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Notation

In this section, we introduce the notations that will be used throughout the thesis.
These conventions will help to clarify the mathematical expressions and make the con-
tent easier to follow.

Rn
++ = f x 2 Rn j x i > 0 8i = 1; :::; ng

Rn
+ = f x 2 Rn j x i � 0 8i = 1; :::; ng

lsc = lower semi-continuous

Given S � Rn ; int(S) is its interior, SC is its complementary and �S is the eu-
clidean projection on S.

A function f : Rn �! R [ f + 1g is L-smooth is if di�erentiable with L� Lipschitz
gradient.

Given a function f : Rn �! R [ f + 1g ; dom(f ) = f x 2 Rn j f (x) 2 Rg

Given a function f : Rn �! R [ f + 1g ; f is proper if dom(f ) 6= ; .

Given a function f 2 C2(A), with A � Rn , open set,H (x) its Hessian in the point
x 2 A.

Given a set C � Rn , Conv(C), is the set of all points that can be expressed as
convex combinations of points inC. Formally:

Conv(C) =

(
kX

i =1

� i x i j x1; x2; : : : ; xk 2 C; � 1 + � 2 + � � � + � k = 1; � i � 0 8i; 8k � 1:

)

Conv(C) is the smallest convex set that containsC.

Given C � Rn and x 2 Rn , we indicate sup
C

x = sup
C

max
i =1 ;:::;n

(x i ; :::; xn ).

3



Introduction

Imaging inverse problems are fundamental to a wide range of scienti�c and techno-
logical �elds involving digital visual representations, such as photography, biomedical
and satellite imaging and microscopy. In all these domains, physical devices capture
2D scenes from the real world using speci�c technologies and acquisition systems pro-
ducing their digital representation in the form of a digital image. While a camera
records image intensities directly (by means, e.g., of a photon count as it happens in
microscopy imaging), a CT scanner measures sinograms (i.e., Radon transforms), while
radio interferometers (used in astronomy) measure spatial frequency data. Solving an
imaging inverse problem consists in �nding a plausible image that would best explain
the recorded data upon some knowledge of the underlying physical model modeling
the entire acquisition process. Acquisition devices record indeed altered, distorted and
often partial versions of the original image one is interested in. For instance, a digital
photo can be blurred due to camera shaking or object motion during its acquisition
and/or the recorded scene can be partially occluded.

It is possible to formalize this distortion process in mathematical terms by using a
(linear) mapping by which the desired input image is mapped into the observation. In
addition, in all real-world scenarios measurements are corrupted by noise. Typically,
noise is modeled as the realization of random variables with given probability dis-
tributions, with Gaussian and Poisson distributions being the most common choices.
In applications like microscopy imaging, the image acquisition process is often tied
to photon counts, hence Poisson noise is frequently to describe the underlying noise
statistics. The presence of noise make the solution of the underlying inverse problems
challenging.

Traditional approaches overcome the ill-posedness arising when trying to solve the
problem in a naive way by incorporating some form of image regularisation, thus
reformulating the problem as an optimisation one. There, the solution image one
looks for is thus a minimiser of a well-chosen function encoding physical knowledge
on the problem, on the noise statistics and some a priori on the image we seek. such
minimisation problem typically writes as the sum of two terms. The �rst one, called
data-�delity term, measures the discrepancy between the physical model assumed
to describe the data and the observed image while the regularisation term enforces
some prior information on the ideal input. To solve this problem numerically, an
iterative optimisation algorithm is often required. Standard examples are Gradient
Descent or Proximal Gradient Descent. In recent years, with the advent of deep
learning, deep neural networks have reached outstanding reconstruction results, often
outperforming model-based methods. Deep-learning models require the use of sample
pairs (ground truth and observation data) to train suitable deep neural networks,
often without any underlying mathematical structure nor encoding on the underlying
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problem considered. Despite its excellent performance, these approaches thus have
some limitations: training requires a large dataset, which is not always available (for
example, in biomedical imaging); furthermore, these models often lack interpretability,
making it di�cult to understand their decision-making process. Additionally, they may
not be robust to noise or variations in the data, leading to potentially unreliable results
in certain real-world applications.

To overcome these issues and leverage the bene�ts of both approaches, hybrid
methods have been developed in recent years. These methods aim to combine the in-
terpretability and robustness of model-based approaches with the data-driven learning
capabilities of deep learning.

In this work, we focus on considering a hybrid model-based and data-driven ap-
proach to learn an expressive image regulariser from data in order to reconstruct images
corrupted by Poisson noise using a speci�c iterative optimisation algorithm as a refer-
ence solver. To model the presence of Poisson noise, we employ the Kullback-Leibler
divergence as data �delity while we parametrise the regularisation term using a deep
neural network with speci�c features. The framework considered is the one of Deep
Equilibrium Models (DEQ) which has gained popularity over the last years thanks to
its connections to �xed-point iterations schemes. As an underlying solver, we consider
the Mirror Descent algorithm which, roughly speaking, can be thought as a Gradient
Descent solver suited to non-Euclidean geometries and possible constraints as the one
required, in this case, for the Kullback-Leibler divergence. In our study, we �rst es-
tablish a convergence Theorem to provide theoretical guarantees for the applicability
of the method to the problem of interest. Subsequently, we focus on its numerical
implementation and conducted tests on exemplar Poisson imaging inverse problems
such as image denoising and deblurring.

This work is structured as follows:

ˆ In Chapter 1, we review the key de�nitions and results necessary for our study.

ˆ Chapter 2 introduces the Mirror Descent algorithm, presenting it as a generaliza-
tion of Gradient Descent. Convergence results are discussed, followed by an illus-
trative numerical test comparing three algorithms for minimising the Kullback-
Leibler divergence: Expectation-Maximization, Projected Gradient Descent, and
Mirror Descent.

ˆ In Chapter 3, we present three well-known hybrid approaches: Unrolling, Plug-
and-Play (PnP), and Deep Equilibrium Models, with a particular focus on the
latter, which serves as the foundation for our proposed approach.

ˆ In Chapter 4, we derive the framework for our proposed approach, Deep Equi-
librium Mirror Descent, in a general setting. Speci�cally, we state a fundamen-
tal Theorem that establishes the convergence of the scheme associated to the
method.

ˆ In Chapter 5 we report the original results of our work. In the �rst part, we
demonstrate how, in the Poisson case, it is possible to derive a convergent Mirror
Descent scheme involving learning a suitable deep regulariser. We then focus
on the numerical implementation and testing, with particular emphasis on a
deconvolution problem.
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Chapter 1

Preliminaries

In this chapter, we present the foundational concepts and results that will be crucial
for the development of the topics discussed throughout the thesis. Speci�cally, we
focus on inverse problems and optimisation results, as these form the core tools for
addressing the challenges in the subsequent chapters. The majority of the results were
taken from [4].

1.1 Optimisation

De�nition 1.1 (Convex function) A function f : Rn �! R [ f + 1g is convex if
8x; y 2 Rn , 8t 2 [0; 1]

f ((1 � t)x + ty) � (1 � t)f (x) + tf (y) (1.1)

If the inequality in (1.1) holds with < , then the function is said strictly-convex.

De�nition 1.2 (Strongly-convex function) A function f : Rn �! R [ f + 1g is
said strongly-convex if exists� > 0 s.t. 8x; y 2 Rn , 8t 2 [0; 1]

f ((1 � t)x + ty) � (1 � t)f (x) + tf (y) �
�
2

t(1 � t)kx � yk2 (1.2)

Theorem 1.1 (Convex functions and di�erentiability) Let f be a di�erentiable
function, f : Rn �! R [ f + 1g . Then the following are equivalent:

1. f is convex

2. 8x; y 2 Rn f (y) � f (x) + hr f (x); y � xi

3. 8x; y 2 Rn hr f (x) � r f (y); x � yi � 0.

If f is twice di�erentiable then 1)-2)-3) are equivalent to:

4. hH (x)v; vi � 0 8v 2 Rn ; 8x 2 Rn

This Theorem can be formulated even for strictly convex functions using the strict
inequalities in 2)� 3): If we use formulate 4) with the strict inequality then 4) =)
1) � 2) � 3) but the viceversa is not true in general.
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Corollary 1.1 (First order characterization of strongly-convex functions) Let
f be a di�erentiable function, f : Rn �! R [ f + 1g and � > 0. Then the following
conditions are equivalent:

1. f � -strongly -convex

2. 8x; y 2 Rn f (y) � f (x) + hr f (x); y � xi + �
2 kx � yk2

3. 8x; y 2 Rn hr f (x) � r f (y); x � yi � � kx � yk2.

If f is twice di�erentiable then 1)-2)-3) are equivalent to:

4. hH (x)v; vi � � kvk2 8v 2 Rn ; 8x 2 Rn

Theorem 1.2 (Lipschitz-continuity of gradient and convexity) Let f a convex
and di�erentiable function, f : Rn �! R [ f + 1g . Let L > 0. Then the following are
equivalent:

1. r f is L-Lipschitz i.e. kr f (x) � r f (y)k2 � Lkx � yk2 8x; y 2 Rn

2. (Descent Lemma)8x; y 2 Rn f (y) � f (x) + hr f (x); y � xi + L
2 kx � yk2

2

3. L
2 k � k2 � f is convex.

If f is twice di�erentiable the previous condition are equivalent to:

4. 8x; v hH (x)v; vi � Lkvk2
2

5. 8x kH (x)k2 � L

De�nition 1.3 (Subdi�erential) Let f : Rn �! R [ f + 1g be a proper convex
function and �x x 2 dom(f ). The subdi�erential of f at x is de�ned as

@f(x) := f u 2 Rn j 8y 2 Rn ; f (y) � f (x) + hy � x; uig :

Each element of@f(x) is called a subgradient off at x. If x =2 dom f , by de�nition,

@f(x) = ; :

Theorem 1.3 (Fermat's Theorem) Let f : Rn �! R [ f + 1g be a proper convex
function. Then the following conditions are equivalent:

1 : x � 2 Rn is a global minimum off

2 : 0 2 @f(x � )

De�nition 1.4 (Proximity operator) Let f : Rn �! R[f + 1g be a proper convex
and lsc function. Then the proximity operator off is:

proxf : Rn �! Rn ; proxf (x) = argmin
u2 Rn

f (u) +
1
2

kx � uk2
2

Example 1.1 (Proximity operator of the indicator function) Let f = iC , with
C � Rn a convex, closed set. Thenproxf (x) = � C (x).
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De�nition 1.5 (Fenchel conjugate) Let f : Rn �! R [ f + 1g be a proper func-
tion. The function

f � : Rn �! R [ f + 1g

de�ned by
f � (u) = sup

x2 Rn
hx; ui � f (x)

is called the Fenchel conjugate off , which is always convex and lower semicontinuous.

De�nition 1.6 (Kurdyka- Lojasiewicz property [5]) A function f : Rn ! R [
f + 1g is said to have the Kurdyka- Lojasiewicz property atx � 2 dom(f ) if there exists
� 2 (0; + 1 ), a neighborhoodU of x � and a continuous concave function : [0; � ) !
R+ such that (0) = 0 ,  is C1 on (0; � ),  0 > 0 on (0; � ) and 8x 2 U \ f x j f (x � ) <
f (x) < f (x � ) + � g, the Kurdyka- Lojasiewicz inequality holds:

 0(f (x) � f (x � )) dist(0; @f(x)) � 1:

Proper lower semicontinuous functions which satisfy the Kurdyka- Lojasiewicz in-
equality at each point ofdom(@f) are called K L functions.

The following Theorem is based onTheorem 6.2 of [6].

Theorem 1.4 Let f : Rn ! R [ f + 1g be a proper lsc, lower bounded function and
a; b; > 0. Consider a bounded sequencef xngn2 N satisfying the following conditions:

H1 Su�cient decrease condition: 8n 2 N;

f (xn+1 ) + akxn+1 � xnk2 � f (xn ): (1.3)

H2 Relative error condition: 8n 2 N, there exists! n+1 2 @f(xn+1 ) such that

k! n+1 k � bkxn+1 � xnk: (1.4)

H3 Continuity condition: Any subsequence(xk i ) i 2 N converging towardsx � veri�es

f (xk i ) ! f (x � ) as i ! + 1 : (1.5)

If f veri�es the Kurdyka{ Lojasiewicz property(1.6), then the sequencef xkgk2 N has
�nite length, i.e.,

1X

k=1

kxk+1 � xkk < 1 ;

and it converges tox � , with x � a critical point of f.

Establishing that a function satis�es De�nition 1.6 is crucial to prove the convergence
of iterates of a vast class of algorithms in a non-convex setting. However, in general it
is not easy to show that a function satis�es this condition using directly the de�nition.
Another problem is that K L is not stable w.r.t the sum. So the idea is to �nd classes
of functions that satis�es K L and are stable w.r.t some operations. In the following
we present some useful results to circumvent these issues.

8



De�nition 1.7 (Real analytic function) A function f : Rn ! R [ f + 1g with
open domain is said to be (real) analytic atx0 2 dom(f ) if there exists a neighborhood
U of x0 such thatf can be represented by a convergent power series on a neighborhood
of x0. The function is said to be analytic if it is analytic at each point of its domain.
We can extend the de�nition for f : Rn ! Rm which is analytic at x0 2 Rn if for
f = ( f 1; : : : ; f m ), all f i : Rn ! R are analytic at x0.

Lemma 1.1 (Stability of analytic class [7]) The sum, product, and composition
of real analytic functions are real analytic.

De�nition 1.8 (Semialgebraic [8]) ˆ A subsetS of Rn is a real semialgebraic
set if there exists a �nite number of real polynomial functionsPi;j ; Qi;j : Rn ! R
such that

S =
p[

j =1

qj\

i =1

f x 2 Rn j Pi;j (x) = 0 ; Qi;j (x) < 0g

ˆ A function f : Rn ! R [ f + 1g (resp. f : Rn ! Rm ) is called semialgebraic if
its graph

f (x; y) 2 Rn � R j y = f (x)g

(resp.
f (x; y) 2 Rn � Rm j y = f (x)g)

is a semialgebraic subset ofRn � R (resp. Rn � Rm ).

Lemma 1.2 (Elementary properties [9]) The closure, the interior, and the bound-
ary of a semi-algebraic set are semi-algebraic.

Polynomials and indicator function of a semialgebraic set are semialgebraic. As in the
previous case we have a stability result.

Lemma 1.3 (Stability of semialgebraic class [10]) The sum, product, and com-
position of semialgebraic functions are semialgebraic functions.

De�nition 1.9 (Subanalytic [11]) ˆ A subsetS of Rn is a semianalytic set if
each point ofRn admits a neighborhoodV for which there exists a �nite number
of real analytic functions f i;j ; gi;j : Rn ! R such that

S \ V =
p[

j =1

qj\

i =1

f x 2 Rn j f i;j (x) = 0 ; gi;j (x) < 0g:

ˆ A subsetS of Rn is a subanalytic set if each point ofRn admits a neighborhood
V for which

S \ V = f x 2 Rn j (x; y) 2 Ug;

whereU is a bounded semianalytic subset ofRn � Rp with p � 1.

