,, ,~p(|s,a) {max {Qr 1 (5141,0%)} (2.21)

Here, the maximum is taken inside the expectation because we do not want to select
a single action that is optimal for all possible next states s;y;. Instead, we choose the
optimal action for each specific state s;11, after it has been realized. Therefore the optimal
action-value function represents the maximum expected return achievable starting from
state s after taking action a, assuming that all subsequent actions are chosen optimally.

The relation between the optimal state-value function and the action-value function is
simply:
V' (s) = max Q;(s, a) (2.22)

acA

12



which reflects the fact that the first action on the action-value function is, also, chosen
optimally, after which all subsequent actions also follow the optimal policy.

Given the optimal action-value function, the optimal policy can be recovered as:

77 (s) € argmax Q; (s, a) (2.23)
acA

We can clearly see that, if our goal is to retrieve the optimal policy, it is often preferable
to rely on the action-value function. This is because it quantifies the expected return
associated with each possible control action in a given state, providing a direct way to
select the optimal control input. Moreover, this formulation avoids the need to compute
additional expected-value terms over actions, which are required when working with the
state-value function. This is particularly advantageous in settings where the reward
distribution and the transition dynamics are unknown and observable only thanks to the
environment, as it reduces the propagation of estimation errors and leads to more stable
policy extraction.

2.3 Dynamic programming

Thanks to the Bellman equation, we can characterize the optimal policy, which not
only selects actions that maximize the immediate reward but also accounts for all future
consequences induced by the current decision.

In the absence of stochasticity, the Bellman equation allows the problem to be reformu-
lated as a standard dynamic programming problem. The main idea in this setting is to
adopt a bottom-up approach: first solving the optimization problem at the final time
step and then recursively working backward through the preceding steps.

This perspective enables a complex global maximization problem to be decomposed into
a sequence of simpler optimization problems, a property that directly follows from the
recursive structure of the Bellman equation.

To illustrate this idea, we consider a simple deterministic example in which both the
reward function and the system dynamics are known.

2.3.1 Battery management problem

This example illustrates a simple battery management problem. The system admits
three possible battery states: high, medium, and low. The agent can choose among three
actions: charging the battery, using the device intensively, or using it lightly. We assume
a finite horizon of length two.

The horizon can be interpreted as the number of hours during which the agent uses the
device. The time index t denotes the hour at which the agent begins using the device,
while the actions represent the manner in which the device is used over a single hour.

In this example we assume that the reward function is time-invariant, except for the
terminal reward.

To summarize:

13



T=2

te{0,1,2}

S ={high, medium, low}

A ={intense use, light use, charge}

The reward and the evolution functions are defined as follows:

s a R(s,a) P(s,a)
high intense use 0 medium
high light use 0 high
high charge —1 high
medium intense use —1 low
medium light use —1 medium
medium charge -2 high
low intense use -2 low
low light use —2 low
low charge —3  medium

Table 2.1: The reward and the evolution functions of the battery management problem

The terminal reward is defined as follows:

s Rr(s)
high —0
medium -3
low -5

Table 2.2: The terminal reward function of the battery management problem

The Bellman equation, together with the bottom-up approach, provides a framework for
designing a policy that specifies, for each time step t and each state s, the optimal action
for the agent.

At time t = T = 2, no action is taken. Consequently, the state-value function and the
action-value function coincide and are equal to the terminal reward associated with the
final state. In this case, it is not meaningful to define an optimal policy.

At time t =T — 1 = 1, the action-value function is computed as :

Q1(s,a) = R(s,a) + Rr(P(s,a)) (2.24)

14



S a Qi(s,a)

high intense use -3
high light use 0
high charge —1
medium intense use -5
medium light use -3
medium charge -1
low intense use -5
low light use -5
low charge —4

Table 2.3: Values of the Q4(s, a)

The optimal policy at time ¢ = 1 can be obtained by applying Equation (2.23):

s 7i(s)
high light use
medium charge
low charge

Table 2.4: Values of the 7} (s)

By combining Equations 2.21 and 2.22, we can express the optimal action-value function
at time £ = 0 as the sum of two terms, defined as follows:

Q5(s,a) = R(s,a) + Vi (P(s,a)) (2.25)

We can calculate the optimal state-value function at time ¢ = 1 using the Equation (2.22):

s Vi'(s)
high 0
medium —1
low —4

Table 2.5: Values of the V{*(s)

Thus, the optimal action-value function at time ¢ = 0 is equal to:

15



S a QS(SvCZ)

high intense use —1
high light use 0
high charge —1
medium intense use —4
medium light use -1
medium charge -1
low intense use —4
low light use —4
low charge -2

Table 2.6: Values of the Qf(s)

As before, we can now compute the optimal policy at time ¢ = 0:

s ()
high light use
medium light use/charge
low charge

Table 2.7: Values of the V{*(s)

In this way, we have reconstructed the optimal policy for every time step t. If the horizon
length is extended, the same algorithm can be applied to compute the optimal policy at
each time step using the Bellman optimality equation.

The main advantage of this approach is that it avoids enumerating all possible trajectories
starting from a given time step ¢ and state s in order to determine the optimal action.
Since the number of such trajectories grows exponentially with the number of time steps,
actions, and states, this exhaustive approach quickly becomes intractable.

Instead, the problem is decomposed into a sequence of simpler computations, each in-
volving a sum of two terms, by recursively evaluating the state-value functions backward
in time.

To illustrate this process more concretely, we show all possible trajectories starting from
t = 0 and state s =low, together with their cumulative rewards, in Figure 2.2

16
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Figure 2.2: Trajectories battery management problem

We can clearly see that the optimal trajectory, which maximizes the cumulative reward, is
the one in which the device is charged at both time steps, in agreement with the optimal

policy calculated previously.

2.4 Approximate solution

While the Bellman optimality equation and the dynamic programming paradigm provide
a complete characterization of the optimal action-value or state-value function and the
corresponding policy, in most practical settings they cannot be solved analytically due to

several intertwined challenges.

In the previous section, we presented an example of dynamic programming in a deter-
ministic setting, where no stochasticity is present. When randomness is introduced into
the problem, the same framework can still be applied in principle, provided that the un-
derlying probability distributions are known. In such cases, the expectations appearing

17



in the Bellman equations can be computed exactly.

Even when these distributions are unknown, the problem remains theoretically tractable,
as the required expectations can be approximated using Monte Carlo simulation. There-
fore, neither stochasticity nor unknown model dynamics alone constitute the main source
of intractability. The primary difficulty arises when the size of the state and action spaces
becomes large. In this regime, computing Monte Carlo estimates of the expected returns
for all state-action pairs becomes computationally infeasible.

Another major challenge arises, even when the model is known and Monte Carlo sim-
ulation is therefore unnecessary, when the state or action spaces become continuous or
excessively large, making a full enumeration of the state-value or action-value functions
infeasible. It is important to note that there are notable exceptions, which will be dis-
cussed in a later chapter, where under specific structural assumptions even in continuous
state and action spaces it is possible to compute the Bellman optimality equation exactly.

These limitations motivate the use of approximation methods, which aim to estimate the
state-value function, action-value function, or the policy without computing the Bellman
equation exactly. Such approaches simplify the problem either by reducing the effective
dimensionality of the state or action spaces, or by estimating the relevant functions
directly from data.

The key idea is to replace certain components of the Bellman equation with simpler
approximate counterparts in order to make the computation tractable. For instance,
heuristic approximations can be employed, such as manually designed rules that replace

*

the optimal state-value function V/; in Equation (2.16) with an approximate version
ey

Another class of methods relies on state or action aggregation techniques, such as clus-

tering, which group similar states or actions together to reduce the number of distinct

elements considered. This results in replacing the original state and action spaces S and
A with reduced spaces S and A.

Finally, function approximation methods, which will be the focus of this thesis, can be
used to estimate the state-value function, the action-value function, or the policy directly
from sampled trajectories. In this setting, the optimal functions are replaced by a data-
driven estimates. For example in Equation (2.23), the optimal action-value function Q;
is replaced by its estimate QI

These strategies, representing only a subset of the many possible approaches and often
applied in more complex forms than illustrated here, enable reinforcement learning al-
gorithms to operate effectively in all settings where exact computation of the Bellman
equation is infeasible.

18



Chapter 3

Methodology

In this chapter, we describe the approximate methods considered in this work, together
with their implementation details, all of them are applied to a finite-horizon settings with
continuous states and actions spaces. All the algorithms presented are well-established
in the literature and do not constitute original contributions. The primary objective
of this thesis is instead to combine and apply these methodologies to a representative
reinforcement learning problem, in order to gain a deeper understanding of their behavior
and underlying mechanisms, rather than solely focusing on identifying the most efficient
or best-performing approach.

We begin by introducing the Fitted Value Iteration algorithm (Section 3.1) and the Fitted
Q-Iteration algorithm (Section 3.2), which address the problem of approximating state-
value and action-value functions from sampled data. We then present several sampling
techniques (Section 3.3) that support these algorithms by improving generalization, since
in reinforcement learning settings the independent and identically distributed (i.i.d.) as-
sumption is violated. Finally, we describe the machine learning methods employed to
approximate the value functions in practice, including the function approximators and
the training pipeline (Sections 3.4 and 3.5).

3.1 Fitted Value Iteration

The central idea behind Fitted Value Iteration is to approximate the optimal state-value
function by evaluating the optimal Bellman equation for state values (Equation (2.14))
on a finite set of representative states. In FVI, the exact optimal state-value function
V,* is replaced by a learned approximation Vt*, formally we can define an approximate
version V;* of the true state-value function as:

V7' (s) = max { (s, @) + 7 Baryrpisa | Vit (se01)] (3.1)
From this point onward, we adopt a mild abuse of notation. When writing Monte Carlo
simulations of expectations, we use the same symbol to denote both a probability distri-
bution and the corresponding sampling operation, treating it as a function. This reflects
the fact that the environment is accessed as a black box that generates samples according
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to the underlying distributions. In particular:

Ri(s,a) =11 ~ Ri(- | s,a), P(s,a) = se41 ~ P(-| s,a) (3.2)

To learn Vt*, FVI relies on a collection of sampled states {s®9}Y drawn from a chosen
distribution p; over the state space. Assuming that the true distributions of rewards and
state transitions are unknown, the Bellman targets for each sampled state are estimated
via Monte Carlo sampling:

K

(7% ) % © 1 %

V(s = 4 = max E :R(k ) + ’YV;+1 § :p(k)(S( vt),a))} (3.3)
K=

where K is the number of Monte Carlo simulations.

Here, the maximum cannot be computed exactly, since the true distributions of rewards
and state transitions are unknown. Therefore, we use a nonlinear optimization method
to maximize the function, specifically the Powell algorithm [Pow64].

These target values are then fitted with a function approximator, enabling the construc-
tion of an approximate state-value function that generalizes beyond the sampled points.
In this thesis, we consistently use a least-squares approach to learn the function approx-
imation, so V;* is obtained as:

N
. 1 ‘ o
V. < argmin — E F(s@8)) — 4 @t) 3.4
t FeFy N — ( ( ) ) ( )

where Fy, represents the function space from which the state-value function approximation
V" is chosen.

Following the dynamic programming paradigm 2.3, it is possible to construct an algorithm
that, using a bottom-up approach, reconstructs the state-value function for each time step
t; this procedure corresponds to the Fitted Value Iteration algorithm 1.

Once the approximate state-value function ‘A/t* has been learned, an approximate opti-
mal policy can be obtained from the Bellman optimality condition (Equation (2.16)) by
replacing the exact expectations with Monte Carlo estimates and the true state-value
function V,* with its approximation. Formally, the resulting policy is defined as:

7/ (s) :argmax[ ! ZRk —i—’y o ( 1 Zp(k)(s,a))} (3.5)

acA 1

As in the previous case, the maximization is performed using the Powell optimization
algorithm and Monte Carlo sampling.

In this particular implementation, we additionally introduce a function approximator 7;
to represent the approximated policy 7;. This approximation is obtained by solving:

N

s 1 i ~x 0 (i 2
fiy + argmin — Z (f(s( Yy — 7 (s ’t))) (3.6)

feFx i=1

where F; represents the function space from which the policy approximation 7 is chosen.
This concept is not new in reinforcement learning and is known as the actor-critic method
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[Sut+99], since it combines an actor (the learned policy 7;) with a critic (the learned
state-value function V*).

It is important to distinguish between two terminologies in reinforcement learning. An
approach that uses 7} is considered an online method, since the agent must interact
with the environment to select actions, as the reward distributions and state-transition
dynamics are unknown. In contrast, using 7; corresponds to an offline method, because
the agent can determine the action for any given state without interacting with the
environment, as the learned policy depends only on the current state.

Another important distinction in reinforcement learning is between model-free and model-
based algorithms. Since the FVI algorithm does not attempt to replicate the reward or
state-transition distributions, it is considered a model-free method. In contrast, if an
algorithm explicitly constructs or uses a model of the environment’s dynamics to find an
optimal policy, it is referred to as model-based.
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Algorithm 1 Finite-Horizon FVI

1:

ot

10:
11:

12:

13:

14:

15:

Input: Horizon 7', Discount factor v, Environment rewards {R;}7_, (unknown, ac-
cessed via interaction), Environment transition dynamics P (unknown, accessed via
interaction), State samples {{s*Y}¥,}Z_, Function space for the state-value function
Fy, Function space for the policy F,, Number of Monte Carlo simulations K

for each sampled state s7) do

Compute the target value
‘N/;* (S(i,T)) _ Z R(k (i T
end for
Fit the value function:
X
Vi < argmin — Z (f(s(i’T)) - Vt*(s(i’T)))2
feFv i=1
fort=T-1,T— ,0 do
for each Sampled state st do
Compute the optlmal action
K | X
a*Y = argmax [ Z )+ 7‘/;“ (? Z PR (50D, a))]
acA 1 1
Compute the target value
K K
(1 i 1 k i (4 O 1 i (1
Vi (s00) = 0 = (2 DRV, ar0) £V (5 D PO, )
k=1 k=1
end for
Fit the value function:
N
. . . 2
|7 eargmln—Z(f(s ) — Vi (s1))
feFv i=1
Fit the policy function:
| N
7} < argmin — Z (f(s(z’t)) - a*(”t))z
end for
Output Sequence of fitted state-value functions {V;*}Z, Sequence of fitted policy
{ﬂ-t t= 0 )
The optimal approximated policy at stage t:

K

1

ﬁf(s):argmax[ ZR( (s,a)) "‘”th+1 ?ZP ]
acA 1
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3.2 Fitted Q-Iteration

Similar to the FVI alghorithm (Section 3.1), the main idea of the Fitted Q-Iteration
(FQI) is to approximate the optimal action-value function by evaluating the optimal
Bellman equation for action values (Equation (2.21)) on a finite set of representative
state-action pairs. In FQI, the exact optimal action-value function )} is replaced by a
learned approximation Qz‘, formally we can define an approximate version CN)Z‘ of the true
action-value function as:

Q;ﬁk(sv a) = Ft(sa (l) +7 E8t+1~73('\87a) |:I(£l€aj‘< {Q;—l(st-l—h a) }:| (37)

To learn Qf, FQI relies on a collection of state-action sample pairs {(s(, a®B0)1N
drawn from a chosen distribution p; over the state-action space. Assuming that the true
distributions of rewards and state transitions are unknown, the Bellman targets for each
sampled are estimated via Monte Carlo sampling:

K
Nk (4, i)\ o (6t) (k) (i, i A k) (i, i
Qt(s( t),a( t)) — (0t — ZRt (3( t)’&( t))_i_,yrgg)‘({QtH(?Zp( )(3( t),a( t)),a)}

1 K
k=1 k=1
(3.8)

where K is the number of Monte Carlo simulations.

Here, in contrast to Fitted Value Iteration (FVI), the maximization can be computed
exactly, since the only function appearing inside the maximization is the approximated
action-value function. Depending on the function approximator used, the maximum can
be computed explicitly. It is important to underline that this is possible only because the
next state s;11 can be generated via Monte Carlo simulation, and the maximization is
performed only after the next states have been sampled, as indicated by Equation (3.7).

These target values are then fitted using a least-squares approach, so Q;‘ is obtained as:

N

A% 1 i i i)\ 2
Q)] + argmin N Z (f(s%, a1y — 4:0) (3.9)

feFo i—1

where Fg represents the function space from which the action-value function approxi-
mation QA;* is chosen. It is important to emphasize that, at the terminal step, the ap-
proximated action-value function Q} must belong to a specific subspace of F¢ in which
the action variable is not taken into account. Although our notation allows the terminal
reward to be expressed as depending on the final action, the terminal Bellman target is
independent of the action, since no further actions can be taken, as indicated by Equation
(2.3).

We denote this terminal subspace by Fo, C Fq.

Following the dynamic programming paradigm 2.3, it is possible to construct an algorithm
that, using a bottom-up approach, reconstructs the action-value function for each time
step t; this procedure corresponds to the Fitted-Q Iteration algorithm 2.

Once the approximate action-value function Q;‘ has been learned, an approximate op-
timal policy can be obtained from the Bellman optimality condition (Equation (2.23))
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by replacing the true action-value function ()} with its approximation. Formally, the
resulting policy is defined as:

7¥(s) = argmax Q} (s, a) (3.10)
acA

In contrast to Fitted Value Iteration (FVI), the argmax in this expression can be com-
puted exactly, as it depends solely on the chosen function approximator for the action-
value function.

Similar to FVI, we further introduce a function approximator 7} to represent the approx-
imated policy 7;. This approximation is obtained by solving:

N

1 ; N 2
A~k : § : (,t) ~x 0 (4,t)
T, <— argmin — r(s — T, S 3.11
t fge 3 N p ( ( ) t ( )) ( )

where F denotes the function space from which the policy approximation 7} is selected.
As in FVI, Fitted Q-Iteration (FQI) is a model-free method.

This formulation highlights why, in model-free methods, it is often preferable to work
with the action-value function. The policy in Equation (3.10), which is based on the
action-value function, can be computed directly. In contrast, Equation (3.5), which relies
on the state-value function, requires solving a nonlinear optimization problem via Monte
Carlo simulation when the reward and transition distributions are unknown.
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Algorithm 2 Finite-Horizon FQI

1:

2

11:
12:

13:

14:
15:
16:

17:

18:
19:
20:

Input: Horizon T, Discount factor v, Environment rewards {R;}._, (unknown, accessed via inter-
action), Environment transition dynamics P (unknown, accessed via interaction), Pairs state-action
samples {{(s", a")}N 1T, Function space for the action-value function Fg, Function space for
the last state-value function Fg.-, Function space for the policy function 7, Number of Monte Carlo
simulations K

for each sampled state-action (57, a(%T)) do

Compute the target value
- . , 1 & , A
Q:(S(Z,T)’ a(z,T)) _ y(z,T) _ ? ZRIS_]?)(S(z,T),a(Z,T))
k=1
end for
Fit the value function:

N

. 1 . . - .

O  argmin & 37 (76, atT) — 03 (s0T), a1))?
feFor V5

fort=T-1,T-2,...,0do
for each sampled state-action (s a(¥!)) do

Compute the next state
, 1 &
st — = 3 PE (50, 0
k=1
if t=T —1 then
Compute the target value
K
- , . 1 . , . ; ,
Q:(S(Z’t), a(l,t)) _ y(z,t) _ (E Z Rz(tk) (S(z,t)’ a(ut))) + ’YQ;’(SS&J;?’ a(ut))
k=1
else
Compute the optimal action
*(1,t Ak i,
at-5-1 )= argg“ax Qt+1(8§+tl)a a)
Compute the target value
. 1 E . .
Qi (549, ali) =y = (5 3RV (40, ali)) + Q7 (st i)
k=1
end if
end for
Fit the value function:
N
07 « argmin — S (F(s50, ali0) — Gp (5000, al00)))?
reFe N
Fit the policy:
N
1 ) N )
7y < argmin — Z (f(s(“t)) — argmax Q; (s, a))2
fe€Fx i=1 acA
end for
Output: Sequence of fitted action-value functions {Q;}7._, Sequence of fitted policy {7} ',

The optimal approximate policy at stage ¢:

7¥(s) = argmax Q} (s, a)
acA
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3.3 Sampling tecniques

In reinforcement learning settings, the independent and identically distributed (i.i.d.) as-
sumption is generally violated due to the sequential nature of data collection. As a conse-
quence, the choice of a sampling strategy becomes crucial when applying algorithms such
as Fitted Value Iteration (FVI, Section 3.1) and Fitted Q-Iteration (FQI, Section 3.2),
which rely on function approximation techniques commonly based on machine learning
or deep learning methods.

Before discussing sampling techniques, it is important to define what we mean by a
trajectory. A trajectory is the sequence of states visited and actions taken in a single
rollout of the reinforcement learning problem, formally expressed as

(So,ao,Sl,al,...,8T>. (312)

Although the Bellman equation and algorithms such as Fitted Value Iteration (FVI) and
Fitted Q-Iteration (FQI) typically focus on a single step of this trajectory, considera-
tions of sampling require attention to the trajectory as a whole. This is because, when
constructing a training dataset, one must respect the nature of the system dynamics.
For instance, even if the initial state is chosen randomly, it is not guaranteed that all
subsequent states are reachable or that all actions can be applied at the next step. To
properly reflect the underlying transition probabilities, it is often preferable to gener-
ate trajectories by simulating the environment, rather than selecting states and actions
independently at random at each step.

Furthermore, when these trajectories are used to learn the optimal policy or the optimal
state-value function, it is desirable that they follow near-optimal paths, as such samples
provide the most informative data for the function approximator and better reflect the
true distribution of states and actions under optimal behavior. At the same time, it is
important to include trajectories that deviate from optimal behavior to avoid overfitting
and to maintain a degree of exploration in less frequently visited regions of the state-
action space.

These issues are well documented in the reinforcement learning literature [SB18; MS0S;
Mun05; Yan+20; San+24].

For these reasons, the following subsection discusses several sampling techniques that we
implement and empirically evaluate.