9



ˆ A function f : Rn ! R [ f + 1g (resp. f : Rn ! Rm ) is called subanalytic if its
graph

f (x; y) 2 Rn � R j y = f (x)g

(resp.
f (x; y) 2 Rn � Rm j y = f (x)g)

is a subanalytic subset ofRn � R (resp. Rn � Rm ).

Unfortunately the class of subanalytic functions has weaker stability properties w.r.t
the class of analytic ones.

Lemma 1.4 (Stability of subanalytic function [12]) The sum of two subanalytic
functions is subanalytic if at least one of the two functions maps a bounded set to a
bounded set or if both functions are non-negative.

In addition there is the following link between these three classes of functions.

Lemma 1.5 ([12]) Semialgebraic and analytic functions are subanalytic.

Now we are ready for the results that links these classes of functions andK  L.

Theorem 1.5 (K L and subanalytic functions [11]) Let f : Rn ! R [ f + 1g be
a proper, subanalytic function and assume thatf is continuous on its domain, thenf
is a K L function.

This results is crucial in non-convex optimisation since it is easier to prove that a
function is subanalytic rather than proving that satis�es K  L.

1.1.1 Algorithms

We recall now the main optisimation algorithms.

Gradient Descent (GD)

Let g : Rn �! R [ f + 1g be a proper di�erentiable and convex function. Consider
the following minimisation problem:

argmin
x2 Rn

g(x) (1.6)

We can solve (1.6) using Gradient Descent that leads to the following scheme, given

 > 0 and x0 2 Rn :

xk+1 = xk � 
 r g(xk) (1.7)

If g is L-smooth, 
 2 (0; 2
L ) and argmin(g) 6= ; , then f xkgk given by (1.7) converges

to x � a global minimiser ofg.
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Proximal Gradient Descent (PGD)

Let g : Rn �! R [ f + 1g be a proper di�erentiable convex function andf : Rn �!
R [ f + 1g be a proper lsc convex function. Consider the following problem:

argmin
x2 Rn

g(x) + f (x) (1.8)

Proximal Gradient Descent allows to solve (1.8) with the ensuing scheme, given
 > 0
and x0 2 Rn :

xk+1 = prox 
f (xk � 
 r g(xk)) (1.9)

If g is L-smooth,
 2 (0; 2
L ) and argmin(g+ f ) 6= ; , then f xkgk given by (1.9) converges

to x � a global minimiser ofg + f .

1.2 Inverse problems

The goal of an inverse problem is to seek a quantityx having access to a measurement
y that is linked with x by an operator T. In general one can assume theT is a
(linear) operator between two Banach (Hilbert) spacesX and Y, so the problem can
be formulated in the following form:

Tx = y

The role of the operatorT is to model the measurement process and in many real
applications T is a linear operator between two Hilbert spaces. Given an inverse
problem in general there are some di�culties that can be summarized in the following
de�nition.

De�nition 1.10 (Well-posed Inverse Problem) An inverse problem is said to be
Well-posed if the following hold:

ˆ The solution of the problem exists

ˆ The solution is unique

ˆ The solution has a continuous dependence on the data (stability)

If one of the latters does not hold the inverse problem is Ill-posed. The issue when the
solution does not exist and/or is not unique is clear, the lack of stability is problematic
for the nature of measurement. In practice what one measure is ~y = N (y) i.e. a noisy
version of the data. For example let us assume an additive noise i.e. ~y = y+ � , where�
is a realization of a random variable. Even ifT is invertible with the lack of continuous
dependence on data, the quantityjjT � 1~y � T � 1yjj could be arbitrarly large.
It is possible to recover a unique solution if this one does not exist and/or is not unique
using the pseudo inverseTy ([13]). However even this approach can not work as shown
with the following result.

Proposition 1.1 Let T : X �! Y a bounded linear operator betweenX; Y Banach
spaces. Then

Ty is bounded() Im(T) is closed
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It is then necessary to introduce another approach to deal with the case where Im(T) is
not closed. In addition we observe that even in a �nite-dimensional case where Im(T)
is necessarily closed one may �nd issues. In factT, that is a matrix in this case, can
be ill-conditioned and this leads to a lack of stability.

1.2.1 Regularisation

A possible solution to bypass problems discussed above is to use regularisation i.e. try
to enforce some regularity assumptions on the solution that are tipically satis�ed by
clean data.

Tikhonov regularisation

The simplest example is called Tikhonov regularisation. The idea is to �nd a solution
that satis�es:

ˆ kTx � ykY � �

ˆ kxkX � E

for some�; E > 0. This can be achievied solving the following minimisation problem:

argmin
x2 X

kTx � yk2
Y + � kxk2

X (1.10)

Another possible interpretation of regularisation is try to infuse some a prior knowl-
edge on the solution via a functionR(x) (instead of kxk2

X ) that is tipically small if
the solution is close to satisfy that assumption. We can now write a more general
formulation:

argmin
x2 X

kTx � yk2
Y + �R (x) (1.11)

We recall some classical choices ofR.

Total Variation regularisation

Let us focus on the caseX = Rn� n , modelling the set of images. The Total Varia-
tion norm is a measure of the "roughness" or "variation" in a signal or image. It is
particularly e�ective in promoting piecewise smooth solutions, preserving edges while
removing noise. The TV regularisation for a given signal or imagex 2 X can be
formulated as:

TV( x) =
nX

i;j =1

q
(x i +1 ;j � x i;j )2 + ( x i;j +1 � x i;j )2 (1.12)

Implicit regularisation

Let us consider for semplicity the caseX = Y = Rn and the following minimisation
problem:

argmin
x2 X

kTx � yk2
X (1.13)

It is possible to solve this problem using an iterative scheme such as GD (1.6). Iterative
methods can implicitly promote solutions that exhibit regularity even in the absence

12



of explicit regularisation terms. This occurs because these methods inherently prefer
solutions that are smoother or more structured due to the nature of their update
rules. When using implicit regularisation [27] to address inverse problems, it is crucial
not to allow the algorithm to fully converge, as this could lead to suboptimal or
overly speci�c solutions. Instead, we aim to identify an optimal number of iterations
that balances between providing a good enough approximation of the desired solution
without over�tting to the noise or inconsistencies in the data. Implicit regularisation
is often called Iterative regularisation in inverse problems framework.

To conclude we show in a numerical example how things can go bad without reg-
ularisation.

Example 1.2 (Why we need regularisation) Let T 2 Rn2 � n2
a blur operator i.e.

a convolution operator and n=512. The measured datay = Tx + � where � is a
realization of N (0; � 2I ). In this setting x; y are representing images andX; Y are a
copy of Rn2

with Euclidean norm. To see what happens solving a problem without
regularisation, when the problem is ill-posed below there are two cases: a noise-free
image, and a real case noisy image.

Figure 1.1: First row: noise-free case, Second row: noisy case

This simple and practical example explains why it is important to regularise. The
second and the third column show in practice what discussed above about the stability.
In fact the noise-free and noise measurement are similar but the solution found with
Least-Square solution are completely di�erent.

1.3 Kullback-Leibler divergence

We �x now the caseX = Rn ; Y = Rm n; m � 1 and T : Rn �! Rm linear operator.
We have seen that is possible to solve an inverse problem solving a minimum problem.
Let us now give a more general formulation of what we have discussed before. We can
generalize the problem in (1.11) as:

argmin
x2 X

D(Tx; y) + �R (x) (1.14)
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D(Tx; y) : Y � Y : [0; + 1 ] is the data �delity term i.e. a function that quanti�es the
discrepancy betweenTx and y, while R is the regularisation term. A classical choice
is D(Tx; y) = jjTx � yjj 2

X i.e. least square problem. This choice can be interpretated
and justi�ed from the Bayesian point of view. In fact with the assumption of Gaussian
noise on the data one can think toy in this way

y = Tx + �

where� is a realization of a Gaussian of 0 mean. Theny is a realization of a Gaussian
of meanTx. Now sinceT is �xed a way to �nd x is to maximize the LikelihoodL (y; x)
w.r.t x. But

argmax
x

L (y; x) = argmin � log
x

L (y; x) = argmin
x

jjTx � yjj 2
X :

Thus the squared euclidean norm is related to Gaussian noise. In many applications,
the noise is not Gaussian but Poisson. First of all it is important to highlight that
Poisson noise is not additive but signal dependent i.e.y = P(Tx), where this notation
means thatyi is a realization ofP((Tx) i ). We can write the probability density of the
joint distribution as

pY (y; x) =
nY

i =1

(Tx)yi
i

yi !
exp (� (Tx) i )

since the components are independent. Assuming the signaly is received, the likelihood
is given by

L (y; x) =
nY

i =1

(Tx)yi
i

yi !
exp (� (Tx) i ) :

The log-likelihood is then

log(L (x; y)) =
nX

i =1

yi log((Tx) i ) � log(yi !) � (Tx) i :

The maximum-likelihood approach is equivalent to minimising the Kullback-Leibler
divergence:

KL (y; Tx) :=
nX

i =1

yi log
�

yi

(Tx) i

�
+ ( Tx) i � yi : (1.15)

1.3.1 Properties of Kullback-Leibler

We are interested in imaging inverse problems with Poisson noise, thus we will consider
the problem:

argmin
x� 0

KL (y; Tx) + �R (x) (1.16)

for some choice ofR. T will be linear and often a convolution operator. To give sense
to (1.15) in all this work we assume:
Assumptions A
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ˆ y 2 Rm
++

ˆ T : Rn �! Rm , Tx 2 Rm
++ 8x 2 Rn

++ and denotedt i the i � th row of T then
t i 2 Rn

+ 8i = 1; :::m:

Since we want to solve a minimisation problem and generally this is performed using
an optisimation algorithm, it is necessary understood the properties ofKL (y; T�).

Regularity

KL (y; T�) 2 C2(Rn
++ ) and we have:

r xKL (y; Tx) = T>
�

1 �
y

Tx

�
(1.17)

H (x) = T> diag
�

y
(Tx)2

�
T (1.18)

where the operations between vectors are component-wise and1 = (1 ; :::; 1).

Convexity

Lemma 1.6 KL (y; T�) is convex.

Proof. SinceKL (y; T�) is C2, the easiest way to check the convexity is showing that
H (x); 8x 2 Rn

++ is positive semi-de�nite. Let v 2 Rn , we want to prove that

v> Hv = v> (T> ZT )v � 0; with Z = diag
�

y
(Tx)2

�
:

We can reformulate as (Tv)> Z(Tv). Now we write

(Tv)> Z(Tv) =
mX

i =1

(Tv)2
i zi

and sincezi � 0 8i the sum is non-negative. �

Non-negativity

KL (y; T�) is non-negative. An easy proof can be found in the chapter 2 (example 2.1).

Coercivity

Lemma 1.7 KL (y; T�) is coercive on its domain.

Proof. We show it in the casen = 1. Thus (1.15) becomes:

KL (y; x) = y log
� y

x

�
+ x � y: (1.19)

We observe that:
lim

x! 0+
y log

� y
x

�
+ x � y �! + 1 ;

lim
x! + 1

y log
� y

x

�
+ x � y �! + 1

This concludes. �
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L-smoothness

Unfortunately r KL (y; T�) is not Lipschitz continuous. In fact one equivalent condition
to that property is that supx kH (x)k < L for someL > 0 (Theorem 1.2). But, �xed
v 2 Rn ; v =2 Ker(T)

hv; H (x)vi =
nX

i =1

yi

(Tx)2
i
(Tv)2

i �
nX

i =1

m(x)(Tv)2
i � m(x)c with c > 0

m(x) = min
i

yi

(Tx)2
i
; wherem(x) ! + 1 if x ! 0

=) k H (x)k is not bounded.

A possible and used solution to bypass this issue is to consider a "smoothed version"
that depends on� , a positive parameter. In particular one can de�ne

KL � (y; Tx) =
nX

i =1

yi log
�

yi

(Tx + � ) i

�
+ ( Tx + � ) i � yi : (1.20)

In this case one has the following Lemma:

Lemma 1.8 (Lipschitz constant of KL � [29]) KL � (y; T�) with parameter � > 0 is
Lipschitz continuously di�erentiable onRn

+ with Lipschitz constant

L �
max(y)

� 2
kTk2

2 �
max(y)

� 2
max(T> 1) max(T1);

wheremax(v) = max i vi .

Proof. The Hessian ofKL � is:

H � (x) = T> diag
�

y
(Tx + � )2

�
T (1.21)

H � is positive semi-de�nite; therefore, all that is required is a bound on the largest
eigenvalue ofH � (x) over the feasible set. That is, we need to bound:

� max = sup
x� 0

sup
kzk� 1

z> H � (x)z:

Since T is nonnegative, the supremum overx � 0 is attained at x = 0, as this
minimizes the denominator of the fraction in (1.21). Therefore, we simply need to
bound the largest eigenvalue of

H � (0) =
1
� 2

T> diag(y)T:

Using the properties of matrix norms, we have

� max =
1
� 2

kT> diag(y)Tk2 �
1
� 2

kTk2
2k diag(y)k2 =

max(y)
� 2

kTk2
2
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�
max(y)

� 2
kTk1kTk1 =

max(y)
� 2

max(T> 1) max(T1): �

We notice that to have a good approximation ofKL (y; T�), � should be close to
0, but this is a big issue. Often in iterative optimisation algorithm the step-size is
inversely proportional to the Lipschitz constant.

Figure 1.2: Comparison betweenKL (y; T�) and KL � (y; T�), with � = 0:1

1.3.2 Classical approaches to minimise Kullback-Leibler

Let us focus now on the problem of minimising Kullback-Leibler divergence:

argmin
x� 0

KL (y; Tx) (1.22)

We report here two well-known approaches.

Projected Gradient Descent

We can write (1.22) replacingKL (y; T�) with its smoothed version:

argmin
x2 Rn

KL � (y; Tx) + iRn
+
(x) (1.23)

Since we are minimazing the sum of two convex functions, one smooth and the other
one non-smooth, we can use Proximal Gradient Descent (1.9) that leads to the follow-
ing scheme:

xk+1 = � Rn
+
(xk � 
 r KL � (y; Txk)) (1.24)

In this case Proximal Gradient Descent is called Projected Gradient Descent, since
the Proximal operator of an indicator function is the projection (example 1.1). Let
us observe that we are forced to useKL � (y; T�) since we need aL-smooth function.
In addition with � Rn , during the iterations some component ofxk may be 0, and
KL (y; T�) is not de�ned in 0.
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Expectation-Maximisation

The Expectation-Maximisation (EM) [14] algorithm is an iterative method commonly
used for parameter estimation in probabilistic models, particularly when the data is
incomplete or involves latent variables. As seen in section 1.3 the problem (1.22) is
equivalent to the maximisation of a Poisson likelihood. Thus is possible to draw an
algorithmic scheme using EM. In particular EM leads to the following scheme, given
x0 2 Rn

++ :

xk+1 =
xk

T � 1

�
T � y

Txk

�
(1.25)

Let us observe that the updating rule in (1.25) is a multiplicative algorithm, thus since
y; xk ; Txk 8k are strictly non-negative vectors, we obtain a sequence that belongs to
Rn

++ and we do not need any projection. In addition EM does not have any step-size
to choose and it is often used with Implicit regularisation. WhenT is a convolution
operator this method is called Richardson-Lucy (RL) [28].
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Chapter 2

Mirror Descent

The following chapter focuses on the main properties of the Mirror Descent (MD) that
can be thought as a generalization of Gradient Descent. We will provide details in this
respect and we will derive a new relative Lipschitz smoothness condition guaranteeing
convergence also for nonL-smooth functions. Then convergence Theorems will be
stated and the key points of the proof will be described. All this chapter is based on
[15].

2.1 Legendre functions and Bregman distances

We de�ne here the main ingredients for what follows: Legendre functions and Bregman
distances.

De�nition 2.1 (Legendre function) Let h : Rn ! R[f + 1g be a lsc proper convex
function. Then h is:

(i) essentially smooth, ifh is di�erentiable on int(dom( h)), with moreoverkr h(xk)k ! 1
for every sequencef xkgk2 N � dom(h) converging to a boundary point ofdom(h)
as k ! + 1 ;

(ii) of Legendre type if h is essentially smooth and strictly convex onint(dom( h)).

Now we report important results about Legendre functions and Fenchel conjugates.
In particular we have that h is of Legendre type if and only if its conjugateh� is of
Legendre type. Moreover, the gradient of a Legendre functionh is a bijection from
int(dom( h)) to int(dom( h� )) and its inverse is the gradient of its conjugate, that is we
have:

r h� = ( r h)� 1 and h� (r h(x)) = hx; r h(x)i � h(x):

Let us now give some examples of well-known and useful Legendre functions.

ˆ Euclidean energy h(x) = 1
2x2, dom(h) = R and h = h� .

ˆ Boltzmann-Shannon entropy h(x) = x logx, dom(h) = [0 ; 1 ). Then, h� (y) =
exp(y � 1) with dom(h� ) = R.

ˆ Burg's entropy h(x) = � logx, dom(h) = (0 ; 1 ).
Then, h� (y) = � log(� y) � 1, with dom(h� ) = ( �1 ; 0).
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ˆ Fermi-Dirac entropy h(x) = x logx+(1 � x) log(1� x), dom(h) = [0 ; 1]. Then,
h� (y) = log(1 + exp( y)), with dom( h� ) = R.

ˆ Hellinger h(x) = �
p

1 � x2, dom(h) = [ � 1; 1]. Then, h� (y) =
p

1 + y2, with
dom(h� ) = R.

ˆ Fractional Power h(x) = px� xp

1� p , p 2 (0; 1), dom(h) = [0 ; 1 ), h� (y) = (1 + y
q)q,

with dom(h� ) = ( �1 ; � q], and wherep + q = pq.

Let us prove that the Burg's entropy h(x) = � log(x) is indeed a Legendre function,
since we will use it later.

Proposition 2.1 (Burg's entropy is Legendre) Burg's entropy i.e.

h(x) = � log(x)

is a Legendre function.

Proof. We start proving that the function is essentially smooth. Clearly it is di�er-
entiable on int(dom(h)), so it su�ces to show that jh0(xk)j ! 1 for every sequence
f xkgk2 N � dom(h) converging to a boundary point of dom(h) as k ! + 1 . Moreover,
since

jh0(xk)j =
1
xk

for every sequence
f xkgk2 N ! 0; then jh0(xk)j ! + 1 :

To show that h(x) is strictly convex on int(dom(h)) = (0 ; + 1 ) we use Theorem 1.1
which show that h00(x) > 0 8x > 0: This is true sinceh00(x) = 1

x2 . �
We now use one-dimensional Legendre functionsh as building blocks ofn-dimensional

functions ~h : Rn ! R de�ned by ~h =
P n

j =1 h(x j ) where h : R �! R is a Legendre
function. In the following we useh for n-dimensional Legendre functions, with some
abuse of notation. We now de�ne Bregman distances, i.e. a generalization of distances
associated to agenerating (or potential) Legendre functionh.

De�nition 2.2 (Bregman distance) Given a Legendre functionh : Rn ! R [
f + 1g its associated Bregman distanceDh : Rn � int(dom( h)) �! [0; + 1 ] is de�ned
in the following way:

Dh(x; y) = h(x) � h(y) � hr h(y); x � yi (2.1)

with x 2 Rn and y 2 int(dom( h)). If x =2 dom(h), then Dh(x; y) = + 1 8 y 2
int(dom( h)).

A very important property of Bregman distances is that they are convex w.r.t �rst
variable.

Lemma 2.1 Let h be a Legendre function, thenDh(�; y) is convex8y 2 int(dom( h)).
Proof. From (2.1), for a �xed y 2 int(dom( h)); Dh(�; y) is the sum ofh that is
convex and a linear function that is convex. Since sum of convex functions is convex
we conclude. �

20



A Bregman distance can be thought of as a proximity measure between two points un-
der the geometry induced byh. Below some important example of Bregman distances,
with the corresponding generating functions:

ˆ Euclidean energy h(x) = jjxjj 2, Dh(x; y) = jjx � yjj 2

ˆ Burg's entropy h(x) = �
P n

i =1 log(x i ), Dh(x; y) =
P n

i =1 � log(x i ) + log( yi ) +
1
yi

(x i � yi )

ˆ Boltzmann-Shannon h(x) =
P n

i =1 x i log(x i ), Dh(x; y) = KL (y; x)

Figure 2.1: Examples of Bregman distances

A reasonable property to ask Bregman distances is non-negativity. In fact we have the
following Lemma:

Lemma 2.2 (Non-negativity of Bregman distances) Dh(x; y) � 0 8(x; y) 2 dom(h)�
int(dom( h)) and Dh(x; y) = 0 () x = y:

Proof. Sinceh is strictly convex and di�erentiable using 2 of Theorem 1.1 one have:

h(x) � h(y) + hr h(y); x � yi

To conclude move all the terms and to the left hand side, and observe that the equality
holds if and only if x = y: �

Example 2.1 ( KL (y; �) is non-negative) Using Lemma 2.2 and sinceKL (y; �) =
Dh(�; y) with h the Boltzmann-Shannon, we get thatKL (y; �) is non-negative.
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Despite these properties Bregman distances in general are not distances in the
sense of mathematical de�nition, for istance in general the simmetry does not hold. It
will be important to quantify this lack of simmetry for the following results. For this
reason we de�ne the symmetry coe�cient.

De�nition 2.3 (Symmetry coe�cient) Given a Legendre functionh : Rn ! R [
f + 1g , its symmetry coe�cient is de�ned by

� (h) := inf
�

Dh(x; y)
Dh(y; x)

j (x; y) 2 int(dom( h)) � int(dom( h)); x 6= y
�

2 [0; 1]

The more symmetric a Bregman distance is the closer to 1 its symmetric coe�cient is,
where a symmetry coe�cient equal to 1 corresponds symmetric Bregman distance. A
non trivial example of symmetry coe�cient is the case ofh equal to Burg's entropy.

Example 2.2 (Symmetry coe�cient of Burg's entropy) Fix h the Burg's en-
tropy and consider the following ratio:

Dh(1; x)
Dh(x; 1)

=
x logx � x + 1
x2 � x � x logx

! 0 if x ! + 1 (2.2)

Since � (h) 2 [0; 1], (2.2) proves that� (h) = 0 , for Burg's entropy.

2.2 Mirror Descent: derivation and convergence

2.2.1 Derivation

Given the following constrained optimisation problem:

argmin
x2 C

g(x) (2.3)

with g L-smooth, convex, proper andC a convex and closed subset ofRn , an easy way
to solve (2.3) is using Projected Gradient Descent method, whose iteration reads:

xk+1 = � C (xk � 
 r g(xk)) : (2.4)

We can rewrite (2.4) using the de�nition of � C :

xk+1 = argmin
x2 C

kx � (xk � 
 r g(xk))k2 (2.5)

and after some algebra we obtain

xk+1 = argmin
x2 C

hx � xk ; r g(xk)i +
1

2

kx � xkk2 (2.6)

Note that we can rewrite (2.6) as

xk+1 = argmin
x2 C

hx � xk ; r g(xk)i +
1



Dh(x; x k) (2.7)
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whereh = 1
2 jj xjj 2. Thus one can obtain a natural generalization to non-Euclidean

geometries using another Legendre function instead of1
2 jj xjj 2 and thus considering the

Bregman distance associated toh. A good choice of Legendre function is a function
that can handle the constraint onC. Now make the assumptions that we will maintain
throughout:
Assumptions 1

(i) Let h : Rn ! R [ f + 1g be a Legendre function such thatC = dom(h).

(ii) Let g : Rn ! R [ f + 1g be proper, lsc, convex and di�erentiable with dom(g) �
dom(h).

(iii) inf f g(x) : x 2 dom(h)g > �1 .

Now we can de�ne the Mirror Descent algorithm in the following way:

choosex0 2 int(dom( h))

xk+1 = argmin
x2 Rn

hx � xk ; r g(xk)i +
1



Dh(x; x k); (2.8)

with 
 > 0 8k � 0. By de�ning 8k � 0:

T
 (xk) := argmin
x2 Rn

hx � xk ; r g(xk)i +
1



Dh(x; x k)

we assume thatT
 is non-empty, single-valued and map from int(dom(h)) to int(dom( h)).
A su�cient condition to get the desired properties on T
 is stated in the following
Lemma:

Lemma 2.3 Under Assumptions 1 if:

argminf g(x) j x 2 dom(h)g is compact

then the mapT
 is non-empty and single-valued fromint(dom( h)) to int(dom( h)):

Computing the optimality condition for (2.8) we can write:

0 2 @(h� � xk ; r g(xk)i +
1



Dh(�; xk))( xk+1 ) (2.9)

that leads to:
0 = 
 r g(xk) + r h(xk+1 ) � r h(xk); (2.10)

r h(xk+1 ) = r h(xk) � 
 r g(xk); (2.11)

Recalling that r h� � r h = I , if r h(xk) � 
 r g(xk) 2 dom(r h� ) we derive another
useful formulation of MD:

xk+1 = r h� (r h(xk) � 
 kr g(xk)) : (2.12)

Observe that with h = 1
2kxk2 we �nd GD, while with

h(x) =

(
1
2kxk2 if x 2 C;

+ 1 otherwise:

we �nd Projected Gradient Descent.
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2.2.2 Convergence

Now we are interested in studying the convergence of this method. We start showing
that it is possible to generalize theL� smoothness condition of a functiong using h
instead of the quadratic norm in the following equivalence:

A convex function g is L-smooth ()
L
2

kxk2 � g is convex (3 of Theorem 1.2)

De�nition 2.4 (NoLip) Let g : Rn ! R [ f + 1g proper, lsc, convex withdom(g) �
dom(h) and let g be di�erentiable on int(dom( h)). We say thatg satis�es the NoLip
condition if the following holds:

9L > 0 s.t Lh � g is convex onint(dom( h))

Lemma 2.4 Consider the pair of functions(g; h) in Assumptions 1 and assume that
the necessary regularity conditions hold. TakeL > 0. The following statements are
equivalent:

(i) Lh � g is convex onint(dom( h)), i.e. NoLip 2.4 holds,

(ii) Dg(x; y) � LD h(x; y) for all x; y 2 int(dom( h)),

(iii) DLh � g � 0 on int(dom( h)),

(iv) hr g(x) � r g(y); x � yi � L (Dh(x; y) + Dh(y; x)) , for all x; y 2 int(dom( h)).

Moreover, when bothg; h are assumedC2 on the interior of their domain, then the
above are equivalent to:

(v) 9L > 0; Lr 2h(x) � r 2g(x) � 0, for all x 2 int(dom( h)).

Furthermore it is possible to prove a descent Lemma depending onDh.

Lemma 2.5 (descent Lemma) Let h : Rn ! R [ f + 1g be a Legendre function,
and let g : Rn ! R [ f + 1g be a convex function withdom(g) � dom(h) which is con-
tinuously di�erentiable on int(dom( h)). Then, the condition (NoLip 2.4) is equivalent
to:

g(x) � g(y) + hr g(y); x � yi + LD h(x; y): (2.13)

with x; y 2 int(dom( h)).

Proof. For any y 2 int(dom( h)), the function Lh � g is convex on int(dom(h)) if and
only if the gradient inequality holds:

8x 2 int(dom( h)); Lh(x) � g(x) � Lh(y) � g(y) + hLr h(y) � r g(y); x � yi :

To conclude we can rearrange the previous inequality in this way:

g(x) � g(y) + hr g(y); x � yi + L(h(x) � h(y) � hr h(y); x � yi )

= g(y) + hr g(y); x � yi + LD h(x; y)

where for the last equality we use the de�nition ofDh(x; y): �
Now we introduce two important Lemma in order to prove a convergence Theorem for
the algorithm.
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Lemma 2.6 (Three points identity) Let h : Rn ! R [ f + 1g be a proper lower
semicontinuous convex and di�erentiable functon onint(dom( h)). For any x 2 dom(h),
and y; z 2 int(dom( h)), the following identity holds:

Dh(x; z) � Dh(x; y) � Dh(y; z) = hr h(y) � r h(z); x � yi : (2.14)

Lemma 2.7 (Three points extended descent Lemma) Assume that NoLip 2.4
holds for the pair of convex functions(h; g). Then, for any (x; y; z) 2 int(dom( h)) �
dom(h) � int(dom( h)), we have

g(x) � g(y) + hr g(z); x � yi + LD h(x; z): (2.15)

Lemma 2.8 (Descent inequality for NoLip condition) Let 
 > 0. For all x 2
int(dom( h)), let

x+ := argmin
u2 Rn

�
hr g(x); u � xi +

1



Dh(u; x)
�

and assume thatx+ 2 int(dom( h)). Then


 (g(x+ ) � g(u)) � Dh(u; x) � Dh(u; x+ ) � (1 � 
L )Dh(x+ ; x); 8u 2 dom(h):

Proof. Let x 2 int(dom( h)). Using Lemma 2.7 we �nd that:


 (g(x+ ) � g(u)) � 
 hr g(x); x+ � ui + 
LD h(x+ ; x):

Now using the optimality condition for x+ we obtain

0 = 
 r g(x) + r h(x+ ) � r h(x):

Thus replacingr g(x) with r h(x)�r h(x+ )

 , we obtain


 (g(x+ ) � g(u)) � hr h(x) � r h(x+ ); x+ � ui + 
LD h(x+ ; x) =

Dh(u; x) � Dh(u; x+ ) � Dh(x+ ; x) + 
LD h(x+ ; x)

where in the last equality we use Lemma 2.6. �
Now we are ready to prove a convergence Theorem.