3.3.1 Random Sampling

Random sampling is the simplest sampling technique, and its core idea is to draw samples
randomly from a given distribution until the required number of samples is obtained.
This technique is typically employed when we have almost complete knowledge of the
environment, allowing us to reconstruct a distribution that closely approximates the
desired one.

Random sampling is also used in scenarios where little or no prior knowledge of the
environment is available and interaction with it is very limited or impossible. In such
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cases, it is not feasible to infer a better sampling strategy, and one must rely on purely
random trajectories, or even uniformly sample states and actions at each time step .

Algorithm 3 Random Sampling

1: Input: Number of samples NV, Sampling distribution u(e.g., uniform)
2: fori=1,2,...,N do
3: Sample

29~

4: end for
5. Output: Samples {z(}Y,

3.3.2 Heuristic Action Sampling

Heuristic action sampling is often preferable, especially when some knowledge of the
system dynamics is available or when a human expert with domain expertise can be
consulted. In such cases, it is possible to construct a heuristic function that, given
a state, returns an action close to a desired trajectory. In the case of optimal policy
problem, a heuristic can be designed to approximate the function that maps each state
to a sub-optimal action.

Algorithm 4 Heuristic Action Sampling

1: Input: Current state s € S, Heuristic function H

2: Choose the action
a= H(s)

3: Output: action a € A

Given this algorithm and an initial state s, typically chosen at random, a rollout trajectory
can be generated by iteratively applying the heuristic policy. This procedure can be
repeated to obtain the desired number of samples.

To introduce stochasticity or to enable exploration of trajectories that deviate from the
heuristic ones, two alternative strategies can be employed. The first consists in adding
noise, commonly Gaussian noise, to the actions returned by the heuristic or to the states
observed during interaction with the environment. The second strategy is to select a
random action instead of the heuristic one, with a fixed probability; for example, with
probability 0.2, a random action is chosen instead of the heuristic action. These mecha-
nisms help prevent overfitting to heuristic-generated samples, which may be suboptimal
and could otherwise bias the learned function approximators.

3.3.3 Greedy Multistep Lookahead Sampling

A more sophisticated and powerful method for optimal-trajectory sampling is greedy
multistep lookahead sampling.
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This technique consists of selecting a sequence of actions that maximizes the cumula-
tive reward over a finite number of steps L, augmented with a terminal approximated
state-value function V that estimates the optimal rewards of all future steps beyond the
lookahead horizon.

Given this sequence, we can extract the first optimal action and use it to rollout a sub-
optimal trajectory.

The approximated state-value function V can be a heuristic, an approximation learned
from an algorithm such as Fitted Value Iteration (FVI) 3.1, or even a simple constant
map that returns 0 for every state s.

Algorithm 5 Greedy Multistep Lookahead Sampling

1: Input: Current time step ., Current state s;, € S, Environment rewards {R;}L,
(unknown, accessed via interaction), Environment transition dynamics P (unknown,
accessed via interaction), Terminal value-state function V, Number of steps L, Hori-
zon T', Discount factor v,

2: Compute the maximum number of steps

Lipaw = min{L, T —t.+ 1}
3: Compute the optimal actions

(a'tc7 A 7a’tc+Lmax_1)
tc+Lmax_

1 K
- 1 :
= argmax (VL““""‘V(StCJerax)‘i‘ E Vt_tCE E ng)(st,a(]))>
k=1

(a‘tc7"'7a‘tc+Lmax*1)€ALmaX t=t.

Kk j
where s = % >0, PH (s, a7
4: Take the first action
a* = ay,

5. Output: sub-optimal action a* € A

When the number of steps L is sufficiently large, or the terminal state-value function 1%
is sufficiently close to the optimal one, this algorithm produces trajectories that are very
close to the optimal trajectory.

To encourage exploration and avoid overfitting, as in heuristic action sampling 3.3.2, noise
can be added to the chosen actions or to the states. Alternatively, a random action can
be selected with a fixed probability, rather than always using the action recommended
by the algorithm.

The main difficulty of this algorithm lies in the maximization over the action space,
since the reward distribution and the transition dynamics are typically unknown. As
a consequence, Monte Carlo simulations are required to approximate the expected re-
turn. Moreover, the maximization problem cannot usually be solved in closed form and
therefore requires the use of a nonlinear optimization algorithm, such as Powell’s method
[Pow64].

Methods based on direct nonlinear optimization tend to become computationally expen-
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sive as the action space grows. For this reason, we consider an alternative approach that
is widely used in reinforcement learning for computing approximate optimal policies or
sub-optimal sequences of actions, namely the Cross-Entropy Method (CEM) [Boe+05].

The idea behind the Cross-Entropy Method (CEM) is to iteratively adapt a probability
distribution in order to sample actions that are increasingly close to the optimal ones. To
illustrate this approach, we present a CEM algorithm based on a mixture of Gaussians
(MoG), which iteratively updates the parameters of the distribution, namely, the mean
and the variance, so as to concentrate probability mass around near-optimal actions.

In this version of the algorithm, we assume that the action space A is R™, where m is
the dimension of the action.

The core idea of the algorithm is to start from initial means and variances for the mixture
of Gaussians (MoG), sample N action sequences, and select only a fraction of elite samples
based on their values of the target function. Given this elite set, a clustering method, such
as k-means [Mac67], is applied to partition the samples into M clusters, corresponding
to the number of Gaussian components. The means and variances of each Gaussian are
then updated using the empirical mean and variance of the samples in the corresponding
cluster. After several iterations, the algorithm returns the action sequence from the last
iteration that maximizes the objective function.

29



Algorithm 6 Cross-Entropy Method with Mixture of Gaussians (MoG)

1: Input: Current time step t., Current state s;, € S, Environment rewards {R;}1_, (unknown,
accessed via interaction), Environment transition dynamics P (unknown, accessed via interaction),
Number of Monte Carlo simulations K, Terminal value-state function V, Number of steps L, Horizon
T, Discount factor =y, Action dimension m, Number of mixture components M, Initial means {,uk}ﬂ/[: 1
pr € REmasXm - Tnitial variances {02}, 02 € REmaeXm Mixture weights {7}, Number of
samples N, Elite fraction p € (0,1), Number of iterations I

2: Compute the maximum number of steps
L’maw = mm{L, T — tc + 1}
3: fori=1to I do
4: Sample N action sequences from the mixture distribution
a(j) = (agz)7 ey agil—l,max—l) ~ Z ﬂkN(ﬂk, dl&g(O’%)), ] = 13 ey N
k=1
5: Evaluate each sequence
tetLmax—1 1 K
) - _ k j
N A A Z 1 tc? ZRi )(st,agj))
t=t, k=1
L )
where 5,41 = & Zszl 73,5( )(st7 agj))
6: Select the elite set of action sequences
E={aY :je argmax ZJ(k)
Sc{l,...,N} ;cs
|S|=LpN]
7 Cluster elite sequences into M clusters using a distance-based clustering method (e.g., k-means)
8: for k=1to M do
9: Let & be the set of elite samples assigned to cluster k
10: for { =01to L4z — 1 do
11: Update mean
1 ()
M0 @ Z atC+Z
ald) €&y,
12: Update variance
1 i 2
T > (ahe — pne)
ald) €&y,
13: end for
14: Update mixture weight
Tl < @
€]
15: end for
16: end for
17: Output: best action sequence at last iteration
(at,y s QtptLyn—1)" = argmax JU)
a@e{aM,... a(M}

As usual, the expectations are replaced with Monte Carlo simulations when the underlying
distributions are unknown.
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3.4 Function approximators

In this section, we present the models used to empirically evaluate the function approx-
imations in the Fitted Value Iteration (FVI) and Fitted Q-Iteration (FQI) algorithms
(Sections 1 and 2). All models are based on standard machine learning approaches and
rely on least-squares optimization with regularization.

3.4.1 Linear model

The first model we present is the simplest one and is referred to as regularized linear
regression. The key idea is to approximate the target function using a linear function.

The coefficients of the regression are estimated by fitting the linear function to a finite
set of input-output samples, by minimizing the squared difference between the predicted
values and the observed targets. This criterion, commonly referred to as the least-squares
approach, encourages the model to produce predictions that are close to the available
data.

To avoid excessively large coefficients values and improve the generalization properties
of the model, a regularization term equal to the squared norm of the coefficients vector
is added to the objective function and weighted by a parameter A\ > 0. This form of
regularized least-squares regression is commonly known as ridge regression.

Combining these elements, the optimization problem can be written as:

I

min | Xw — Y [* 4 A (3.13)

weR?

where X € RY*" denotes the matrix of input samples and ¥ € R denotes the vector
of target values. This optimization problem is referred to as empirical risk minimization

(ERM).

Once the optimal parameter vector w has been learned, the resulting function approxi-
mator is defined as:

fu(z) =2Tw (3.14)

where x € R™ denotes a single sample.

3.4.2 Quadratic model

A more complex extension of the linear model is the quadratic model. This model is
closely related to the linear model described in Section 3.4.1. However, instead of learning
a vector of linear coefficients w € R", we infer a matrix W &€ R™ ", which defines a
quadratic function approximator of the form:

fw(x) =2 "Wz (3.15)

The matrix W is learned by minimizing the same empirical risk used for the linear model,
as defined in Equation (3.13).
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To make this formulation explicit, the quadratic function can be rewritten as:
l‘TWZL' = Z Wijxixja
2%
¢:R" — R
P(z) = vec(za ")

fulz) = ¢(x) w

where vec(-) denotes the vectorization operator and w = vec(W) € R™.

The mapping ¢(+) is referred to as the feature map, and its codomain R™ is called the
feature space. By applying the feature map, the original input x € R" is represented in
a higher-dimensional space where quadratic interactions between input components are
explicitly encoded.

With this representation, the quadratic model is equivalent to a linear model in a trans-
formed feature space. Consequently, the empirical risk minimization problem can be
written as

min, ~ [|w — Y| + AJw| (3.16)

weR"2

where ® € RV*"” is the design matrix whose rows are given by ()T for each training
sample z(9.

Moreover, the model depends only on the symmetric part of the matrix W.
Indeed, any matrix W € R™ " can be decomposed as:

W= %(W+WT)+%(W—WT) (3.17)

where the first term is symmetric and the second term is skew-symmetric.

Substituting this decomposition into the quadratic form yields:

W =T (%(W + WT)) v’ (%(W _ WT)) . (3.18)

Since W — W is skew-symmetric, it follows that:
T (W -WhHz=0 VzeR" (3.19)
and therefore

o' We=2a' (%(W + WT)) T (3.20)

Consequently, the quadratic model is completely determined by the symmetric part of
W. Without loss of generality, we may therefore restrict W to be symmetric, which
reduces the number of independent parameters from n? to n(n + 1)/2, corresponding to
the entries of the upper triangular part of the matrix.
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3.4.3 Polynomial kernel model

A more expressive extension of the linear and quadratic models (Sections 3.4.1 and 3.4.2)
is the polynomial kernel model.

This model builds upon the feature space formulation introduced in the quadratic case,
but avoids the explicit construction of feature vectors ¢(z®). Instead, it employs kernel
methods, which allow the learning algorithm to operate implicitly in a nonlinear feature
space by relying solely on inner products between feature-mapped samples [SSMOS].