Theorem 2.1 Suppose Assumptions 1 hold ong and h and that it holds NoLip (2.4)
for the pair g; h. Let f xkgk2 N be the sequence generated by(2.8), 0 < 
 k � (1+ � )� �

L for
some� 2 (0; 1 + � ); � � 0. Let � k =

P k
l=1 
 l ; then the following hold:

(i) (Monotonicity) f g(xk)gk2 N is nonincreasing.

(ii) (Summability)
P 1

k=1 Dh(xk ; xk� 1) < 1 .

(iii) (Convergence of the function values) If� k ! 1 , then limk!1 g(xk) = inf f g(x) j
x 2 dom(h)g.

(iv) (Global estimate in function values) If
 k := 1+ �
L for all positive integerk. Then,

g(xk) � g(u) �
2L

(1 + � (h))k
Dh(u; x0); 8u 2 dom(h):
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Proof. For semplicity we denote� (h) = � .
(i) Let

xk = argmin
u2 Rn

�
hr g(x); u � xk� 1i +

1

 k

Dh(u; xk� 1)
�

;

then using Lemma 2.8 we get for allu 2 dom(h):


 k(g(xk) � g(u)) � Dh(u; xk� 1) � Dh(u; xk) � (1 � 
 kL)Dh(xk ; xk� 1) (2.16)

By de�nition of 
 k there exists � 2 (0; 1 + � ) s.t. 1 � 
 kL � � � � , thus (2.16) is
equivalent to:


 k(g(xk) � g(u)) � Dh(u; xk� 1) � Dh(u; xk) + ( � � � )Dh(xk ; xk� 1): (2.17)

In particular choosingu = xk� 1 then �D h(xk ; xk� 1)� Dh(xk� 1; xk) � 0 by de�nition
of � (2.3). Replacingu with xk� 1 the thesis is satis�ed, in fact:


 k(g(xk) � g(xk� 1)) � � Dh(xk� 1; xk) + �D h(xk ; xk� 1) � �D h(xk ; xk� 1)

� � �D h(xk ; xk� 1) � 0: (2.18)

(ii) From (i) we know that f g(xk)gk2 N is nonincreasing, then

lim
k!1

g(xk) � inf f g(x) j x 2 dom(h)g > �1 :

By (2.18) we deduce:


 k(g(xk� 1) � g(xk)) � �D h(xk ; xk� 1): (2.19)

Now sum over k both sides of (2.19) and using that for everyk, 
 k < 1+ �
L , it follows:

nX

k=1

1 + �
L

(g(xk� 1) � g(xk)) �
nX

k=1


 k(g(xk� 1) � g(xk)) �
nX

k=1

�D h(xk ; xk� 1)

Using the �rst and the third term of inequality we get:

(g(x0) � g(xn )) �
�L

1 + �

nX

k=1

Dh(xk ; xk� 1):

Now passing through limit and using limk!1 g(xk) > �1 , we conclude that:

1X

k=1

Dh(xk ; xk� 1) � c; c > 0

(iii) By de�nition � k� 1 = � k � 
 k with 
 0 = 0.
Consider

g(xk) � g(xk� 1) � �

 k

�
Dh(xk ; xk� 1)

and multiply both sides by � k� 1, so we obtain:

� kg(xk) � 
 kg(xk) � � k� 1g(xk� 1) � �
�� k� 1


 k
Dh(xk ; xk� 1)
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Summing overk, we get:

� ng(xn ) �
nX

k=1


 kg(xk) � � �
nX

k=1

� k� 1


 k
Dh(xk ; xk� 1) (2.20)

Now let us consider


 k(g(xk) � g(u)) � Dh(u; xk� 1) � Dh(u; xk) + ( � � � )Dh(xk ; xk� 1)

and sum over k. It follows:
nX

k=1


 kg(xk) � � ng(u) � Dh(u; x0) � Dh(u; xn ) + ( � � � )
nX

k=1

Dh(xk ; xk� 1) (2.21)

Summing (2.20) and (2.21), recalling that� > 0 and Bregman distance is non-
negative, we get:

g(xn ) � g(u) �
Dh(u; x0)

� n
+

�
� n

nX

k=1

Dh(xk ; xk� 1): (2.22)

Passing to limn!1 using (iii ) and the summability of the series in (2.22), we obtain
for every u 2 dom(h):

lim
n!1

g(xn ) � g(u) � 0

Then
lim

n!1
g(xn ) = inf f g(x) j x 2 dom(h)g:

(iv) Pick 
 k = 1+ �
2L , by (2.16) we can deduce:

g(xk) � g(u) �
2L

1 + �

�
Dh(u; xk� 1) � Dh(u; xk)

�
�

1 � �
2

Dh(xk ; xk� 1) �

2L
1 + �

�
Dh(u; xk� 1) � Dh(u; xk)

�

where in for the last inequality we used that� 2 [0; 1] and the non-negativity of
Bregman distances. Sincef g(xk)gk2 N is non-increasing,

g(xn ) �
1
n

nX

k=1

g(xk);

then:

g(xn ) � g(u) �
1
n

nX

k=1

g(xk) � g(u) �
2L

n(1 + � )
Dh(u; x0) �

Corollary 2.1 Suppose thatdom(h) is closed. If assumption (iv) of Theorem 2.1
holds, and the problem

inf f g(x) j x 2 dom(h)g

has at least a solution, then for every solutionx:

g(xk) � min
C

g �
2LD h(x; x0)
(1 + � (h))k

(2.23)
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Up to this point we have discussed and proved the convergence of function values. It
is possible to say something about the convergence of the iterates and this is deeply
linked to the choice ofh. For that, we need some additional assumptions that we �nd
below.
Assumptions H

(i) For every x 2 dom(h) and � 2 R, the level set

f y 2 int(dom( h)) j Dh(x; y) � � g

is bounded.

(ii) If f xkgk2 N converges to somex 2 dom(h), then Dh(xk ; x) ! 0.

(iii) Conversely, if x 2 dom(h) and if f xkgk2 N is such that Dh(x; x k) ! 0, then
xk ! x.

Now we are able to formulate a further convergence Theorem.

Theorem 2.2 Under the assumptions of Theorem 2.1

(i) (Subsequential convergence) Assume that the set

A = argminf g(x) : x 2 C = dom(h)g (2.24)

is nonempty and compact. Then any limit point off xkgk2 N belongs toA.

(ii) (Global convergence) Assume thatdom(h) = dom(h) and that Assumptions
H are satis�ed. We assume in addition that A is not empty. Then the sequence
f xkgk2 N converges to somex � 2 A.

Proof. (i) Since the setA is compact there exists a limit point forf xkgk2 N. If we
denote byx � such limit point, then xkp ! x � as p ! 1 . Using (iii) of Theorem 2.1
and the continuity of g, we obtain:

min
C

g = lim
p!1

g(xkp ) = g(x � ):

In order to prove (ii) we have to use this Lemma:

Lemma 2.9 ([31]) Let f vkgk2 N and f � kgk2 N be non-negative sequences. Assume that

1X

k=1

� k < 1 and (8k 2 N); vk+1 � vk + � k :

Then f vkgk2 N converges.

Now we are able to prove (ii).
From (2.17) we obtain:


 k(g(xk) � g(u)) � Dh(u; xk� 1) � Dh(u; xk) + ( � � � )Dh(xk ; xk� 1) (2.25)
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8u 2 dom(h): Now pick

x 2 argminf g(u) : u 2 dom hg:

Setting u = x and using that g(x) � g(xk) we can rewrite (2.25):

Dh(�x; x k) � Dh(�x; x k� 1) + ( � � � )Dh(xk ; xk� 1):

Choosing
f � kgk = ( � � � )Dh(xk ; xk+1 ) and f vkgk = Dh(x; x k)

from Lemma 2.9 and summability of
P 1

k=1 Dh(xk ; xk� 1), we derive that Dh(�x; x k)k2 N

is convergent8 x: SinceDh(�x; x k)k2 N is convergent using (i) of Assumptions H with
x = x and y = xk , then sequencef xkgk is bounded. Now letx � be a cluster point
of f xkg on dom(h), then from (i) of Theorem 2.2,x � is a minimiser ofg on dom(h).
Thus f Dh(x � ; xk)gk2 N is convergent and for Assumptions H (ii) its limit is 0. Then by
Assumptions H (iii) xk converges tox � . �

2.2.3 Backtracking

The choice of the step-size is crucial in iterative algorithms, its choice relates to the
numerical convergence speed of the scheme. In the MD framework described above
that choice is linked to the NoLip constant 2.4 that is global. Looking at the function in
a local way is possible to chose step-size bigger than the limit in Theorem 2.1. The naif
idea is to look for a step-size , at iterationk, s.t. g(xk) < g (xk� 1).This is not enough
in general for convergence to the in�mum of the function. Thus to get convergence we
need something more precise. Consider the following strategy, proposed in [16]:

Algorithm 1 Backtracking Mirror Descent

Require: Initial step-size 
 0 > 0, parameters� 2 (0; 1), � 2 (0; 1)
1: De�ne T
 (x) := r h� (r h(x) � 
 r g(x))
2: Initialize 
 = 
 0

3: while g(xk) � g(T
 (xk)) < �

 Dh(T
 (xk); xk) do

4: 
  �

5: end while
6: Update xk+1  T
 (xk)

Thus the new proposal ofxk+1 is s.t. the function values are decreasing and the
di�erence between two consecutive function iterates has to satisfy a condition that
depends on the Bregman distance between the points and the actual step-size.

2.3 Application to minimisation of KL (y; T�)

As seen before we are interested in the minimisation of Kullback-Leibler under a non-
negativity constraint that is:

argmin
x� 0

KL (y; Tx) (2.26)
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In the following we provide some comparisons between three algorithms suited for solv-
ing the problem above: Projected Gradient Descent (1.24), Expectation-Maximization
1.25 and Mirror Descent.

2.3.1 Mirror Descent for Kullback-Leibler minimisation

To solve (2.26) with Mirror Descent we need a Legendre functionh s.t dom(h) = C =
[0; + 1 )n such that KL (y; T�) should satisfy the NoLip 2.4 w.r.t that h. Verifying this
condition may sound quite hard, but there is a good choice. Indeed it is possible to
show that if we take

h(x) = �
nX

i =1

log(x i );

then KL (y; T�) satis�es NoLip 2.4.

Lemma 2.10 Let g = KL (y; T�), with satisfying assumptions A 1.3.1 andh be de�ned
as above. Then for anyL satisfying

L � k yk1 =
mX

i =1

yi ;

the function Lh � g is convex onRn
+ .

Proof. Sinceg and h are C2 on Rn
+ , from Theorem 1.1 the convexity ofLh � g is

guaranteed for anyL > 0 such that

Lhr 2h(x)d; di � hr 2g(x)d; di ; 8x 2 Rn
+ ; 8d 2 Rn : (2.27)

A simple computation shows that for anyx 2 Rn
+ and any d 2 Rn ,

Lhr 2h(x)d; di = L
nX

j =1

d2
j

x2
j
: (2.28)

On the other hand, using the de�nition of g, one computes,

r g(x) =
mX

i =1

yi

�
1 �

t i

ht i ; xi

�
; (2.29)

and

hr 2g(x)d; di =
mX

i =1

yi
ht i ; di 2

ht i ; xi 2
: (2.30)

Now, by a simple application of Jensen's inequality to the non-negative convex function
t2, it follows that for any u 2 Rn

+ (not all zero):

hu; di 2

hu; xi 2
=

 
nX

j =1

uj x j

hu; xi
dj

x j

! 2

�
nX

j =1

uj x j

hu; xi
(d2

j =x2
j ) =

nX

j =1

d2
j

x2
j
; 8d 2 Rn ; x 2 Rn

+ :
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Applying the latter with u := t i 6= 0 for each i (by assumption, wheret i is the i -th
row of T), and recalling that y > 0, we obtain from (2.30),

hr 2g(x)d; di =
mX

i =1

yi
ht i ; di 2

ht i ; xi 2
�

mX

i =1

yi

nX

j =1

d2
j

x2
j
:

Hence, with (2.28), the desired result (2.27) holds withL �
P m

i =1 yi . �
With this choice we got a constantL that depends only on the measured datay.

The desired non-negativity constraint is automatically enforced by h without requiring
a projection at every iteration. The drawback of this approach is that by (i) of Theorem
2.1 we have only subsequential convergence of iterates. Note that for the Burg's entropy
� (h) = 0 (2.2), thus 
 2 (0; 1=L). With this choice and for x0 2 Rn

++ we can de�ne
the updating rule:

xk+1 = r h� (r h(xk) � 
 r KL (y; Txk)) =
xk

1 + 
x kr KL (y; Txk)
; (2.31)

where the operation between vectors are component-wise. Notice that (2.31) is a
multiplicative algorithm as EM (1.25).

2.3.2 Numerical tests

We consider the problem in (2.26) whereT 2 Rn2 � n2
is a convolution operator with

n = 128 and y 2 Rn2

++ �xed. We compared Mirror Descent with (MDBT) and
without Backtracking (MD), Richardson-Lucy (RL), Projected Gradient Descent with
(PGDBT) and without Backtracking (PGD). To solve (2.26) with PGD and PGDBT
we need to useKL � (y; T�) (1.20). We �xed � = 10� 7 and by Lemma 1.8 we computed
that a Lipschitz constant is LP GD = 1014, while a NoLip constant isLMD = kyk1. In
this test we havekyk1 = 7417:5781, after having scaledy in [0; 1]. For PGBT we used
strategy B2 of [2]. The procedure requires two parameters:

Algorithm 2 Backtracking for Projected Gradient Descent

Require: Initial Lipschitz constant s > 0, growth factor � > 1
1: De�ne L � 1 = s
2: for k � 0 do
3: Set L k = L k� 1

4: while L k f (TL k (xk)) > f (xk) + hr f (xk); TL k (xk) � xk i + 1
2kTL k (xk) � xkk2 do

5: L k  �L k

6: end while
7: Compute TL k (xk) = � Rn

+

�
xk � 1

L k
r KL( y; Txk)

�

8: end for

This procedure is formulated for the Lipschitz constant, but it is possible to obtain
a sequence of step-sizes, simply setting
 k = 1

L k
.

For MDBT we consider the backtracking strategy in section 2.2.3.
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Hyper-parameters choices

ˆ MD : 
 MD = 1
2L MD

= 0:0003

ˆ PGD : 
 P GD = 1
L P GD

= 10� 14

ˆ PGDBT : we did two tests and we refer to as PGDBT1 and PGDBT 2 and
equivalently for the respective hyper-parameters. We tried withs1 = 0:2; � P GD 1 =
2 ands2 = 0:2; � P GD 2 = 1:25 to have a small and a big decrease of the step-size.

ˆ MDBT : Similarly we consider MDBT 1, MDBT 2 with the following choices of
parameters:
 01 = 5; � 1 = 10� 3; � MD 1 = 0:5 and
 02 = 5; � 2 = 10� 3; � MD 2 = 0:8

We report the results below .

Figure 2.2: Numerical tests

In Figure 2.2, we observe that backtracking plays a fundamental role. While RL
performs quite e�ciently without requiring parameter tuning, PGDBT and MDBT
become competitive with appropriately chosen hyper-parameters. Notably, the theo-
retical step-size of MD, and consequently the NoLip constant provided by Lemma 2.10,
serves as a reliable estimate. However, the Lipschitz constant derived forKL � (y; T�)
(Lemma 1.8) appears to be a rough approximation.
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Chapter 3

Hybrid approaches

In recent years, deep learning has achieved remarkable success in a lot of �elds. How-
ever, despite these excellent results, a completely learning-based approach may not be
stable to small perturbations of the input, can be di�cult to interpret and may need
very large datasets to be trained. This is particularly important in tasks involving im-
age reconstruction, where having a stable model is crucial to avoid artefacts, especially
in biomedical applications. On the other hand, classical model-based methods, that
leverage prior knowledge about the desired regularity of the image we seek (few non-
zero elements, piece-wise constant...), have problems to describe complex real-world
data. Another issue arises if the underlying assumptions of the model do not hold.
Thus in recent years, hybrid methods that combine learning-based and model-driven
approaches have emerged as powerful techniques. The ideas of these methods is to
get the advantages of the two: robustness and interpretability (Model-based meth-
ods), 
exibility and ability to handle complex data (Learning-based methods). In this
section three well-known hybrid methods will be analyzed.

3.1 Plug-and-play regularisation methods

Plug-and-play (PnP) [17], [18] priors constitute one of the most widely used frame-
works for solving computational imaging problems through the combination of physical
models and learned models. Nowadays, they are among state-of-the-art reconstruction
algorithms. In their proximal form, PnP algorithms alternate between minimising a
data �delity term to promote data consistency and imposing a learned regulariser in
the form of an image denoiser. Recall that to recover a unknown imagex from its
noisy measurementy through a linear operatorT a standard variational regularisation
procedure consists in solving:

argmin
x

D(Tx; y) + R(x) (3.1)

for hand-craftend (that is, model-based) data termD(T�; y) and regularisationR (for
simplicity, the regularisation parameter is in here absorbed in the de�nition orR).
The formulation in (3.1) corresponds to the maximum a posteriori probability (MAP)
estimator when

D(Tx; y) = � log(pY jX (x)) and R(x) = � log(pX (x))
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wherepY jX is the likelihood relatingx to measurementsy and pX is the prior distribu-
tion. The solution of (3.1) balances the requirements to be both data consistent and
plausible. Proximal algorithms are often used when one of the two summed function
is non-smooth. AssumingD(T�; y) be smooth we can use PGD (1.9) that givenx0 and

 > 0: leads to the following updating rule:

zk = xk� 1 � 
 r D(Txk� 1; y) (3.2)

xk = prox 
R (zk) (3.3)

Recalling that by de�nition:

prox
R (z) = argmin
x

�
1
2

kx � zk2
2 + 
R (x)

�
(3.4)

We can see this proximal operator as a MAP estimator for the AWGN (additive white
gaussian noise) denoising problem:

z = x0 + � where x0 � pX 0 ; � � N (0; 
I ) (3.5)

by setting R(x) = � log(pX 0 (x)). This idea inspired the development of PnP priors,
replacing the prox step in (3.3) with a more general Gaussian black-box denoiser
(example BM3D [19]), i.e. a function designed to perform such task available o�-the-
shelf. The idea of replacing proximal steps associated to image prior with Gaussian
denoisers can be applied indeed also to other algorithms (such as Douglas Rachford,
Primal-Dual, ADMM...) and in recent years they have been the focus of several studies.

The recent success of CNNs as black-box denoisers led naturally to their use within
a PnP framework. In its simplest form, PnP can be implemented by pretraining
an image denoiser CNNN � and using N � in place of proximal operator within a
proximal algorithm. Remarkably, this simple heuristic of using denoisers not associated
directly with any R exhibited great empirical success and spurred much theoretical
and algorithmic work on PnP and other related methods. As a result, PnP-inspired
methods are among the most widely used approaches for combining the advantages
of regularized inversion, which is 
exible to changes in the data �delity term, with
the powerful representation capabilities of deep CNNs. Recent approaches, aim to
consider image denoisers with speci�c structure in order to enforce convergence of the
underlying optimisation scheme and, when possible, to provide an explicit expression
of the (potentially non-convex) image regulariserR induced by the denoiser considered
[20], [16]. This is an interesting piece of ongoing research.

3.1.1 An example: PnP-ISTA

Thus choosing a proximal algorithm we can derive a PnP method. For istance using
PGD (that is often called ISTA in this framework) (1.9) we get PnP-ISTA:

zk = xk� 1 � 
 r D(Txk� 1; y) (3.6)

xk = N � (zk) (3.7)

We highlight that typically PGD is called ISTA when R in (3.1) is k � k1, thus in this
general case the name PnP-PGD could be more appropriate, but it is often used the

34



name PnP-ISTA for this method. Thus in this section to use the same convention we
will refer to PGD using ISTA. Note that since the prior in PnP is learned on a pre-
de�ned task (image denoising) rather than on the �nal task (image reconstruction),
PnP can be considered a self-supervised learning framework. Another important con-
ceptual point is that PnP algorithms with black-box denoisers do not generally solve
an underlying optimisation problem. More precisely, ISTA algorithm solves the opti-
misation problem in (3.1). But once the proximal map denoising operation is replaced
with a black-box denoiser,N � , then there is generally speaking no longer any corre-
sponding functionR which is being minimised by the action of the denoiser. However
is still possible to formulate a criterion for the converged solution for PnP leveraging
operators theory. We Recall here some fundamental results to prove a convergence
Theorem for PnP.

De�nition 3.1 Let X be a real Hilbert space and letQ : X ! X . Then:

1. Q is nonexpansive if for allx; y 2 X ,

kQ(x) � Q(y)k � k x � yk:

2. Q is a contraction if for all x; y 2 X ,

kQ(x) � Q(y)k � qkx � yk; for someq 2 (0; 1):

A �xed point of Q is a point x 2 X such thatQ(x) = x, and the set of such points is
denoted by Fix(Q).

In order to compute �xed points of Q, we will consider the following �xed point
iteration. Let x0 2 X and de�ne, for everyk 2 N,

xk+1 = Q(xk) (3.8)

When T is a contraction we have the following well known result.

Theorem 3.1 (Banach-Caccioppoli) Let Q : X ! X be aq-contractive mapping
for some0 < q < 1. Then there exists a unique �xed point ofQ, that is, Fix(Q) = f x � g.
Moreover, for the �xed point iteration scheme(3.8), we have8 x0 2 X

8k 2 N; kxk � x � k � qkkx0 � x � k:

Now consider PnP-ISTA, with the following updating rule:

xk = N � (xk� 1 � 
 r D(Txk� 1; y)) = N � (I � 
 r D(T�; y))( xk� 1) (3.9)

We report the Theorem below to understand the type on analysis typically used to
prove the convergence of these approaches.

Theorem 3.2 (Convergence of PnP-ISTA [21]) Assume thatN � satis�es the fol-
lowing assumption for some" � 0:

k(N � � I )(x) � (N � � I )(y)k2
2 � "2kx � yk2

2
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Furthermore, assumeD(T�; y) is � -strongly convex and di�erentiable, andr D(T�; y)
is L-Lipschitz. Then

Q = N � (I � � r D(T�; y))

satis�es
kQ(x) � Q(y)k � maxfj 1 � �� j; j1 � �L jg (1 + ")kx � yk

for all x; y 2 Rn . The coe�cient is less than 1 if

1
�

�
1 + 1

"

� < � <
2

L � 1
L (1+ 1

" )
:

Such an� exists if " < 2�
L � � . In this case the operatorQ is a contraction of factor

q = max fj 1 � �� j; j1 � �L jg and the PnP-ISTA scheme is convergent. The proof of
this Theorem is instructive for what follows, but is outside the scope of this dissertation,
hence is not reported here.

To conclude this section we report the result of a numerical example using Pnp-ISTA
to show how it works.

Figure 3.1: Image deblurring with a uniform blurring kernel and Gaussian noise with
standard deviation 2/255 using PnP-ISTA. Image is taken from [22]. The value in
image (c) is the PSNR.

3.2 Unrolling

Whenever the computational budget required to solve the numerical approximation of
a solution of (3.1), is limited, one possibility is solving the problem �xing the number
of iterations of an optimisation algorithm (for istance Gradient Descent). The concept
of algorithmic unrolling ([23]) involves treating each iteration of the algorithm chosen
as a layer in a reconstruction network, parameterized by both the model and algorith-
mic parameters, which are trained to achieve e�ective reconstruction. Concatenating
these, sayK � 1, layers forms aK -deep neural network. Since in iterative algorithms,
every iteration is function of the previous one with an explicit scheme, �xedK � 1,
it is possible to have an clear expression of the network and of every layer leading to
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an interpretable back-propagation. The trained network can be naturally interpreted
as a whole reconstruction algorithm whose parameters are optimized, e�ectively over-
coming the lack of interpretability in most conventional neural networks. Traditional
iterative algorithms generally make use of signi�cantly fewer compared with popular
neural networks (example in [23]). Therefore, unrolled networks are highly parameter
e�cient and require fewer training data. In addition, they tend to generalize better
than generic networks, and they can be computationally faster as long as each algo-
rithmic iteration (or the corresponding layer) is not overly expensive. To have an idea
of a used Unrolling algorithm let us introduce a learned version of the iterative hard
thresholding algorithm, called Learned ISTA (LISTA).

3.2.1 LISTA

In the sparse coding problem the goal is to seek for a sparse vectorx s.t. Tx � y for
a given y and a linear operatorT. A classical way to solve this problem is using the
following formulation:

argmin
x2 Rn

kTx � yk2 + � kxk1 (3.10)

It is possible to solve (3.10) using Proximal Gradient Descent that in this case is
called ISTA: Iterative Shrinkage and Thresholding algorithm [24]. The updating rule
for iteration x l+1 is:

x l+1 = S�

�
x l �

1
�

T> (Txl � y)
�

= S�

��
I �

1
�

T> T
�

x l +
1
�

T> y
�

(3.11)

where S� is the proximal operator ofk � k1 (that is called Soft-Tresholding) and 1
� is

the step-size. If we de�neWt = I � 1
� T> T and We = 1

� T> the layer of this network is:

f (Wt ;We ;� )(x; y) = S� (Wtx + Wey) (3.12)

We de�ne F(Wt ;We ;� )(x; y) as the full network. We note that we obtain the typical
linear-non-linear structure of a layer of a neural network. Moreover, if we �x the
number of iterationsL (typically quite small) we obtain a L-layer network (see �gure
3.2). We highlight that in general the weightsWt ; We could change in every layer, but
we present this version with the same weights for simplicity.

Given a training setf (x i ; yi )gi =1 :::n and �xed a loss function we can train the model
to learn the weightsf Wt ; We; � g. For istance using a MSE loss:

l(Wt ; We; � ) =
1
n

nX

i =1

kF(Wt ;We ;� )(x0
i ; yi ) � x i k2

2 (3.13)

wherex0
i is the inizialition for i � th sample. We can notice that the weights involve

T, the linear forward operator. Thus this method is very useful if we have a rough
knowledge or even if we do not knowT. In addition another advantage of LISTA (in
general of Unrolling) is that the architecture has few parameters w.r.t a totally learned
approach.
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Figure 3.2: Interpretation of LISTA as neural network. Image from [23]

3.3 Deep Equilibrium Models

In a very similar spirit as the unrolling approaches de�ned above, the idea of Deep
Equilibrium Models (DEQ [25]) is to consider a in�nite-depth neural network, that is
the in�nite composition of the same layer with the same weights. Letf � (x) be the
function the de�nes thek-th layer of the network. This model is, in some sense, similar
to Unrolling under the condition that the layer structure stays the same at each layer
and whenever an in�nite amount (the one required to get convergence to the �xed
point) of iterations is taken. But there is a big di�erence, since in this case we require
f � �xed points and that the �xed point iteration

xk+1 = f � (xk)

converges. To be more precise about the use of DEQ in Image Reconstruction (IR)
problem, we want to build a function f � (�; y) s.t a �xed point x1 that satisfy x1 =
f � (x1 ; y) is a good reconstruction of noisy and corrupted datay. Now we discuss
possible choices off � (�; y). In particular good choices are related to some optimisation
algorithms.

3.3.1 Deep Equilibrium Gradient Descent (DE-Grad)

As discussed before the recostruncted image can be thought as the solution of (3.1): If
both D(T�; y) and R(�) are di�erentiable one way to solve (3.1) is by means of Gradient
Descent which reads:

xk+1 = xk � 
 (r D(Txk ; y) + r R(xk)) (3.14)

Now if we replacer R with a deep neural network parametrized byr � we can de�ne

f � (x; y) = x � 
 (r D(Tx; y) + r � (x)) (3.15)
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Note that, relying on the trust on the noise model as well as on the forward operator
T, the parametrisation of f � is fully determined by the one ofr � . Hence, the learn-
ing procedure here aims, practically, at learning an optimal regularisation functional
(indeed, its gradient) using data. Thusf � (x; y) and r � (x) share the same parameters.

3.3.2 Deep Equilibrium Proximal Gradient (DE-Prox)

It is now clear that is possible to consider alternative network layersf � (�; y) changing
the optimisation algorithm. For istance if one decides to solve (3.1) with Proximal
Gradient Descent we get:

xk+1 = Prox 
R (x � 
 r D(Txk ; y)) (3.16)

and similarly we get:
f � (x; y) = r � (x � 
 r D(Tx; y)) (3.17)

Note that, however, for a general iterative algorithm the operatorf � (�; y) might
not have �xed points or even if they exist, �xed point iteration may not convergence
or depend heavily from the starting point.

3.3.3 How to compute �xed point and convergence

A classical way to �nd �xed points of an operator is to use �xed point iteration
i.e. apply iteratively the operator (3.8). In general this does not work since classic
assumptions to get convergence is the requirement off � (�; ; y) being a contraction
(Theorem 3.1). In this way f � (�; y) has a unique �xed point and �xed point iteration
converges for every possible admissible starting point. Now to understand what this
implies in term of the choice of network we state the following result.