The key idea of the kernel approach is that, for a suitable choice of feature map, the
empirical risk minimization problem can be reformulated such that it depends only on
inner products between feature-mapped samples:

(0(z?), p(x1)) (3.21)

which can be computed directly through a kernel function:
k@, 27 = (o), ¢(=) (3.22)

This technique, commonly referred to as the kernel trick.

To understand why this formulation holds, we first consider the empirical risk minimiza-
tion problem in Equation 3.16. It can be shown that its solution admits two equivalent

closed-form expressions:
w=(®T®+ AN OTY

3.23
w=>" (DT + ANI)~'Y (3.23)
where I denotes the identity matrix of appropriate dimension.
We introduce a new parameter vector ¢ such that
w=3>o'c
(3.24)

¢ = (k(X,X)+ ANI)'Y

where k(X, X) denotes the matrix whose (4, j)-th entry is given by the kernel evaluation
k(2@ 20)) for all pairs of input samples.

Using this dual representation, the function approximator can be expressed as:
fe(x) = k(z, X)c (3.25)

where X denotes the matrix whose rows correspond to the training samples used to
estimate ¢, and z the new input sample for which the approximated value is computed.

In the case of the polynomial kernel, the kernel function is given by:
k(z9 20)) = (20T20) 4 1)d (3.26)

where d € N denotes the degree of the polynomial.

This kernel implicitly corresponds to a feature space that contains all polynomial interac-
tions terms between input variables up to degree d, thereby generalizing quadratic and,
more generally, polynomial regression models of degree d.
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3.4.4 Gaussian kernel model

The last and most complex model considered is the Gaussian kernel model.

This model follows the same approach as the polynomial kernel model (Section 3.4.3)
and differs only in the choice of the kernel function, which is defined as:

4 ’ | (D) _g() ||2
k(z®, 20y = e 22 (3.27)

where o > 0 is a kernel parameter that controls the width of the Gaussian function.

This kernel model implicitly corresponds to an infinite-dimensional feature space in which
similarity between samples is measured through a Gaussian function with variance 0.

As before, the function approximator can be expressed as:
Je(x) = k(z, X)c (3.28)

where c is calculated as:
c=(k(X,X)+ )\NI)_lY (3.29)

3.5 Training pipeline

To conclude the methodology section and to enable a clear understanding of the exper-
iments presented in the results chapter (Chapter 5), we describe the procedure used to
train our function approximators (Section 3.4).

Our function approximators are machine learning models characterized by two distinct
types of parameters The first type consists of the model parameters, denoted by w or c,
which are real-valued parameters learned by solving a risk minimization problem (Equa-
tion (3.16)). The second type comprises the hyperparameters, which must be specified
before the optimization process. These hyperparameters determine the structure and be-
havior of the model, for example the parameter ¢ in the Gaussian kernel model (Section
3.4.4) or the parameter A, which represents the regularization parameter.

An important distinction that must be introduced concerns the samples used to train
the models. We first introduce the sampling techniques (Section 3.3), which we employ
to generate a set of N samples for each time step t. For each sample set, we uniformly
split the data into a training set (50%) and a validation set (50%). We assume that each
sample set provides adequate coverage of the underlying space; therefore, a uniform split
does not introduce bias into the training process. The validation set is used to determine
the optimal hyperparameters of the model through a greedy search procedure. In this
greedy search, given a predefined list of hyperparameters, we select the configuration that
yields the lowest error on the validation set.

Below we present the pseudocode of the procedure used in the training pipeline.
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Algorithm 7 Training pipeline

1: Input: Model M, Input samples X, Output samples Y, Number of samples N,
hyperparameter set H

. Construct the dataset D = {(z;, v;) }¥,

. Uniformly split D into training set Dyain (70%) and validation set Dy (30%)

: Initialize minimum validation error E,,, + +00

. Initialize optimal hyperparameters h* < ()

. for each hyperparameter configuration h € H do

Train the model M by solving the ERM problem on Dy,,;, using hyperparameters

=S ISR N

h

1%

Compute the Mean Absolute Error on the validation set:

Ep ! > lyi— M(x)|

|Dval| (%4,Y:) €Dyal
9: if £, < E;, then
10: Eoin < Ej,
11: h* < h
12: end if
13: end for

14: Retrain the model M on Dy,,;, using optimal hyperparameters h*
15: OQutput: Retrained model M, optimal hyperparameters h*

Once the optimal hyperparameters have been identified through grid search, the model
is retrained on the combined training and validation datasets. Finally, its performance
is evaluated on a separate test set. This test set is kept completely independent from
both training and model selection and is used only once, in order to obtain an unbiased
assessment of the model’s ability to generalize to unseen data.
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Chapter 4

Problem setup

To assess the performance of our approximate methods, we consider the Linear-Quadratic
Regulator (LQR) problem [AMS&9], a classical benchmark in optimal control and reinforce-
ment learning.

4.1 Linear Quadratic Regulator

The LQR setting provides a controlled dynamical system with linear state evolution and
quadratic reward, for which the optimal policy and value functions are known in closed
form. This makes it an ideal framework for evaluating approximate reinforcement learning
methods, as it allows us to compare the results produced by our algorithm with the exact
analytical solution. In this section both the reward and the evolution are deterministic
to simplifies the equations, but in reality both can be affected by noise.

First, we define the set of all the possible states S and actions A as:

S=R"
A=R"
The transition dynamics is definited as:
St+1 = P(St, (J,t) = ASt + B(lt (41)

where A and B define the linear state-update dynamics of the system.

The rewards are definited by the formula:

Ri(s,a) = —(s'Sys +a'Cia) (4.2)
and the terminal reward depends only on the state s:

Ra(s) = —(s7Srs) = Ra(s,a) (4.3)

Here {S;}7, and {C,}=' define the quadratic rewards of the system.
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The optimal state-value function can be written as:
Vi'(s) = max{Ri(s,a) + Vil (As + Ba)} (4.4)
and the optimal action-value function as:

Qi(5,0) = Ru(s,0) + max {Qis(As + Ba,a”)} (45)

We make the following assumptions:

e For all ¢, S; € R™" is symmetric and positive semidefinite (S; = 0).
e For all ¢, C; € R™*™ is symmetric and positive definite (C; > 0).
e Matrices A, B are given.

e The sets of matrices {S;}, and {C;}]_' are given.

To obtain a closed-form solution, we consider quadratic state-value functions of the form:

Vi*(s)=—s'Ps, st.P=P  P>0 (4.6)

4.1.1 Riccati recursion

Based on the quadratic form of the state-value function, the optimal solution can be
computed recursively using the Riccati recursion to find all the P;.

Substituting the quadratic form (4.6) into the optimal state-value function (4.4), we
obtain:
Vi*(s) = max [ — (5" S5+ a"Cha) — (As + Ba) " Py (As + Ba)] (4.7)
acR™
Expanding the quadratic term yields:

(As + Ba)" P, (As+ Ba) =s'"A"P,1As +2s' A"P. Ba+a' B' P,y Ba (4.8)

Thus, the maximization reduces to a quadratic function of the action:
®(a) = —s' (S;+ A" Py A)s —2s' AT Py 1Ba—a' (Cy + B" Py B)a (4.9)
The gradient of ®(a) with respect to a is given by:

V.®(a) = —2s' A" P 1B —2a" (C, + B" P4\ B) (4.10)

Setting the gradient equal to zero yields:

s'"ATPB+a"(C,+B"P1B)=0

Solving for the optimal action, we obtain:

a* = —(Cy+ B" Py B) ' BT Py As (4.11)
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Hence, the optimal feedback control law, which maps the current state to the optimal
control action, is linear in the state and is given by:

K,=—(C;,+B'"Py B)'B' P, A (4.12)

And the optimal policy is defined as:

71 (s) = Kis (4.13)

Substituting the optimal action (Equation (4.11)) into the optimal-state value function
(Equation (4.7)) and using expanded quadratic form (Equation (4.9)), we obtain:

Vi*(s) = —s' (S, + A" Py A)s — 25" AP BK;s —s' K (Cy + B" Py B)K,s
Vi(s) = —s7 [(St + AP A) — 24T P B(C, + B' Py B)"'BT P, A
+A"P\B(C,+ B"P1B)'B"P 1 Als

Vi(s) = —s' [(St +A"PA)— ATP, B(Ci+ B" Py B) 'BT P, Als

Comparing with the quadratic form (Equation (4.6)), we obtain the Riccati recursion:

P=(S,+A"P A~ A"P B(Cy+ B"P B 'B"P A, st Pr=Sr  (4.14)

Starting from the terminal condition at time 7', the matrices P, and K; can be computed
recursively backward in time. This allows the reconstruction of the optimal state-value
function and the optimal policy at each time step t for any given state s. Clearly, Kr
and 775 are not defined, and there is no need to compute them, since no action is taken
at the terminal time step 7.

Using this notation, the optimal action-value function can be expressed as:

Qi (s,a) = —(s' Sys +a' Cya) — (As + Ba)' Pry1(As + Ba) (4.15)

38



Chapter 5

Results

In this chapter, we describe all the experiments and results related to the methodology
presented in Chapter 3, in order to gain a better understanding of the advantages and
limitations of the proposed approximate solutions.

5.1 Environment Description

We evaluate our algorithms in an LQR environment (Chapter 4). The environment
consists of a two-dimensional car that must reach the target position (0,0). The system
dynamics are governed by basic kinematic equations, and the reward function is defined
as the negative of a cost expressed in quadratic form. This cost accounts for the vehicle’s
velocity, its distance from (0, 0), and its acceleration. The objective is to reach (0, 0) while
minimizing travel time and control effort, and ensuring that the vehicle is stationary upon
arrival.

The details of the environment are as follows:

e State vector s € R*:
Pz
Dy
Um
Uy

where (p,,p,) are the car’s position coordinates and (v,,v,) are its velocity compo-

nents.
Qg
a =
Ay

representing the accelerations applied in the x and y directions.

e Action vector a € R?:

e Dynamics matrices:

1010 05 0
01 01 0 0.5
A= 001 0| b= 1 0
0001 0 1



matrix A encodes position and velocity update, while B maps control accelerations
into the state update.
With these matricies we have that each components evolve with this formulas:

Pzt + 1) = pu(t) + v (t) + 0.5a,(t)
py(t + 1) = py(t) + vy(t) + 0.5a,(k)
U (t + 1) = v, (t) + ax(t)
vyt + 1) = vy(t) + a, (t)

e State penalty matrix S, € R***:
S, = diag(4, 4,4, 4)

the values are chosen according to Bryson’s rule [BH75], which sets each diagonal
entry as the inverse square of the maximum acceptable deviation from 0:

1
(577

where s5;"* is taken to be 0.5 for all the state dimensions.

e Action penalty matrix C, € R?*2:
O, = diag(0.25,0.25)

similarly, the control weights are chosen following Bryson’s rule, which corresponds
to keeping each action input within +2 units.

With this decision we can see that our reward is calculated as:

Ry(s,a) = —(4p2 + 4p, + 4v2 + 4v] + 0.25a2 + 0.25a7) (5.2)

e Dimensions:

n =4 (state dimension), m =2 (action dimension).

Horizon length:

Discount factor:

e Number of Monte Carlo simulations:

K =100

To simulate uncertainty in the car parameters and potential noise in the reward returned
by the environment, we perturb both the reward and the system dynamics with Gaussian
noise:

Ti41 = Rt(sta at) +n, n-~ N(0> 02) (5-3)
St+1 = P(Stv at) + n, n~ N(Ov 02) (54)
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5.2 Datasets

To evaluate our function approximators and algorithms, we first construct three differ-
ent datasets, each corresponding to a distinct sampling technique (Section 3.3). In this
section, we focus exclusively on state-action sampling, which defines the inputs to our
models, since the target values are computed according to the FVI and FQI algorithms
(Algorithms 1 and 2). We, then, empirically investigate whether sampling from a distri-
bution that follows the optimal policy provides any advantage compared to alternative
sampling strategies.

Each dataset contains N = 1000 samples. To better understand their composition, we
visualize the sampled positions (p,,p,), using different colors to represent different time
steps t. Analogous plots are provided for the velocity components (v, vy).

The dataset varies slightly when using the FQI algorithm (Section 3.2), since in this case
each sample must include an action as input. However, for each sampling technique,
actions can be obtained in a straightforward manner. In random sampling, actions can
be sampled uniformly. For both the Greedy Multistep Lookahead and Heuristic sampling
methods, states are determined along trajectories, so we can select the action correspond-
ing to the same time step ¢ within a trajectory; with the exception of the last step T,
where no action is taken so and the action is set to (0,0). Following this approach, we can
also plot the action components (a,, a,) of the input samples, which are used exclusively
by the FQI algorithm.

For sampling methods that aim to approximate the optimal state distribution, we expect
the samples to increasingly concentrate around (0,0) as t increases, since the agent’s
objective is to terminate in the state

o O OO

For the final evaluation, the test set consists of one hundred uniformly sampled random
samples.

5.2.1 Random Sampling

The random uniform sampling method is restricted to a subset of the real space, where
each component no longer belongs to R but instead lies in the interval [—30,30], for
computational reason.

The plots of the position and velocity components obtained using this sampling technique
(Section 3.3.1) are shown in Figure 5.1, while the plot of the acceleration components is
shown in Figure 5.2.
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Position samples Velocity samples
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(a) Position components (b) Velocity components

Figure 5.1: Position and velocity components obtained using random sampling

Acceleration samples
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—10 41

~20 A

_30 .

Figure 5.2: Acceleration components obtained using random sampling

5.2.2 Heuristic Action Sampling

Following the alghorithm described in Section 3.3.2, we employ a simple heuristic policy,
defined as

Pz — Vg
Hs)= ||

which applies an action in the direction opposite to the sum of position and velocity
components, encouraging convergence toward the origin in both dimensions.

To preserve the dynamics of the trajectories while enabling exploration and reducing
overfitting, we add Gaussian noise with mean g = 0 and variance 02 = 1 to each com-
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ponent of the sampled actions. The rollout trajectories are initialized from a random
uniform state sample.

The plots of the components at each timestemp ¢ are shown in Figures 5.3 and 5.4.

Position samples Velocity samples
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Figure 5.3: Position and velocity components obtained using Heuristic sampling
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Figure 5.4: Acceleration components obtained using Heuristic sampling

We can already observe that, with a simple heuristic function, the samples converge to
the origin.

5.2.3 Greedy Multistep Lookahead Sampling

Here, we follow the algorithm described in Section 3.3.3, using the Cross-Entropy Method
(Algorithm 6) to solve the resulting maximization problem.
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Specifically, we set the lookahead horizon to L = 3, the number of mixture components
to M = 3, and the number of CEM iterations to I = 20. At each iteration, N = 200
samples are drawn, with an elite fraction of p = 0.5.

The initial means of all mixture components are set to u = 0, the variance is set to
0% = 1, and the mixture weights are uniformly initialized to %

The terminal value function is fixed as V(s) = 0, Vs € S. In this way, the algorithm
simply tries to minimize the L step, without taking into account the dynamics of the
problem beyond that.

To preserve the dynamics of the trajectories while enabling exploration and reducing
overfitting, we add Gaussian noise with mean g = 0 and variance 02 = 1 to each com-
ponent of the sampled actions. The rollout trajectories are initialized from a random
uniform state sample.

The Gaussian noise in the environment reward function 5.3 is defined with variance
0? = 1, while the noise in the environment evolution dynamics 5.4 has variance o2 = 0.1.

The plots of the components at each timestemp ¢ are shown in Figure 5.5 and 5.6.
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(a) Position components (b) Velocity components

Figure 5.5: Position and velocity components obtained using Greedy Multistep Lookahead
sampling
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Figure 5.6: Acceleration components obtained using Greedy Multistep Lookahead sam-
pling

Here, we see more clearly that, with greedy minimization, the samples converge faster to
the origin compared to the heuristic function.

5.3 Experimental Results

In this section, we present the empirical results obtained by applying the proposed ap-
proximate techniques to the considered problem.

First, we recall the definitions introduced in the Background and Methodology chapters
(Chapters 2 and 3), which are necessary to properly interpret the metrics presented in this
section. In particular, we recall the definition of the state-value function V'; analogous
definitions apply to the action-value function Q).

We denote by V,* the true optimal state-value function, computed using the Riccati
equation (Equation 4.6). Similarly, n; denotes the optimal policy obtained from the
Riccati equation (Equation 4.13).

The notation \N/t* refers to the approximate optimal state-value function used as the target
in the function approximation step, as defined in Equation 3.3. This corresponds to the
target variable y in the associated machine learning problem. In contrast, ‘A/t* denotes the
learned approximation of the optimal state-value function (Equation 3.4).

Similarly, 7} denotes the approximate optimal policy obtained by combining the Bellman
equation with the learned state-value function (Equation 3.5), whereas 7} represents the
policy directly learned using a machine learning method (Equation 3.6).

We recall that the true optimal functions V,* and 7} are generally unknown and can be
computed in this work only because the experiments are conducted in an LQR setting.
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The quantities V* and 7 are obtained through the Fitted Value Iteration (FVI) algorithm
(Section 3.1), while V;* and 7} correspond to their approximations learned via machine
learning techniques.

Finally, we define the rollout state-value function V;*", which represents the evaluation of
the policy 7* starting from time ¢. It corresponds to the expected cumulative discounted
reward obtained by following the policy 7* from time ¢ and initial state s. Formally:

T
V7 (s) = Bz rp [Z e
o

s¢ = s] : (5.5)

In practice, this expectation is approximated using Monte Carlo simulations.

The rollout state-value function is a fundamental quantity for the evaluation of approx-
imate solutions. In general settings, where the true optimal state-value function is un-
known, it is not possible to directly assess how far a solution is from the optimal one, nor
to quantify the bias of the corresponding policy.

What can be computed instead is the approximation error between the target state-value
function V;* and the learned state-value function V;* at each time step ¢. However, this
error alone may be misleading. Due to error propagation, it is possible to observe a small
discrepancy between ‘N/t* and ‘A/t* even when the actions selected by the resulting policy
are far from optimal.

The rollout state-value function provides a more informative evaluation metric. It cap-
tures the expected return obtained by starting from a state s and following the policy 7*.
Therefore, if the rollout value significantly differs from the value predicted by the learned
function Vt*, it indicates that the function approximation does not generalize well to the
underlying reinforcement learning problem, even when the training or the test error of
the machine learning model is low.

All the errors between the considered metrics are computed using the Mean Absolute
Percentage Error (MAPE). This choice is motivated by the fact that we are not interested
in analyzing the absolute magnitude of the error, but rather the relative distance between
the approximated quantities and the corresponding optimal ones.

The MAPE is defined as

fi— fi
fi

1 N

MAPE(, /) = - >

=1

x 100 (5.6)

where ﬁ and f; correspond to the i-th evaluation of the approximated and true function,
respectively, over a set of N samples.

In the next sections, we present the results separately for each model used to approximate
the state-value function V;*.

For the policy model 7}, we always employ a linear model with a regularization parameter
set to A\ = 1072, since the true optimal policy is known to be linear. This choice is
motivated by the fact that the primary objective of this work is the analysis of the
approximate algorithms FVI and FQI (Algorithms 1 and 2). The actor-critic setting, in
which the policy is also learned via machine learning techniques, is therefore of secondary
interest.
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By fixing a linear structure for the policy model, we are able to keep the focus on the
quality of the state-value and action-value function approximations. Moreover, since the
optimal policy is linear, learning this function does not pose significant generalization
challenges. In this context, the key aspect is obtaining an accurate approximate optimal
policy 7;; if this is achieved, the corresponding learned policy 7; is expected to perform
well.

In all the experiments the Gaussian noise in the environment reward function 5.3 is
defined with variance o2 = 1, while the noise in the environment evolution dynamics 5.4
has variance o2 = 0.1.

All the results reported in the tables are rounded to two decimal places.

5.3.1 Linear model

The choice of using a linear model (Section 3.4.1) is motivated by the fact that, although
the problem is known to be quadratic, we intentionally underfit the state-value function
in order to analyze the performance degradation in the underlying reinforcement learning
problem.

Since this modeling choice is intentionally far from the optimal one, we present only the
results obtained using the uniform dataset (Section 5.2.1) and by applying the Fitted
Value Iteration (FVI) algorithm (Algorithm 1).

The hyperparameter A is tuned by evaluating 50 logarithmically spaced values in the
range A € [1071°,10'] on the validation set.

In Table 5.1 is reported the training error of the model with the best hyperparameter.

t VLV sV VS YE) ES ) (S )
0 17886  103.04 100 248.1  3608.75
1 27183 99.98 99.99  177.32  2355.38
2 18197 99.67 99.92  129.06  1263.3
3 112,57 99.6 99.42  108.04  465.61
4 10091 99.5 99.43  102.23  235.07
5 99.79 99.79 99.79

Table 5.1: Training MAPE Linear model and random sampling FVI

And the test error is reported in Table 5.2.
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t VLV sV S VE) @GS )G )
0 169.31 99.88 100 182.87  1629.56
1 140.15 99.35 99.99 13424 1193.21
2 168.33 99.13 99.92  114.89  836.44
3 10031 98.47 99.44 10894  418.43
4 98.18 98.34 98.73 98.7  331.98
5 99.03 99.03 99.03

Table 5.2: Test MAPE Linear model and random sampling FVI

We observe that the training and test errors are very similar and both relatively high.
This indicates that the model is underfitting the approximation of the optimal value
function.

To better understand this behavior, we plot the optimal state-value function V;* and its
learned approximation V,* at time ¢ = 0, fixing the velocities to v, = 0 and v, = 0 and
varying the position over the range [—30, 30], as shown in Figure 5.7.

V on step 0 Delta V on step 0

o real o delta
o learned

Figure 5.7: Comparison between the optimal and the approximated state-value functions
at time ¢ = 0.

It is evident that a linear function is unable to accurately approximate a quadratic value
function, which explains the observed underfitting.

Another interesting observation that can be drawn from the error values is that the learned
policy 7; exhibits a significantly smaller error than the approximated policy 7}, with both
being compared to the optimal policy. Although the errors remain relatively large for
both policies, it is noteworthy that the learned policy achieves better performance despite
being trained using the approximated policy. This improvement can be attributed to the
presence of the regularization parameter.