Theorem 3.3 (Convergence of DE-Grad [25]) Recalling the DE-Grad scheme(3.15),
assume thatr � � I is � -Lipschitz, with r � : Rn �! Rn , D(T�; y) � -strongly convex,C2

with L-Lipschitz gradient. Let H (�) denote its Hessian andX = dom(D(T�; y)) � Rn .
For all x 2 X let

L(x) := � max (H (x)) and � (x) := � min (H (x))

where� max (�), � min (�) denote the maximum and minimum eigenvalue, respectively and
let

L = sup
x2 X

L(x); � = inf
x2 X

� (x):

If the step-size parameter
 > 0 is such that
 < 1=(L +1) , then the DE-Grad iteration
map f � (x; y) de�ned in (3.15) satis�es

kf � (x; y) � f � (x0; y)k � (1 � 
 (1 + � ) + 
� )kx � x0k

for all x; x0 2 X . The coe�cient (1 � 
 (1 + � ) + 
� ) is less than 1 if� < 

1� 
 � , in

which case the iterates of DE-GRAD converge.
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Proof. Let f � (�; y) be the iteration map for DE-Grad. The Jacobian off � (�; y) with
respect tox 2 X , denoted by@x f � (�; y), is given by

@x f � (x; y) = ( I � 
H (x)) � 
@xR� (x)

where@x r � (�) is the Jacobian ofr � with respect to x 2 X . To prove f � (�; y) is contrac-
tive it su�ces to show k@x f � (x; y)k < 1 for all x 2 X wherek � k denotes the spectral
norm. Towards this end, we have

k@x f � (x; y)k = k(I � 
H (x)) � 
@x r � (x)k

= k
I + (1 � 
 )I � 
H (x) � 
@x r � (x)k

= k(1 � 
 )I � 
H (x) � 
 (@x r � (x) � I )k

� k (1 � 
 )I � 
H (x)k + 
 k@x r � (x) � I k

� max
i

j(1 � 
 ) � 
� i (x)j + 
� (3.18)

where � i (�) denotes thei -th eigenvalue ofH (�), and in the �nal inequality (3.18) we
used the assumption that the map (r � � I )(x) := r � (x) � x is � -Lipschitz, and therefore
the spectral norm of its Jacobian@x r � (�) � I is bounded by� .

Finally, by our assumption
 < 1
L +1 whereL := sup

x2 X
max

i
� i (x), we have
 < 1

1+ � i (x)

for all i and x 2 X , which implies (1� 
 ) � 
� i > 0 for all i , for all x 2 X . Therefore,
the maximum in (3.18) is obtained at� := inf

x2 X
min

i
� i (x), which gives

k@x f � (x; y)k � 1 � 
 (1 + � ) + 
�:

8x 2 X: This shows that f � is � -Lipschitz with � = 1 � 
 (1 + � ) + 
� , proving the
claim. �
We provided this Theorem in a more general setting w.r.t [25], where Theorem 3.3 was
proved in the caseD(T�; y) = kT � � yk2

2.
We observe now that to showf � (�; y) being a contraction in DE-Grad we need strong

assumptions on the data �delity term (strong convexity) and mild on the network. It
is possible to build Lipschitz networks using a normalization of the weights such that
the network assumption holds, while it is harder to have strongly convex data �delity
term. For istance let us think to D(T�; y) = kT � � yk2

2 is strongly convex () T> T
is invertible thus T should be full rank. In practice this a strong condition that is not
satis�ed in general by common operator as Blur and Inpainting.

Note that �xed point iterations can be slow, so sometimes it is possible to accelerate
the convergence. A possible solution is presented below.
Anderson Acceleration
Anderson acceleration [26] utilizesm � 1 past iterates to identify promising directions
to move during the iterations. This takes the form of identifying a vector� k 2 Rm

and setting, for � > 0

xk+1 = (1 � � )
m� 1X

i =0

� k
i xk� i + �

m� 1X

i =0

� k
i f � (xk� i ; y):

The vector � k is the solution to the optimisation problem:
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arg min
�

kG� k2
2; s.t. 1> � = 1 (3.19)

whereG is a matrix whosei -th column is the (vectorized) residualf � (x(k� i ) ; y) �
x(k� i ) , with i = 0; : : : ; m� 1. The optimisation problem in (3.19) admits a least-squares
solution, adding negligible computational overhead whenm is small (e.g.,m = 5).

3.3.4 How to compute gradient and train

Let us derive a formula for compute gradients in an informal way, i.e. we suppose
veri�ed all the assumptions we need for the following calculations.
Given a pair (x � ; y) of a ground-truth training image and its corresponding corrupted
versiony, we look for a �xed point of f � (�; y) i.e.

x1 = f � (x1 ; y): (3.20)

Sincex1 = x1 (� ) is possible to compute the Jacobian ofx1 w.r.t � , @x1 (� )
@� using

implicit di�erentiation i.e.
@x1 (� )

@�
=

@f� (x1 (� ))
@�

In particular
@f� (x1 (� ))

@�
=

@f� (x1 )
@x

@x1 (� )
@�

+
@f� (x1 )

@�
where

@f� (x1 )
@(�)

:=
@f� (x)

@(�)
jx= x1 :

Now if we move @x1 (� )
@� on the left hand side we have the formula to compute the

Jacobian which reads:

@x1 (� )
@�

=
�

I �
@f� (x1 )

@x

� � 1 @f� (x1 )
@�

(3.21)

We can now provide further details on how to train DEQ model. We have a
training set of couplef (x �

i ; yi )gi =1 ;:::;n where x �
i is the i � th ground truth and yi its

measurement. Letx1
i (� ; yi ) be a �xed point of f � (�; yi ) and `(x; x � ) a loss function

measuring the discrepancy between the tentative reconstruction depending on the
network parameters� and the corredponding ground truth. Then we are interested to
compute gradient of the following function:

L(� ) =
nX

i =1

`(x1 (� ; yi ); x �
i )

We proceed as follows:

r � L(� ) =
nX

i =1

r � `(x1 (� ; yi ); x �
i ):

Now, since

r � `(x1 (� ; y); x � ) =
@x1

@�

> @`
@x1
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from (3.21) we derive the formula to compute gradients

r � L(� ) =
nX

i =1

@f� (x1 )
@�

> �
I �

@f� (x1 )
@x

� �> @(̀x1 ; x �
i )

@x1
: (3.22)

Observe that the in general (3.22) is not well-de�ned as it depends on the inversion of
a matrix.

Corollary 3.1 Under the assumptions of Theorem 3.3 the matrix:

I �
@f� (x1 )

@x

is invertible.

Proof. We proved in Theorem 3.3 that:

� min

�
@f� (x1 )

@x

�
< 1:

Thus, it holds:

� max

�
I �

@f� (x1 )
@x

�
> 0:

This concludes since 0 is not an eigenvalue and the matrix is invertible. �
Observe now a big di�erence between DEQ and PnP. In fact in both approaches

we parametrize the regularisation term by a deep network and we optimize its weights
w.r.t data. The key di�erence is that in PnP the network is trained on a di�erent task
(Denoising) and the plugged in the model as a regulariser. In DEQ we trainf � that
shares the weights with the inner networkr � on the reconstruction task. Therefore,
DEQ approaches are more tailored to the particular task at hand.

3.3.5 Numerical implementation

We see now some technical details on the numerical implementation of DEQs. First
notice that all the previous analysis is only theoretical since in practice we can only
compute a �nite number of iterations. Thus what we do is to compute a good ap-
proximation of a �xed point using a su�cient number of iterations required to reach
convergence. Furthermore in practice even ifI � @f� (x1 )

@x is invertible it may be not
a good idea computing such inverse directly. In the context of large-scale image re-
construction, such matrix may be indeed large, requiring lots of memory and high
computational costs. In addition calculating an inverse of a matrix is quite expensive.
In applications these Jacobians are not stored in memory, since it is possible to compute
the Jacobian-vector product (JPv) by means of autodi�erentiation tools. Therefore
we need to �nd another formulation. Recalling (3.21) we need only to compute:

� =
�

I �
@f� (x1 )

@x

� �>

v (3.23)
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for some vectorv. If we multiplicate both sides of (3.23) for
�

I � @f� (x1 )
@x

� >
we get:

� =
�

@f� (x1 )
@x

� >

� + v (3.24)

which can be interpreted as a �xed point iteration that converges under the same
assumptions of Theorem 3.3.
We can thus recap the DEQ training procedure as follows the following scheme:

ˆ Initiliaze the weights � (e.g. randomly).

ˆ Fix a maximum number of iterationsN , a relative tollerance between two con-
secutive iterations, a stopping criterion, and a starting point. In general a good
choice isx0 := T> y.

ˆ Perform N iterations or stop when the stopping criterion is satis�ed.

ˆ Use last iterate as an approximation of the �xed pointx1
i .

ˆ Compute v =
@(̀x1 ; x �

i )
@x1

ˆ Find � solving (3.24) with v obtained at the previous step.

ˆ Compute the gradient using (3.22) and update the network parameters with a
classical optimiser (ADAM, SGD).

We conclude this section reporting the performances of Unrolling and DEQ in a Deblur-
ring task with Gaussian noise (�gure 3.3). Unrolling is built with Proximal Gradient
Descent as underlying algorithm and it is called Du-Prox. As DEQ model is considered
DE-Prox (3.3.2).
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Figure 3.3: Comparison between DE-Prox and DU-Prox in Gaussian Deblurring task.
The Gaussian noise has �xed variance=0.01. Image from [25].
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Chapter 4

Deep Equilibrium Mirror Descent

As seen in the last section (3.3.1, 3.3.2) is possible to design a DEQ using an optimi-
sation algorithm. The aim of our work is parametrize the regularisation term with a
deep network and thus learn the best regulariser by data. In addition we use Mirror
Descent as optimizer to handle the constraint of non-negativity since we are working
with images. Along this chapter we analyze the convergence of the �xed point iteration
associate to the scheme to derive a general Theorem of convergence.

4.1 Derivation of Deep Equilibrium Mirror Descent
(DEMD)

Going back to the composite form of the regularised inverse problem we want to solve
(1.3)

argmin
x2 C

D(Tx; y) + �R (x) (4.1)

where we would like to learn�R (x) from data. Fixing a Legendre functionh s.t.
dom(h) = C the problem in (4.1) can be solved (under the assumptions of chapter 2)
by the following iterative scheme:

xk+1 = r h� (r h(xk) � 
 (r D(Txk ; y) + � r R(xk))) (4.2)

Following the strategy proposed in Section 3.3.1, we replace� r R by a neural network
parametrized by� , R� and we have the �rst formula for DEMD

xk+1 = f � (xk ; y) (4.3)

with
f � (x; y) = r h� (r h(x) � 
 (r D(Tx; y) + R� (x))) (4.4)

We now look for the assumptions onD(T�; y) and R� to have convergence of (4.3)
with that choice of f � (4.4). In chapter 3 the convergence was proved askingf � to
be a contraction (3.3). For that, the strong convexity ofD(T�; y) was crucial. This
is, however, a strong requirement in many applications such as IR withKL (y; T�)
data �delity. While the contraction case would be the best, since it implies unique
�xed point and convergence of �xed point iteration (Theorem 3.1), even with weaker
assumptions is possible to get convergence of the iterates. But another issue arises.
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In fact the iterates of Mirror Descent do not convergence in general. In particular
under AssumptionsH (2.2.2) it is possible to prove subsequential convergence of the
iterates ((i) of Theorem 2.2). In addition to have global convergence of the iterates
we need anh with closed domain ((ii) of Theorem 2.2. Thus the main issue comes
from the analytic form of h (Burg's entropy (2.1)) that we would like to use. In fact
choosing Burg's entropy we are able to �nd a NoLip constant (2.10). But its domain
is not closed. In many applications, and in particular in the ones we are going to
consider where such domain is the non-negative semi-axis, such requirement is hard
to satisfy, hence we need to reason in a di�erent way. Basically we would like that
the sequencef xkgk from (4.3) is convergent which may result in constraints on the
network expressivity. For istance one could ask for a convex network, which is very
useful from an optimisation point of view, but it is a bit restrictive. Moreover, as
we will further comment in the following, Mirror Descent schemes may be potentially
slow from a numerical viewpoint due to a bad choice of the algorithmic step-size. To
mitigate that, we could resort to some backtracking strategies for which, however,
the de�nition of the underlying functional being minimized is required. In particular
we consider the following formulation where the regulariser itself (not its gradient) is
parametrized by a smooth network:

argmin
x2 C

D(Tx; y) + R� (x) (4.5)

whereC = dom(h) for some choice ofh.
In this case, the MD iterates satisfy:

xk+1 = r h� (r h(xk) � 
 (r D(Txk ; y) + r R� (xk))) (4.6)

So the point now is what ask toD(T�; y) and R� , that is a scalar network, to make
the iterates convergent. Since (4.5) may be a non-convex problem (due toR� ) a clas-
sical assumptions to have convergence of iterates is the Kurdyka-Lojasiewicz property
(De�nition 1.6). Then if we reason in the same way of chapter 2, we would like that
D(T�; y) + R� satisfy NoLip (2.4). Typically is quite hard, givenh, check if a function
satis�es NoLip (2.4) w.r.t h. A good idea could be to restrict the problem on~C, a
bounded subset ofdom(h). This restriction is very useful. In fact D(T�; y) + R� sat-
is�es Nolip w.r.t h if exixts L > 0 s.t Lh � (D(T�; y) + R� ) is convex. Looking at (4)
of Theorem (1.1), with the required regularity, an easy way to check Nolip is checking
whether the Hessian ofLh � (D(T�; y) + R� ) is positive semi-de�nite. Now if R� has
Lipschitz gradient andh strongly convex on~C is possible to �nd a suchL. This follows
from (4) of Theorem 1.2 and (4) of Corollary (1.1), as we will see. To summarize the
minimisation problem that leads to the desired converging scheme becomes:

argmin
x2 C

D(Tx; y) + R� (x) + i ~C (x) (4.7)

We will provide the desired convergence result in a more general setting. In particular
consider the following minimisation problem:

argmin
x2 C

g(x) + f (x) (4.8)

where g is the smooth term andf is the non-smooth term. Our particular instance
(4.7) will be thus a special case withg = D(T�; y) + R� and f = i ~C .
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Now if we reason in the same way of Chapter 2 to derive (2.7) the algorithm can be
de�ned by writing:

xk+1 = T
 (xk) = argmin
x2 Rn

f (x) + hx � xk ; r g(xk)i +
1



Dh(x; x k) (4.9)

The algorithm in (4.9) is called Bregman Proximal Gradient (BPG). This can be
motivated by simple computations. First we write explicitly (4.9) using de�nition
(2.2) and ignoring all terms that do not depends onx. So we get

xk+1 = argmin
x2 Rn

f (x) + hx; r g(xk)i +
1



(h(x) � hr h(xk); xi ) (4.10)

Writing the optimality condition:

0 2 @(f (�) + h�; r g(xk)i +
1



(h(�) � hr h(xk); �i )(xk+1 ); (4.11)

we deduce

0 2 
@f(xk+1 ) + 
 r g(xk) + r h(xk+1 ) � r h(xk): (4.12)

Now if we de�ne p
 (x) = r h� (r h(x) � 
 r g(x)), that is the updating rule of Mirror
Descent seen in chapter 2, and recalling thatr h� � r h = I ,

we get

0 2 
@f(xk+1 ) + r h(xk+1 ) � r h(p
 (xk)) : (4.13)

Now, note that (4.13) is the optimality condition corresponding to

xk+1 = argmin
u2 Rn

f (u) +
1



Dh(u; p
 (xk))

which is nothing but the Bregman proximal operator off evaluated inp
 (xk), that
is de�ned in the following way:

Proxh

f (x) = argmin

u2 X
f (u) +

1



Dh(u; x): (4.14)

Thus �nally we obtain the following rule

xk+1 = Prox h

f (p
 (xk)) (4.15)

which can be clearly interpreted as a generalization of classical Proximal Gradient
Descent algorithm (1.9).