Indeed, when selecting the optimal action by computing the max operator within a linear
model, the resulting action values tend to diverge (Equation 3.5). The only factor limiting
this divergence is the immediate reward. As a consequence, the actions selected by the
approximated policy are more aggressive, whereas the learned policy directly penalizes
large actions through the regularization parameter A, leading to more stable behavior.
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To illustrate this effect in practice, Figure 5.8 shows trajectories generated by the optimal
policy, the approximated policy, and the learned policy, all starting from the same ran-
domly selected initial state from the test set. In the figure, the origin is marked with a red
cross, and the car evolves from the same initial condition by following the action-induced
transitions at each time step. To create a clearer and more informative plot, the axes
have been limited to the range [—35, 35], even though the cars may leave this range.

2D Car trajectory s0=[-18.5 -3.24 7.64 -3.4]

30 A —&— Car path optimal
Car path approximated policy
—8— Car path learned policy
20 A X Goal
10 A
C
ke
o
>
_10 -
_20 .
_30 .
-30 -20 -10 0 10 20 30
X position

Figure 5.8: Car trajectories linear model and random sampling FVI

5.3.2 Quadratic model

The choice of the quadratic model (Section 3.4.2) is motivated by the analytical form of
the optimal state-value and action-value functions (Equations 4.6 and 4.15), which are
both quadratic. In this section, we focus primarily on different sampling techniques in
order to investigate whether, given a perfect model, different datasets lead to different
approximation errors.

The hyperparameter A is consistently tuned by evaluating 50 logarithmically spaced val-
ues in the range A € [1071°10'] on the validation set.

Starting from the Fitted Value Iteration (FVI) algorithm (Algorithm 1) and the uniform
dataset (Section 5.2.1), we report the training error in Table 5.3.
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t VLV sV S VE) @GS )G )
0 0.03 0.02 0.03 0.48 7.41
1 0.03 0.03 0.03 0.57 7.25
2 0.03 0.03 0.03 0.45 6.04
3 0.03 0.02 0.03 0.32 5.04
4 0.03 0.02 0.03 0.36 7.78
5 0 0 0

Table 5.3: Training MAPE Quadratic model and random sampling FVI

The corresponding test error is reported in Table 5.4.

t VLV sV VS YE) &S ) G )
0 0.03 0.02 0.04 0.21 2.56
1 0.03 0.02 0.03 0.22 2.76
2 0.03 0.03 0.04 0.33 3.58
3 0.03 0.02 0.03 0.15 3.7
4 0.03 0.02 0.03 0.54 5.07
5 0 0 0

Table 5.4: Test MAPE Quadratic model and random sampling FVI

We can clearly observe that all the MAPE values associated with the state-value functions
are close to zero. This indicates that, aside from a small amount of noise, the quadratic
model is able to generalize the optimal state-value function almost perfectly.

Moreover, the learned policy 7; consistently exhibits a smaller error compared to the
approximated policy 7;. This occurs because, even when the state-value function is
approximated with high accuracy, the approximated policy still depends on the reward
function and the transition dynamics, which contain noise, to compute the optimal action.

By contrast, an actor-critic method that is able to generalize the optimal policy directly
avoids the propagation of noise after the learning phase. Therefore, using the learned
policy 7; is preferable to relying on the approximated optimal policy 7.

We further analyze the policies by visualizing the resulting trajectories. Figure 5.9 shows
the trajectories of the cars starting from a randomly selected initial condition from the
test set.
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Figure 5.9: Car trajectories quadratic model and random sampling FVI

Figure 5.10 illustrates the velocity and acceleration profiles of the same trajectories over
time t.

Velocity over time sO=[-18.5 -3.24 7.64 -3.4] Control over time s0=[-18.5 -3.24 7.64 -3.4]
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Figure 5.10: Velocity and acceleration over time t of different policy

From these results, we observe that the trajectories generated by the learned policies are
almost indistinguishable from the optimal ones.

It is important to emphasize that all state components position, velocity, and acceleration
converge rapidly to zero when following the optimal policy. This behavior should be taken
into account when interpreting MAPE values for variables of this type. As shown in Table
5.4, the approximated policy 7} exhibits larger error compared to the learned policy 7.
However, when the policy is rolled out, the resulting trajectories are almost equivalent.
This is due to the presence of many small control actions in the dataset, for which even
a unit error can correspond to a 100% relative error.
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We now analyze the results obtained using the heuristic dataset (Section 5.2.1). The
training errors are reported in Table 5.5.

t VLV s WS YE) &)\ )
0 0.03 0.03 0.03 0.61 5.59
1 0.03 0.02 0.03 0.32 4.29
2 0.06 0.04 0.06 0.31 5.39
3 0.08 0.05 0.09 047  15.79
4 0.08 0.04 0.08 0.35 4.41
5 0.08 0.01 0.08

Table 5.5: Training MAPE Quadratic model and heuristic sampling FVI

The corresponding test errors are reported in Table 5.6.

t VLV sV WS YE) & m) (\ )
0 0.03 0.03 0.04 0.24 3.45
1 0.03 0.04 0.03 0.16 3.62
2 0.04 0.05 0.04 0.21 2.88
3 0.04 0.06 0.04 0.16 3.57
4 0.04 0.06 0.05 0.93 5.41
5 0.01 0.01 0.01

Table 5.6: Test MAPE Quadratic model and heuristic sampling FVI

We also analyze the results obtained using the Greedy Multistep Lookahead dataset
(Section 5.2.3), which is considered jointly with the heuristic dataset due to their very
similar results. The training errors for this dataset are reported in Table 5.7.

t VLV sV WS YE) @GS ) G )
0 0.03 0.03 0.04 0.32 4.26
1 0.05 0.02 0.06 0.85  13.95
2 0.1 0.05 0.12 093  13.61
3 0.26 0.1 0.31 251 16.99
4 0.45 0.14 0.59 3.04 36.1
5 0.66 0.02 0.6

Table 5.7: Training MAPE Quadratic model and greedy sampling FVI

The corresponding test errors are reported in Table 5.8.
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t VLV sV S VE) @GS )G )
0 0.03 0.03 0.03 0.25 2.8
1 0.05 0.03 0.05 0.8 2.72
2 0.13 0.16 0.13 0.55 2.83
3 0.09 0.15 0.13 0.89 3.7
4 0.13 0.15 0.12 1.63 9.18
5 0.02 0.02 0.02

Table 5.8: Test MAPE Quadratic model and greedy sampling FVI

We observe that the test errors obtained with both the heuristic and greedy datasets are
very similar to those obtained using the random dataset. This indicates that the model
is able to learn the optimal state-value function effectively, regardless of the sampling
strategy adopted.

Figure 5.11 shows the rollout trajectories starting from the same randomly chosen ini-
tial condition, for the two datasets used during training. In both cases, the resulting
trajectories are almost indistinguishable from the optimal one.
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(a) Heuristic dataset (b) Greedy Multistep Lookahead dataset

Figure 5.11: Car trajectories quadratic model and heuristic and greedy sampling FVI

The only noteworthy aspect is that, for larger values of ¢, the training errors are higher
than the corresponding test errors. This behavior arises because the adopted sampling
strategies aim to mimic the optimal state distribution. As a consequence, for time steps
close to the end of the horizon T', both the optimal state-value function and the optimal
policy take values close to zero in the training dataset. As previously discussed, this leads
to larger MAPE values even when the absolute error remains very small.

Finally, we analyze the Fitted Q-Iteration (FQI) algorithm (Algorithm 2).

The choice of the function approximator for this algorithm must be made carefully, since
the approximated policy is obtained by maximizing the learned action-value function
(Equation 3.10). Therefore, the model must guarantee the existence of a well-defined
maximum for every input state.

The quadratic model does not provide such a guarantee in general, as it depends on the
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concavity of the learned quadratic function. However, since the true optimal action-value
function is quadratic and admits a unique maximizer, we nevertheless conducted the
experiments under the assumption that the learned functions would preserve the correct
concavity.

Here, we focus on the results obtained using random sampling (Section 3.3.1). The results
corresponding to the other sampling techniques are very similar to those obtained with
the uniform dataset and therefore are not discussed further.

The training errors for this dataset are reported in Table 5.9.

t (Q, Q) (@ Q) (@ Q) (7, m) (7, )
0 0.03 0.02 0.04 0.11 0.11
1 0.03 0.01 0.04 0.05 0.05
2 0.03 0.01 0.03 0.06 0.06
3 0.03 0.01 0.03 0.05 0.05
4 0.02 0 0.02 0.02 0.03
5 0 0 0

Table 5.9: Training MAPE Quadratic model and random sampling FQI

The corresponding test errors are reported in Table 5.10.

bt (Q Q) (@5Q) (@,eN) (&, ) (7, )
0 0.03 0.02 0.04 0.05 0.05
1 0.03 0.01 0.03 0.03 0.03
2 0.03 0.01 0.04 0.04 0.04
3 0.03 0.01 0.04 0.02 0.02
4 0.02 0 0.02 0.03 0.03
5 0 0 0

Table 5.10: Test MAPE Quadratic model and random sampling FQI

We observe that, also in this case, the quadratic model is able to learn the optimal
action-value function and the corresponding policy with high accuracy, apart from a
small amount of noise. This confirms that, when the model is correctly specified, no
significant difficulties arise in approximating the optimal solution.

An important aspect to highlight is that the approximated policy 7} exhibits a signifi-
cantly smaller error compared to the one obtained using the FVI algorithm, and is much
closer to the learned policy 7;. This empirical result supports the hypothesis formu-
lated in the Background chapter (Chapter 2), namely that when the primary objective
is to learn an optimal policy, working directly with the action-value function is often
preferable, as it provides a more direct way to compute the policy.
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5.3.3 Polynomial kernel model

The choice of the polynomial kernel model is motivated by the aim of assessing whether
a more expressive model, which implicitly contains a quadratic function that corresponds
to the true solution, can generalize the problem without overfitting.

The hyperparameters are fixed as follows: the polynomial degree is set to d = 3, allowing
for polynomials up to third order, while the regularization parameter X is selected by
evaluating 50 logarithmically spaced values in the range A € [1071°,10'] on the validation
set.

We analyze only the FVI algorithm (Algorithm 1), since as we metion in the Quadratic
model result (Section 5.3.2), the FQI algorithm need the guarantee to have a max to any
input, and in this case the Polynomial kernel model has no one guarantee.

Starting from the random sampling dataset (Section 3.3.1), the Table 5.11 report the
training error.

t VLV sV WS YE) ES ) (S )
0 0.03 0.06 0.04 0.59 5.79
1 0.03 0.06 0.04 0.5 6.65
2 0.03 0.04 0.04 0.37 4.34
3 0.03 0.03 0.03 0.17 4.95
4 0.03 0.02 0.03 0.91 7.51
5 0 0 0

Table 5.11: Training MAPE Polynomial kernel model and random sampling FVI

The corresponding test errors are reported in Table 5.12.

t VLV sV WS YE) (') (F )
0 0.03 0.07 0.05 0.29 2.84
1 0.04 0.06 0.05 0.22 2.9
2 0.04 0.05 0.04 0.23 3.25
3 0.03 0.04 0.03 0.15 3.68
4 0.03 0.02 0.03 0.9 5.5
5 0 0 0

Table 5.12: Test MAPE Polynomial kernel model and random sampling FVI

We observe that the results are very similar to those obtained with the quadratic model
(Section 5.3.2). This suggests that, even when using a more expressive model, no overfit-
ting issues arise as long as the noise level remains moderate and the samples adequately
cover the state space.

Similar results are also obtained with the heuristic dataset (Section 5.2.2), leading to the
same conclusions as in the quadratic model case. For this reason, these results are not
discussed further.
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More interesting insights are obtained from the Greedy Multistep Lookahead dataset
(Section 5.2.3). The Table 5.13 report the training error.

t VLV s S YE) ES ) (S )
0 0.03 0.04 0.03 0.45 3.94
1 0.05 0.05 0.06 146 36.66
2 0.1 0.1 0.11 148 11.68
3 0.23 0.22 0.31 3.02  17.71
4 0.43 0.22 0.53 276 41.06
5 0.62 0.09 0.62

Table 5.13: Training MAPE Polynomial kernel model and greedy sampling FVI

The corresponding test errors are reported in Table 5.14.

t VLV s VS YE) &S m) (F )
0 0.03 0.04 0.03 0.26 3.08
1 0.18 0.18 0.18 0.74 2.7
2 0.59 0.59 0.59 0.87 3.17
3 0.19 0.2 0.19 0.82 3.41
4 0.27 0.25 0.25 1.44 6.38
5 0.59 0.59 0.59

Table 5.14: Test MAPE Polynomial kernel model and greedy sampling FVI

Here, differently from the quadratic model, both the training and test errors tend to
decrease for lower values of ¢. In the quadratic case, this behavior is observed only for the
training error, which is due to the composition of the training dataset. This indicates that
the polynomial kernel model exhibits slight overfitting when using the greedy dataset at
larger time step t. The reason is that the greedy dataset emphasizes trajectories that, for
any initial state sq, terminate very close to the origin. As a result, even when some noise
is added to the input sample, the dataset at the last time steps T does not sufficiently
cover the state space. This concept becomes even clearer in the results obtained with the
Gaussian model (Section 5.3.4).

The most informative error to examine is (Vt*, V"), which measures the difference be-
tween the state-value function of the learned model and that of the rollout approximated
policy. From this, we can see that, when starting from ¢ = 0, the generalization of the
state-value function is good, even though slight overfitting occurs at later time steps.
This is because overfitting mainly affects the model’s ability to generalize to states far
from the origin. However, when starting from a well-represented initial state and rolling
out the trajectories, the states remain close to the optimal ones at each time step ¢, which
aligns with the coverage provided by the greedy dataset. This is illustrated more clearly
in Figure 5.12; where the trajectories are nearly identical.
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Figure 5.12: Car trajectories Polynomial kernel model and greedy sampling FVI

5.3.4 Gaussian kernel model

The choice of the Gaussian kernel is motivated by the need to assess the performance of
a highly flexible model capable of capturing complex patterns, even when applied to this
relatively simple quadratic problem. The focus is on identifying in which datasets and
under which conditions we risk overfitting and encountering the curse of dimensionality.

The hyperparameters are selected through grid search. In particular, the regulariza-
tion parameter A is chosen by evaluating 50 logarithmically spaced values in the range
A € [1071°.10'], while the kernel bandwidth parameter o is selected by evaluating 50
logarithmically spaced values in the range o € [1072,10%]. Both parameters are selected
based on performance on the validation set.

We begin by analyzing the results of the FVI algorithm (Algorithm 1) with random
sampling (Section 3.3.1). Table 5.15 reports the training error.

t VLV V) S VE) @GS )G )
0 0.1 0.28 0.29 1.27 5.26
1 0.11 0.28 0.29 111 10.08
2 0.1 0.25 0.27 1.1 4.8
3 0.09 0.24 0.26 1.32 5.17
4 0.1 0.28 0.29 1.19 6.5
5 0.08 0.08 0.08

Table 5.15: Training MAPE Gaussian kernel model and random sampling FVI

The corresponding test errors are reported in Table 5.16.
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t VLV sV S VE) @GS )G )
0 1.1 1.14 1.15 0.96 2.92
1 1.17 1.14 1.16 0.68 3.52
2 1.08 1.08 1.09 0.9 3.49
3 0.92 0.97 0.98 1 3.87
4 0.99 1 1.01 1.12 4.63
5 0.77 0.77 0.77

Table 5.16: Test MAPE Gaussian kernel model and random sampling FVI

We observe that the test error is slightly higher than the training error for all time steps
t, but the difference is limited and does not raise significant concerns. All errors are
comparable to those obtained with the quadratic model (Section 5.3.2), indicating that
the Gaussian kernel model is able to learn the true optimal function effectively when
trained on the random, but enoughbig, dataset.

When using a more expressive model, greater care must be taken in selecting the hyper-
parameters. Poor choices can quickly introduce bias, and due to error propagation across
iterations of the algorithm, this may lead to highly suboptimal policies and large errors,
as observed in the linear model (Section 3.4.1). To better understand this aspect, we
report the validation MAPE for the hyperparameter grid at time steps t =5 and t = 0.
In Figure 5.13, the x-axis represents ¢ and the y-axis represents \.
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Figure 5.13: validation MAPE Gaussian kernel model and random sampling FVI

The results are very similar for the two time steps. In both cases, there exists a combi-
nation of hyperparameters that allows the model to learn the problem accurately. Con-
versely, inappropriate hyperparameter choices lead to a sharp increase in validation error,
as the model either fails to generalize and fails to learn the underlying structure of the
problem.

We now move to the analysis of the heuristic dataset (Section 5.2.2). Table 5.17 reports
the training error.
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t (VL V) Ly VB YE) @) (3 )
0 0.12 0.4 0.48 1.99 6.43
1 0.11 0.4 0.43 1.9 6.54
2 0.3 0.46 0.5 0.67 5.11
3 0.18 1.17 1.05 2581 1555
4 0.22 0.29 0.32 0.77 6.8
5 0.2 0.2 0.21

Table 5.17: Training MAPE Gaussian kernel model and heuristic sampling FVI

The corresponding test errors are reported in Table 5.18.

t VLV sV VS YE) &S ) G )
0 1.14 1.29 1.3 0.95 3.35
1 11.9 11.61 11.71 2.08 5.73
2 19.41 23.84 24.42 0.45 7.48
3 42.23 47.11 50.95 714 2715
4 52.8 60.18 62.74 1.83  39.68
5 76.29 76.29 76.29

Table 5.18: Test MAPE Gaussian kernel model and heuristic sampling FVI

In this case, the model clearly tends to overfit the training set. Moreover, for larger time
steps t, the training data provide limited coverage of the state space, resulting in poor
generalization performance. This behavior becomes particularly evident when comparing
training and test errors at higher values of ¢. This is due to the fact that, for larger values
of t, the sub-optimal samples tend to concentrate around the origin and therefore fail to
provide sufficient coverage of the remaining regions of the state space.

To further investigate this phenomenon, Figure 5.14 shows the validation error surface
at time ¢ = 5. The validation errors are comparable to the training errors, suggest-
ing that the main issue is insufficient state-space coverage during training rather than
hyperparameter selection.
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Figure 5.14: validation MAPE Gaussian kernel model and Heuristic sampling FVI ¢ =5

An interesting aspect of this sampling method, which attempts to mimic the optimal
distribution, is that the three test MAPE errors decrease as ¢t decreases. This indicates
that, although the model may not generalize well over the entire state space, it is capable
of generating trajectories that are very close to the optimal ones.

Indeed, at time ¢t = 0, even though overfitting is evident at other time steps, the training
and test errors are very similar, including those relative to the true optimal state-value
function and policy. This observation is further supported by the rollout trajectories
shown in Figure 5.15, where the three trajectories are nearly identical.

60



2D Car trajectory s0=[-18.5 -3.24 7.64 -3.4]

30 4 —8— Car path optimal
Car path approximated policy
—8— Car path learned policy
20 A X Goal
10 A
C
]
o
>
_10 -
—20 41
_30 4
-30 -20 -10 0 10 20 30
X position

Figure 5.15: Car trajectories Gaussian kernel model and heuristic sampling FVI

However, caution is required when using this type of sampling technique. In this simple
problem, the sampling strategy successfully identifies trajectories close to optimal. In
more complex problems, indeed, combining a highly expressive model with a sampling
strategy that concentrates around near-optimal distributions, without adequately cover-
ing the full state space, may result in a model that learns near-optimal trajectories very
accurately but fails to generalize and identify the truly optimal actions.

Another important observation is that the learned policy 7, exhibits lower error than the
approximated policy, even on the test set. This suggests that the actor-critic approach
improves generalization.

It is important to remember that the learned policy relies on a model that closely ap-
proximates the true optimal policy.

Finally, we conclude the analysis of the FVI algorithm by considering the Greedy Multi-
step Lookahead sampling dataset (Section 5.2.3). Table 5.19 reports the training error.

t VLV sV VS VE) @GS )G )
0 0.11 0.34 1.18 8.48 5.84
1 0.35 0.56 097 8951  55.82
2 0.47 0.6 0.68 508  13.69
3 0.33 0.54 0.69 3.06  20.19
4 0.24 0.62 0.79 3.8 30.6
5 0.21 0.69 0.92

Table 5.19: Training MAPE Gaussian kernel model and greedy sampling FVI

The corresponding test errors are reported in Table 5.18.
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t (VL V) s V) VT GL ) (R )
0 0.99 1.02 1 7.73 4.67
1 15.57 18.7 3118 2318 3247
2 36.07 47.21 63.46 293 66.03
3 72.94 79.79 87.86 114 79.46
4 89.01 91.85 94.19 1.8 101.23
5 94.81 94.81 94.81

Table 5.20: Test MAPE Gaussian kernel model and greedy sampling FVI

The results are similar to those obtained with heuristic sampling, showing the same
general trend but with larger test errors. This behavior can be explained by the same
underlying issue: both sampling methods attempt to mimic the optimal distribution.
However, the greedy approach concentrates even more heavily on near-optimal regions
and explores the non-optimal areas of the state space less thoroughly, which leads to
increased overfitting and poorer generalization performance.

Even in this case, although overfitting is clearly present, when we generate rollout tra-
jectories starting from time step ¢ = 0, as done during dataset construction, the resulting
trajectories remain very close to the optimal ones, even when evaluated on the test set.
In other words, despite the limited global generalization performance, the policy behaves
well along the regions of the state space that are actually visited during execution.

Figure 5.16 shows the trajectories obtained with the model trained on the greedy dataset.
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Figure 5.16: Car trajectories Gaussian kernel model and greedy sampling FVI

This behavior can be explained by the nature of the greedy sampling strategy, which con-
centrates most of the training data around near-optimal trajectories. As a consequence,
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the model becomes highly accurate in those specific regions, while its performance dete-
riorates in less explored areas of the state space. However, since the rollout starts from
t = 0 and follows a near-optimal path, the system remains within the well-covered region.
Therefore, the lack of global generalization does not significantly affect the quality of the
generated trajectories.