4.2 Convergence Theorem of iterates of BPG in
non-convex setting

Now we are ready to state the Theorem guaranteeing the convergence of iterates of
(4.6). The following Theorem and its proof is based on [16].
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Theorem 4.1 Consider the Bregman proximal gradient algorithm

xk+1 = T
 (xk) 2 argmin
x2 Rn

f (x) + hx � xk ; r g(xk)i +
1



Dh(x; x k) (4.16)

For 
 > 0; x0 2 X . Setting 	 = g + f , if the following assumptions hold:

(i) h : Rn ! R [ f + 1g is of Legendre-type and strongly convex on any bounded
convex subset of its domain.

(ii) g : Rn ! R [ f + 1g is proper, C1 on int(dom( h)), with dom(h) � dom(g).

(iii) f : Rn ! R [f + 1g is proper, lower semi-continuous withdom(f ) \ int(dom( h)) 6=
; .

(iv) 	 is lower-bounded, coercive and veri�es the Kurdyka- Lojasiewicz property(1.6)

(v) For x 2 int(dom( h)), T
 (x) is nonempty and included inint(dom( h)).

(vi) There is L > 0 s.t., Lh � g is convex onConv(dom(f )) \ int(dom( h)).

(vii) For all � > 0, r h and r g are Lipschitz continuous onf 	( x) � � g.

Then if 
 2 (0; 1
L ) the iterates f xkgk de�ned in (4.16) converge to a critical point of

	 .

Proof. We �rst need the following Lemma

Lemma 4.1 ([4]) Let g : dom(g) ! R be of classC1, then g is convex on a convex
subsetC if and only if 8x; y 2 C, Dg(x; y) = g(x) � g(y) � hr g(y); x � yi � 0.

First we prove:

Claim 1 (	( xk))k2 N is non-increasing and converges.

Proof of Claim 1 .
Let C = Conv(dom(f )) \ int(dom( h)).
From Lemma (4.1) we haveLh � g convex onC, if and only if,

8x; y 2 C; DLh � g(x; y) � 0; i:e: Dg(x; y) � LD h(x; y): (4.17)

(4.17) is equivalent to (vi) of Theorem 4.1 from Lemma 2.4 ((i) of Lemma 2.4 is (vi)
of Theorem 4.1, while (ii) of Lemma 2.4 is (4.17)). By (4.16), if evaluate the function

t(x) := f (x) + hx � xk ; r g(xk)i +
1



Dh(x; x k)

in xk+1 and xk we �nd that all iterates xk 2 C satisfy

f
�
xk+1

�
+



xk+1 � xk ; r g

�
xk

��
+

1



Dh
�
xk+1 ; xk

�
� f

�
xk

�
:

Now usingDg(x; y) � LD h(x; y), we get
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	( xk+1 ) � 	( xk) =
�
f

�
xk+1

�
+ g

�
xk+1

��
�

�
f

�
xk

�
+ g

�
xk

��

� �
1



Dh
�
xk+1 ; xk

�
+ LD h

�
xk+1 ; xk

�

=
�

L �
1



�
Dh

�
xk+1 ; xk

�
� 0

(4.18)

which, together with the fact that 	 is lower bounded and 
 2 (0; 1
L ), proves the

claim.
To conclude we show that the sequence (xk)k sati�es the following three claims:

Claim 2 (Su�cient decrease condition)

	
�
xk

�
� 	

�
xk+1

�
� a




 xk+1 � xk




 2

Claim 3 (Relative error condition) 8k � 1, there exists! k+1 2 @	
�
xk+1

�
such that




 ! k+1




 � b




 xk+1 � xk






Claim 4 (Continuity condition) Any subsequence
�
xk i

�
converging towardsx � veri�es

	
�
xk i

�
! 	 ( x � ) :

Before providing the proofs to these claims, observe that that by coercivity of 	
and decrease of the sequence sequence (	(xk))k , the iterates remain in the bounded
set

8k � 1; xk 2 C
�
x0

�
:=

�
x 2 dom(h); 	( x) < 	

�
x0

�	
:

Proof of Claim 2 .
From (4.18), we get

	
�
xk

�
� 	

�
xk+1

�
�

�
1



� L
�

Dh
�
xk+1 ; xk

�

By assumption (i ) and noticing that Conv (C (x0)) \ dom(h) is a convex subset of
dom(h) as intersection of convex sets, there exists� h > 0 such that

8x; y 2 Conv
�
C

�
x0

��
\ dom(h); Dh(x; y) � � hkx � yk2

Moreover, by using the conventionDh(x; y) = + 1 if x =2 dom(h) or y =2 int(dom( h))
we get:

8x; y 2 Conv
�
C

�
x0

��
; Dh(x; y) � � hkx � yk2

As 8k � 1; xk 2 C (x0), we get

	
�
xk

�
� 	

�
xk+1

�
� � h

�
1



� L
� 



 xk+1 � xk



 2

; (4.19)

which proves the claim.
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Proof of Claim 3 .
The optimality condition for (4.16) is

0 2 @f
�
xk+1

�
+ r g

�
xk

�
+

1



�
r h

�
xk+1

�
� r h

�
xk

��
:

De�ning now:

! k+1 = r g
�
xk+1

�
� r g

�
xk

�
+

1



�
r h

�
xk

�
� r h

�
xk+1

��

we have
! k+1 2 @	

�
xk+1

�
= @f

�
xk+1

�
+ r g

�
xk+1

�

and by simple triangle inequality:




 ! k+1




 �




 r g

�
xk+1

�
� r g

�
xk

� 


 +

1






 r h

�
xk

�
� r h

�
xk+1

� 


 :

By assumption (vii), r g and r h are Lipschitz continuous onC (x0) and
8k � 1; xk 2 C (x0). Thus, there is b > 0 such that




 ! k+1




 �




 r g

�
xk+1

�
� r g

�
xk

� 


 +

1






 r h

�
xk

�
� r h

�
xk+1

� 


 � b




 xk+1 � xk




 :

Proof of Claim 4 :
Let a subsequence

�
xk i

�
converge towardsx � 2 dom(h). By (4.16) and using the

optimality in the update of xk we have:

f
�
xk

�
+



xk � xk� 1; r g

�
xk� 1

��
+

1



Dh
�
xk ; xk� 1

�

� f (x � ) +


x � � xk� 1; r g

�
xk� 1

��
+

1



Dh
�
x � ; xk� 1

�

, f
�
xk

�
� f (x � ) +



x � � xk� 1; r g

�
xk� 1

��
+



xk � xk� 1; r g

�
xk� 1

��
+

+
1



Dh
�
x � ; xk� 1

�
�

1



Dh
�
xk ; xk� 1

�

(4.20)

From (4.19) and the fact that (	 ( xk))k converges, we have that



 xk � xk� 1




 ! 0.

In fact, since (	 ( xk))k , then 	( xk) � 	( xk� 1) ! 0 and using (4.19):

0 � lim
k

	( xk) � 	( xk� 1) � lim
k

� h

�
1



� L
�

kxk � xk� 1k2:

Now writing:
kxk i � 1 � x � k � k xk i � 1 � xk i k + kxk i � x � k;

if we use that xk i ! x � ,



 xk � xk� 1




 ! 0 and taking the limit we prove that

�
xk i � 1

�
i

also converges towardsx � . In addition, since h is continuously di�erentiable,

Dh
�
x � ; xk� 1

�
= h (x � ) � h

�
xk� 1

�
�



r h

�
xk� 1

�
; x � � xk� 1

�
! 0;

Dh
�
xk ; xk� 1

�
= h

�
xk

�
� h

�
xk� 1

�
�



r h

�
xk� 1

�
; xk � xk� 1

�
! 0:
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Passing to the limit in (4.20), we get

lim sup
i ! + 1

f
�
xk i

�
� f (x � )

By lower semicontinuity of f and continuity of g, we get the desired result:

f
�
xk i

�
+ g

�
xk i

�
! f (x � ) + g(x � ) :

To conclude observe that (xk)k is bounded (sincexk 2 C(x0) 8k � 1) and satis�es
conditions H1,H2,H3 of Theorem 1.4. Thus since 	 satis�es Kurdyka Lojasiewicz
property (1.6), is proper lower bounded and lsc for Theorem 1.4 (xk)k converges to a
critical point of 	. �

Let us observe that Theorem 4.1 holds with aglobal NoLip constant L. However,
as it is typically done under the standard Euclidean geometry (i.e. withh = 1

2k � k2),
backtracking strategies can be used to compute local estimates of L guaranteeing
convergence. We can show that Theorem 1.4 still holds if we use the backtracking
strategy introduced in Section 2.2.3
We recall here how it works:

while 	
�
xk

�
� 	

�
T


�
xk

��
<

�



Dh
�
T


�
xk

�
; xk

�

do 
  �
 (4.21)

where� 2 (0; 1) and � 2 (0; 1) are hyperparameters.

Corollary 4.1 At each iteration of 4.16, the backtracking procedure(4.21) terminates
in a �nite number of steps and with backtracking, and Theorem(4.1) still holds.

Proof . For a given step-size
 , we showed in equation(4.18) that

	
�
xk

�
� 	

�
T


�
xk

��
�

�
1



� L
�

Dh
�
T


�
xk

�
; xk

�
(4.22)

Taking 
 < 1� �
L , we get 1


 � L > �

 so that

	
�
xk

�
� 	

�
T


�
xk

��
>

�



Dh
�
T


�
xk

�
; xk

�
: (4.23)

Hence, when
 < 1� �
L , the su�cient decrease condition is satis�ed and the back-

tracking procedure(
  � �
 ) ends. Replacing the former su�cient decrease condition
(4.22) with (4.23), the rest of the proof is the same. �
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Chapter 5

DEQ models for regularisation
learning in Poisson imaging
problems

In this chapter, we outline the central contribution of our work. In the �rst section,
we show how carefully designed neural network architectures can ensure that the as-
sumptions of the Theorem (4.1) are satis�ed. This leads us to the de�nition of a DEQ
framework aimed at learning a regulariser tailored for Poisson imaging inverse prob-
lems. In the second section, we delve into the technical implementation details of our
model and present the numerical results, speci�cally focusing on a image deblurring
task with Poisson noise with di�erent intensities.

5.1 Verifying the assumptions of Theorem 4.1

We are interested in using Theorem 4.1 to draw a deep equilibrium model using Mirror
Descent as underlying algorithmic solver for the particular case of Poisson imaging
inverse problems, see (1.16). In our setting we have:

� g = KL (y; T�) + R� , where R� is a scalar network with Lipschitz gradient and
C2(Rn ).

� h is the Burg's entropy de�ned in (2.1)

� f = i ~C where ~C � dom(h) is convex and bounded, in particular~C = [0; a]n for
somea >1.

Now we show that with these choices, hypotesis of Theorem (4.1) are satis�ed.

Assumption (i): properties on h

The fact that the Burg's entropy is Legendre follows from example 2.1. Let nowB be
a bounded subset ofRn

++ . We have

r 2h(x) =
1
x2

I (5.1)
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where 1
x2 I is the diagonal matrix with x2

i as element in positioni and x2 = ( x2
1; :::; x2

n ).
It holds that:

8x 2 B; 8d 2 Rn :


r 2h(x)d; d

�
>

1
supx2 B x2

kdk2:

Since
sup
x2 B

x2 = sup
x2 B

max
i =1 ;:::;n

f x2
1; :::; x2

ng < + 1 8 B;

then
1

supx2 B x2
> 0 8B;

indicating that h is strongly convex on bounded subsets ofRn
++ using (1.1) with

� = 1
supx 2 B x2 .

Assumption (ii): properties on g = KL (y; T�) + R�

It follows from (1.3.1) (regularity) and from the fact that dom(h) = dom( g).

Assumption (iii): properties on f = i ~C

i ~C is lower semi-continuous since is the indicator function of a convex set.
dom(i ~C ) \ int(dom( h)) = [0 ; a]n \ Rn

++ = (0 ; a]n 6= ; .

Assumption (iv): properties on 	 = KL (y; T�) + R� + i ~C

KL (y; T�) is lower bounded by 0 and the same holds fori ~C . Since our network is
di�erentiable on Rn , thus bounded on ~C, g + f is lower bounded. In fact we need to
check the lower boundedness only on~C, since ing + f = + 1 in Rn n ~C. Now let us
focus on theK  L property. Remind the analytic formula of KL (y; Tx):

KL (y; Tx) =
nX

i =1

yi log
�

yi

(Tx) i

�
+ ( Tx) i � yi : (5.2)

5.2 is the composition ofKL (y; �) and the linear operatorT. KL (y; �) is a separable
function that is the sum of the following univariate function:

t(x) = y log
� y

x

�
+ x � y (5.3)

Since log(x); 1
x and x are analytic and the sum and composition of analytic functions

is still analytic as seen in Lemma 1.1, then 5.3 is analytic. Now since bothKL (y; �)
and T are analytic, then their composition, i.e.KL (y; T�) is analytic, thus subanalytic
in particular as stated in Lemma 1.5.
Now we want to prove that

i [0;a]n (x) for a > 0 is semialgebraic:

Thus we show that the set [0; a]n is semialgebraic. We will show that (0; a)n is semi-
algebraic and since [0; a]n = (0; a)n by Lemma 1.2 we conclude. For de�nition 1.8 to
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hold we need to exhibit the polynomialsPi;j and Qi;j satisfying the de�nition. With
the following choices:

Pi;j (x) = 0 8i 8j;

Qij (x) = � x j (x j � a) j = 1; :::; n; i = 1;

we can write:
(0; a)n = \ n

j =1 f x 2 Rn j Pi;j (x) = 0 ; Qi;j (x) < 0g;

which concludes the proof.
We now draw some considerations onR� . A neural network consists in the composition
of linear functions that are analytic and non-linear activation functions. We focus on
the particular case where the activation function is the softplus:

� (x) =
1
�

log(1 + e�x ); � > 0: (5.4)

This function is analytic, being the composition and sum of analytic functions. Thus
a network with softplus as activation is analytic (in particular subanalytic as stated in
Lemma 1.5), since composition and sum of analytic functions as seen in Lemma 1.1.
Thus all the three functions considered are subanalytic. To conclude observe that:

(1) KL (y; T�) + i ~C is subanalytic since both are non-negative by Lemma 1.4

(2) R� (K ) is compact for every compactK � Rn sinceR� (x) is di�erentiable in Rn ,
in particular continuous. Thus R� maps bounded sets in bounded sets.

(3) for Theorem 1.5 (KL (y; T�) + i ~C ) + R� is subanalytic as sum of two subanalytic
with at least one mapping bounded sets to bounded sets.