To mitigate the overfitting issue, several strategies can be considered.

One approach, already mentioned in Sections 3.3.2 and 3.3.3, consists of introducing
additional exploration during data collection. Instead of merely adding noise to the
selected action, a completely random action can be taken with some probability p. This
increases exploration of the state space and improves coverage. However, this strategy
may generate trajectories that deviate substantially from realistic or near-optimal system
behavior.

Another possible solution is to construct a joint dataset that combines uniform and
greedy sampling. In this way, the dataset would contain both information from near-
optimal trajectories (which improves performance along relevant paths) and samples from
the broader state space (which enhances generalization). Such a hybrid strategy could
provide a better balance between exploitation and exploration.

If the objective is only to learn an optimal policy starting from ¢ = 0 in a relatively simple
problem, relying exclusively on the greedy dataset may still be acceptable. As observed,
even in the presence of overfitting, the resulting rollout trajectories remain very close to
the optimal ones. In this case, greedy sampling may also reduce computational cost and
improve training efficiency, since learning is concentrated on the most relevant regions of
the state space.

This phenomenon is an instance of the distribution shift problem: the model performs
well under the state distribution induced by the greedy policy but generalizes poorly to
regions of the state space not represented in that distribution, like the random dataset
used for testing [Lev+20].

We now focus on the results obtained with the FQI algorithm (Algorithm 2). The Gaus-
sian kernel model is the only function approximator presented that, by construction,
admits a well-defined maximum with respect to the action variable. This structural prop-
erty is necessary for the FQI algorithm in order to solve Equation 3.10, which requires
maximizing the action-value function over the action space.

Starting from the Random dataset (Section 5.2.1), Table 5.21 reports the training error.

t (Q, Q) (@, Q) (@ Q) (7, ) (7, )
0 0.19 33.05 18.9 5285  54.21
1 0.13 22.83 15.04  58.06  58.52
2 0.14 16.49 13.27 3916  44.13
3 0.1 12.24 13.25 3587  42.52
4 0.11 8.62 8.62 2619  43.49
5 0.08 0.08 0.08

Table 5.21: Training MAPE Gaussian kernel model and random sampling FQI
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The corresponding test errors are reported in Table 5.22.

t (Q, Q) (@ Q) (@ Q) (7, m) (7, )
0 26.52 39.19 2552 34.05  36.91
1 15.71 28.93 21.7 4074  46.78
2 8.96 19.9 17.66  32.66  34.85
3 6.16 14.89 1598 3258 36.2
4 10.83 10.83 10.83 2895  27.53
5 0.77 0.77 0.77

Table 5.22: Test MAPE Gaussian kernel model and random sampling FQI

Here we can observe several interesting results.

Firstly, we can see that the performance is much worse compared to the FVI algorithm
and to the FQI algorithm with the quadratic model. This is because we are using the
same dataset for a more complex problem.

In FVI we aim to learn the value of being in a given state s at time t. Instead, in FQI we
also need to generalize the consequence of taking an action a given a state s at time ¢.
This adds complexity and, more importantly, increases the dimensionality of the problem.

As we can see from the results, with only 1000 samples the model is not able to generalize
over the action space and tends to overfit the training data, since the test errors are
significantly larger than the training errors.

Another important aspect to highlight is the role of random sampling in the action space.
If the dataset does not contain enough actions close to the optimal one for each state,
the model may struggle to infer the correct maximization structure. A non-parametric
model such as the Gaussian kernel cannot reliably extrapolate the optimal action if the
training data do not include sufficiently informative near-optimal samples. This limitation
contributes to overfitting and poor generalization.

This behavior contrasts with that of the quadratic model. Since the quadratic model
perfectly matches the true functional form of the optimal action-value function, it does
not require explicit samples of the optimal action in the training set. Instead, it only
needs sufficient information about the local curvature (i.e., the slope and second-order
structure) to estimate the coefficients correctly. Therefore, it can generalize effectively
even with limited action coverage.

The errors increase as t decreases, which can be attributed to bias propagation. FEr-
rors made at later time steps are propagated backward through the Bellman updates,
amplifying their impact at earlier time steps.

Finally, the training MAPE computed with respect to the rollout action-value function
Q7" already indicates the presence of overfitting. Its trend closely mirrors that of the
MAPE computed with respect to the true optimal action-value function @);. This obser-
vation suggests that monitoring the rollout-based error can serve as a useful proxy for
detecting overfitting when a separate test set is not available. In scenarios with limited
data, where all samples must be used for training and validation, this diagnostic can
provide valuable insight into the generalization behavior of the model.
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In Figure 5.17 we show the rollout trajectories of the model starting from a random point
of the test set.
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Figure 5.17: Car trajectories Gaussian kernel model and random sampling FQI

We can see that even though the model overfits, the rollout trajectories are still good.

To conclude the analysis, we present the results obtained using the Greedy Multistep
Lookahead dataset (Section 5.2.3). The Heuristic dataset (Section 5.2.2) is omitted, as
it yields very similar results and leads to the same conclusions.

Table 5.23 reports the training errors.

t (Q, Q) (@, Q) (@) (7, m) (7, )
0 0.12 1.57 6.57  191.94  170.91
1 0.42 1.38 512 T44.25  461.65
2 0.44 2.13 241 7143 17214
3 0.28 L5 1.66 725 110.56
4 0.16 0.47 0.61  49.06  65.94
5 0.21 0.69 0.9

Table 5.23: Training MAPE Gaussian kernel model and greedy sampling FQI

The corresponding test errors are reported in Table 5.24.
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t (Q, Q) (@ Q) (@) (7, m) (7, )
0 30.18 57.63 83.74  161.37  156.6
1 23.22 58.49 8251  121.66  118.77
2 38.15 77.63 86.87 4144 1217
3 73.4 91.25 03.23 3544 17417
4 95.39 95.39 09539 32.78 336
5 94.81 94.81 94.81

Table 5.24: Test MAPE Gaussian kernel model and greedy sampling FQI

We observe once again that the model overfits, although in this case the phenomenon is
more pronounced.

On the training set, the MAPE with respect to the true optimal action-value function @}
is very small, indicating an almost perfect fit even on the real optimal values. However,
the actions selected by the approximated policy 7} exhibit very large MAPEs. This
behavior can be explained by the fact that the model accurately fits the near-optimal
trajectories contained in the dataset but fails to generalize over the rest of the action
space. Indeed, apart from a small amount of injected noise, the dataset consists almost
exclusively of near-optimal trajectories.

Since the model fails to generalize beyond the near-optimal trajectories contained in the
dataset, the test errors become significantly larger, consistently with the distribution shift
phenomenon previously discussed for the FVI case.

The resulting trajectories, initialized from random states in the test set, deviate substan-
tially from the true optimal trajectories, as illustrated in Figure 5.18.
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Figure 5.18: Car trajectories Gaussian kernel model and greedy sampling FQI

To mitigate the overfitting phenomenon observed across all three datasets, several workarounds
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can be considered.

First, increasing the size of the dataset and combining random and greedy sampling
strategies could potentially alleviate the issues arising from the intrinsic complexity of
the problem. Such a dataset would contain both near-optimal and exploratory actions,
thereby improving the model’s ability to generalize. Moreover, a larger number of samples
may help counterbalance the increase in dimensionality and model complexity.

A second workaround, specific to the Gaussian kernel model, consists in introducing
different bandwidth parameters instead of using a single common value of o. In the
standard formulation, a unique ¢ imposes the same level of smoothness across all state
and action components. However, in reinforcement learning problems, different state
variables and actions typically influence the system dynamics and the return with different
sensitivities. Some components may have a strong impact on the value function, while
others play a more marginal role. Using dimension-dependent bandwidths allows the
model to reflect these differences, adapting its smoothness to the relative importance of
each component and potentially improving generalization.

As mentioned in the Sampling Techniques section (Section 3.3), these issues have been
extensively studied in the reinforcement learning literature, and several approaches have
been proposed to mitigate them; however, challenges related to generalization, overfitting,
and distributional coverage are still actively studied in reinforcement learning [SB18;
MS08; Mun05; Yan+20; San+-24].
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Chapter 6

Conclusion

The primary objective of this thesis was to gain a deeper understanding of what is effec-
tively learned when approximate methods are employed in Reinforcement Learning.

We began by introducing the necessary notation and theoretical framework in order
to clarify why approximation methods are required and how they are formally defined.
We then compared the performance of the two algorithms under study, Fitted Value
[teration and Fitted Q-Iteration, under different sampling strategies within a Linear
Quadratic Regulator environment, whose optimal solution is known to be quadratic for
both objective functions.

When adopting a linear model for function approximation, the algorithm consistently
underfit the underlying problem across all sampling techniques, resulting in unstable
policies. This behavior highlights the inadequacy of a misspecified function class when
the true solution lies outside the representational capacity of the model.

In contrast, quadratic models and polynomial kernel models successfully recover the un-
derlying solution across all considered sampling strategies and algorithms. This outcome
is consistent with the fact that these models belong to the same functional class as the
true solution of the Linear Quadratic Regulator, thereby eliminating approximation bias.

The Gaussian kernel model yields the most informative results, as it reveals both the
strengths and limitations of the adopted methods. In particular, Fitted Value Iteration
appears to approximate a structurally simpler function compared to Fitted Q-Iteration.
As a consequence, it requires fewer samples and achieves stable performance across all
the different sampling strategies. Fitted Q-Iteration, on the other hand, faces greater
difficulty when trained on the same datasets, due to the higher complexity of the function
it seeks to approximate. However, this additional complexity result in a more direct
derivation of the approximated policy in the FQI algorithm.

The Gaussian model also highlights the critical role of sampling. Purely random sampling
fails to exploit the structure induced by the optimal policy distribution, whereas sam-
pling from a suboptimal distribution may lead to generalization issues and convergence
toward suboptimal solutions. More robust performance can be obtained when combining
datasets from different distributions or using more complex sampling techniques. These
findings emphasize the importance of accounting for distribution shift when interpreting
the results, as neglecting this aspect may lead to misleading conclusions.
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Overall, the choice of sampling strategy strongly depends on the characteristics of the
underlying problem and algorithm, and also on the specific objectives of the analysis.

The actor-critic approach, which jointly learns a policy and value functions through
function approximation, also demonstrates strong empirical performance in this setting.
However, it is important to note that the underlying problem is a relatively simple linear-
quadratic system, which facilitates accurate approximation when the data are sufficiently
informative.

A notable limitation of these approximate methods is their computational cost, as they
aim to approximate multiple components of the Reinforcement Learning problem rather
than directly optimizing a policy. Nevertheless, their main advantage lies precisely in
this comprehensive perspective: instead of learning only an approximate optimal policy,
they provide an approximation of the entire set of functions characterizing the Reinforce-
ment Learning problem. This broader perspective allows us to inspect and analyze the
learned value functions and action-value functions directly, thereby enabling a deeper
understanding of what is effectively being learned by the model.

Future research directions include a more rigorous theoretical analysis of the guarantees
associated with these approximation schemes, as well as a deeper investigation of the
convergence properties of actor-critic methods. Such analysis could provide further insight
into more complex settings in which policy and value functions are learned jointly in high-
dimensional or nonlinear environments.
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