(4) KL (y; T�)+ i ~C + R� is subanalytic and continuous on its domain, thus for Theorem
1.5 the composite functional being the sum of the three, satis�esK  L 1.6.

Assumption (v): well-posedness

Recall the de�nition of T
 , for k � 0 and for a givenxk 2 int(dom( h)):

T
 (xk) 2 argmin
x2 Rn

f (x) + hx � xk ; r g(xk)i +
1



Dh(x; x k): (5.5)

Using the de�nition of Dh(�; �) (2.2) and omitting all terms that do not depend onx,
we consider the following function,8 xk 2 int(dom( h)):

� (x) = f (x) + hx; r g(xk)i +
1



(h(x) � hr h(xk); xi )

Since f = i [0;a]n is convex andh is stricly convex then � is strictly convex, thus its
argmin set is empty or single-valued. In addition� is equal to +1 in Rn n [0; a]n ,
then is coercive. Thus� admits a unique global minimiser that belongs to [0; a]n .
To conclude observe that� = + 1 on the boundary of [0; a]n , since h(x) = + 1 if
x =2 Rn

++ and the other terms are bounded in [0; a]n . Thus the argmin must belongs
to (0; a)n � int(dom( h)) since � is proper.
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Assumption (vi): NoLip

As seen in Lemma 2.10KL (y; T�) satis�es Nolip w.r.t Burg's entropy with L = kyk1.
Thus it remains to prove that there is

L0 > 0 s.t. L0h � R� is convex on Conv(dom(f))\ int(dom(h)) = (0 ; a]n :

This is su�cient since sum of convex functions is convex. Using Lemma 2.4 it is enough
to show that

9L0 > 0 s:t: L 0r 2h(x) � r 2R� (x) � 0; 8x 2 Conv(dom(f)) \ int(dom(h)) :

We start observing that both h and R� are C2 functions, thus their Hessians are
symmetrics (on every point) for Schwarz's Theorem. In addition for the real spectral
Theoremr 2h(x) and r 2R� (x) have real eigenvalues8x 2 Rn

++ . We would like to show
that:

9L0 > 0 s.t. inf
x2 (0;a]n

min � (L0r 2h(x) � r 2R� (x)) � 0

where � (�) is the spectrum of a matrix. In order to do that we need the following
result:

Lemma 5.1 Let A; B be real symmetric matrices. Let� � and � + the minimum and
maximum eigenvalue ofA, and � � and � + rispectively ofB . Then calling 
 � and 
 +

the minimum and maximum eigenvalue ofA + B it holds:

� � + � � � 
 � � 
 + � � + + � + :

Proof. We prove only: � � + � � � 
 � , since the proof of the other inequality is
similar. We know:

� (A) � [� � ; � + ]; � (B ) � [� � ; � + ]:

Thus
� (A � � � I ) � [0; � + � � � ]; � (B � � � I ) � [0; � + � � � ]:

ThereforeA � � � I and B � � � I are semi-de�nite (PSD). Thus (A � � � I )+( B � � � I ) =
(A + B) � (� � + � � )I is PSD, since sum of PSD matrices is PSD.
The latter implies:

� ((A + B) � (� � + � � )I ) � [0; + 1 ]:

We conclude observing that

A + B = ( A + B) � (� � + � � )I + ( � � + � � )I;

by which we have that for the spectrum holds:

� (A + B) � [� � + � � ; + 1 :] �

To conclude, we have to pay attention to the fact that the Hessians ofh and R� depend
on x, while, ideally, we would like to get a uniform bound. SinceR� has a Lipschitz
gradient we have that forx 2 (0; a]n :

s(x) = kr 2R� (x)k = max fj min � (r 2R� (x)) j; j max� (r 2R� (x)) jg � M:
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On the other side we have from assumption (i) and from Corollary 1.1 (iv)

inf
(0;a]n

min � (r 2h(x)) � m > 0:

To conclude we note that is thus possible to �ndL0 s.t

inf
x2 (0;a]n

min � (L0r 2h(x) � r 2R� (x)) � L0m � M � 0:

Assumption (vii): properties on r h and r g

Recall that 	 = KL (y; T�) + i [0;a]n + R� . Since

lim
x! 0

	( x) = + 1 and 	( x) = + 1 8 x 2 ([0; a]n )C

we have that
8� > 0; 9K compact s.tf x 2 Rn j 	( x) � � g � K:

Since KL (y; T�) and h are C2, in particular are Lipschitz continuous in K . Notice
that with this analysis we proved the following result:

Now we state our main theoretical result, that allows to design our approach.

Corollary 5.1 (Convergence of MD with learnable regularisation) With the choices
of f; g and h in 5.1, then the sequence given by:

xk+1 = T
 (xk) = argmin
x2 Rn

f (x) + hx � xk ; r g(xk)i +
1



Dh(x; x k)

converges to a critical point ofg + f , under the assumptions on
 of Theorem 4.1.

Now we need to make explicit the updating rule in (4.16) in our case to design the
layer of our deep equilibrium model. In particular we need to calculate Proxh


f with
f = i ~C ( ~C = [0; a]n ) and h the Burg's entropy. By de�nition we need to solve the
following problem:

Proxh

f (x) = argmin

u2 Rn

i [0;a]n (u) + Dh(u; x)

Now using the de�nition of Dh and observing that i [0;a]n (u) =
P n

j =1 i [0;a](uj ) we
obtain the explicit problem:

argmin
u2 X

nX

j =1


i [0;a](uj ) � log(uj ) + log( x j ) + h
1
x j

; uj � x j i

Since the function we are minimising is separable we can solve the problem reason-
ing on each component. Thus it su�ces to solve:

argmin
u� 0


i [0;a](u) � log(u) + log( x) +
1
x

(u � x) (5.6)

We can write in a constrained form as: (5.6)

u�
x 2 argmin

u2 [0;a]

�
Dh(u; x) := � log(u) + log( x) +

1
x

(u � x)
�

(5.7)

We have to analyze two cases:
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� if x 2 [0; a] then u�
x = x since for Lemma (2.2)Dh(u; x) is non-negative

� if x > a , compute the derivative ofDh(u; x) (as function of u with �xed x). We
get

D 0(u; x) = �
1
u

+
1
x

=
u � x

ux
This derivative is negative in (0; x) and positive (x; + 1 ) and u = x is the global
minimum. Thus is x > a the minimum in [0; a] is attained in a.

Summarizing

Proxh

 [0;a](x) =

(
x if x 2 [0; a]

a if x > a

Finally we have that:
Proxh


 [0;a]n (x) = � [0;a]n (x) (5.8)

where � is the euclidean projection. We can thus conclude that for this speci�c choice
of h and f , Bregman proximal operator coincides with the Euclidean one. To conclude
we write the expression of the underlying mirror-descent building blockf � :

f � (x; y) = � [0;a]n (r h� (r h(x) � 
 (r KL (y; Tx) + r R� (x))) (5.9)

Looking at (5.11) we do not need to tune the regularisation parameter, since it is
implicitly absorbed in the de�nition of the network. On the other hand, we introduced
another projection, which might appear to contradict the spirit of Mirror Descent.
However, as we will see later, this projection is purely a technicality to ensure the
theoretical convergence results discussed above holds. In practice, the iterates will
always lie within [0; a]n for an appropriate choice ofa.

5.2 How to implement DEMD

5.2.1 Computation of �xed point

The forward pass was implemented by applying repeatedly the operator in (5.9). In
our experiments we chosea = 2. Notice that, since it is possible to scale images in
[0; 1], there mostly holds � [0;a]n (x) = x, i.e. the bounds are not reached. As mentioned
before, this projection is only theoretical to have guarantuees for convergence, but it
is not active. We performed 500 iterations or stopped earlier if the following condition
is met:

kxk+1 � xkk
kxk+1 k

< �

with � = 10� 9: We chose this small tollerance since we noticed in our experiment that
sometimeskxk +1 � xk k

kxk +1 k was small even far from convergence. This could happen if the
step-size is quite small and two consecutive updates are close in term of distance.

In �gure 5.1 we can see the trend of the residuals on a numerical test. The sharp
changes depend on the backtracking strategy. In particular this behavior is related
to the update of the step-size. Looking at the blue functional we can highlight the
interpretability of our approach. In fact the iterations of our method are equivalent
to the minimisation of the functional KL (y; T�) + R� .
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Figure 5.1: Plot of functional associated to DEMD iterations and residuals. In this
�gure the stopping criterion was met.

5.2.2 Computation of r � L(� )

In section 3.3.4 we derived the following formula to compute the gradient of a given
loss function w.r.t to the weights of the deep equilibrium model under consideration:

r � L(� ) =
nX

i =1

@f� (x1 )
@�

> �
I �

@f� (x1 )
@x

� �> @(̀x1 ; x �
i )

@x1
(5.10)

where `(x; x � ) measure the discrepancy between its inputs andf x �
i gi =1 ;:::;n are the

ground-truth images. In the former cases (for GD and Prox-GD with quadratic data
terms) the inversion appearing in the formula above was well-posed since the corre-
spondingf � was shown to be a contraction. Recalling the functional form off � in our

case given by equation (5.9)I �
@f� (x1 )

@x
we have, however, that the operator is not

invertible in general. We present now two ways to bypass this issue.

Least squares solution

The �rst idea is to calculate the inverse jacobian-vector product not directly, but by
minimising a least-square loss. To be more precise, note that our goal is to evaluate:

�
I �

@f� (x1 )
@x

� �>

v (5.11)

for some vectorv, but in general (5.11) cannot be written is the matrix is not invertible.
Thus our goal becomes:

�nd u s.t.
�

I �
@f� (x1 )

@x

� >

u = v (5.12)
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As discussed in Section 3.3.5, to calculate (5.12) it su�ces to have an e�ective routine
to compute the jacobian vector product requiring the explicit computation of the
matrix to invert/transpose. Thus a possible solution is solving the following problem
by means, e.g., of Gradient Descent:

argmin
u2 Rn

1
2












�
I �

@f� (x1 )
@x

� >

u � v












2

(5.13)

Note indeed that, whenI �
@f� (x1 )

@x
is invertible, from the optimality condition a

minimiser u� of (5.13) satis�es:

u� =
�

I �
@f� (x1 )

@x

� �>

v:

In general a minimiseru� satis�es
�

I �
@f� (x1 )

@x

� �
I �

@f� (x1 )
@x

� >

u� =
�

I �
@f� (x1 )

@x

�
v:

Let us observe that in this last case the solution could be in�nite. Thus, with this
approach there is a main issue. In fact even if we foundu that satis�es (5.12), we
would not have guarantees thatu is the direction we are looking for. In addition if
the matrix is not invertible we have only sublinear convergence and we need a lot of
iterations to get an acceptable approximation of a solution of (5.13). This means that
the solution found could not be reliable, if we do not perform a su�cient big number
of iterations. But this is an issue in term of computational e�ort.

Jacobian free backpropagation

In recent years, research on implicit networks has led to the use of a technique called
Jacobian-Free Backpropagation (JFB). The idea behind JFB is to replace the inverse
of the Jacobian matrix appearing, e.g., in (5.10) when training deep networks by back-
propagation with the identity matrix. Although this approximation may seem overly
simplistic, it has been shown to work e�ectively in many practical situations. Specif-
ically, while the gradients computed using this technique di�er from the theoretical
gradients, they often still point in descent directions, allowing the loss to decrease and
enabling successful training. In [3], [30] there are assumptions that ensure that JFB
directions are descent directions. This approach is particularly useful in cases where
computing the Jacobian is expensive or infeasible, such as in implicit neural networks.
A possible interpretation of JFB is a zeroth-order approximation to the Neumann
series. Note indeed that there holds [3]:
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(5.14)

when
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 < 1: Thus with this approach the calculation of the gradient becomes :
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Let us note that showing directly that



 @f�

@x




 < 1 it is challenging due to the presence

of h. We did some numerical tests to compute



 @f�

@x




 and we noticed that sometimes



 @f�
@x




 > 1.

So, to summarize, neither of the proposed strategies provides theoretical guarantees
of success in our case. However, we decided to use JFB for two main reasons: its
implementation is simpler, and its computational cost is signi�cantly lower.

5.3 Numerical Tests

We are now ready to show how DEMD works on practice. We choose to test the model
in two tasks: Denoising and Deblurring.

5.3.1 Neural network architecture

Before showing the results, we make precise the architecture to parametrize the regu-
larisation term. The main choice was the ICNN (Input convex neural networks) class
based on [1]. ICNN is a scalar CNN with residual connections (see �gure 5.2). It is pos-
sible to make the network convex forcing the weights to be positive and using convex
activation functions. However in our tests we did not enforce such constraints to have
a more expressive network. Let us give a quick a quick review on the hyper-parameters
of this class:

R theta=ICNN( in channe l s =3,
dim hidden =256,
b e t a s o f t p l u s =100,
alpha =0.0 ,
pos we igh ts=False ,
r e c t i f i e r f n=torch . nn . So f t p l us ( ) )

where

� in channels is number of channel of the image, 3 for coloured images, 1 for grey-
scale.

� dim hidden is numbers of neurons in the fully connected layers.

� beta softplus corresponds to the parameter� parameter in (5.4)

� alpha is the strong convexity parameter, making the network strongly convex
upon assumption ofalphakxk2. We avoided to add this term to have a more
general network.

� pos weights is a boolean. If is true the weights are forced to be positive.

� recti�er fn is the function used to force positivity of the network weights.

In our test we set all parameters to default and we used for simplicity, one-channel
images, i.e. greyscale images.
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Figure 5.2: Idea of a CNN with residual connection. Conv and Pool are the classical
elements of a CNN. Conv means the convolution operation and Pool is a classical operation
to reduce the size of the input. CNN ends with a fully connected layer. On the other side
the idea of residual connection is to sum the input to the to output of a layer.

5.3.2 Dataset

We used 256� 256 images from CBSD68 dataset [33]. This dataset consists of 68
natural images that were resized to 256� 256, transformed into grey-scale and scaled
in [0; 1] (see �gure 5.3).

5.3.3 A sanity check: Denoising problem

We start with a denoising problem where our goal is to recoverx from its noisy
measurmenty. We can formalize:

y = P
� x

�

�
(5.16)

where P denotes the multi-dimensional Poisson distribution of parametersx� = ( x i
� )

and � (called gain factor) modules the intensity of Poisson noise. The closer the gain
factor is to 0, the lower the noise intensity is (see �gure 5.4). To add Poisson noise we
useddeepinverse routine [32]. We can see this task as an inverse problem where the
linear operator T is the identity. In particular our measurementy is such that every
pixel yi is a realization of a Poisson random variableP

�
x i
�

�
. If we look at de�nition

1.10, this problem is well-posed, thus it is not so challenging. For this reason we use
this task as a sanity check for our approach. In fact using JFB we have no guarantees
about the loss decrease, since our framework does not veri�es assumptions required
in [3]. In addition we used this test to understand which network would work best.
Unfortunately we observed during the numerical tests on this toy problem that the
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